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PREFACE - 


HTHIS volume completes the collection of my Father’s published papers. 

The two last papers (Nos. 445 and 446) were left ready for the press ? 
but were not sent to any channel of publication until after the Authors 
death. 

Mr W. F. Sedgwick, late Scholar of Trinity College, Cambridge, who had 
done valuable service in sending corrections of my Father s writings during 
his lifetime, kindly consented to examine the proofs of the later papers of 
this volume [No. 399 onwards] which had not been printed off at the time 
of the Authors death. He has done this very thoroughly, checking the 
numerical calculations other than those embodied in tables, and supplying 
footnotes to elucidate doubtful or obscure points in the text. These notes 
are enclosed in square brackets [ ] and signed W. F. S. . It has not been 
thought necessary to notice minor corrections. 


RAYLEIGH. 
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„ „ line 2 from bottom. For (1) read (5). f lagt lino fllM , p . 478i line i 2 . 

,, 325, line 10 . For - nVH read -\-npVB. J 

,, 442, line 9. After insert y. 

P 

,, 443, line 9. For (7) read ( 8 ). 

,, 443, line 10. For rj read £. 

,, 446, line 10. For <f> read <f>'. 

,, 448, line 5. For v read c. 

,, 459, line 17. For 256, 257 read 456, 457. 

,, 492, line 7 from bottom. For rsjin read rjsl2n. 

2mr 2 2 tn v 2 

,, 494, lines 10 and 12. For - - cos 26 read + -„ . t> cos20. 

” ’ n 2 - 4m 2 

,, 523, line 9. For n/\ read n/k. 

„ 524. In the second term of equations (32) and following for A A ” 1 read A/a” 1 . 

,, 525, line 11. For f read f x . 

,, 526, line 13. For f : g read fi : g x . 

,, 528, line 3 from bottom. For e> nt read eH nt ~ kr(i f 
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Similarly, in Theory of Sound , Vol. x. (1894), p. 427, substitute s^ + Itt for $<f> in (32) 
(see p. 424), and in lines 11—26 for A 8 \ A s , 5A H read A s , A/, 8A S \ and for sin read 
+ cos. Also in (43) and (47) for s 2 -s read s 3 - s. [In both cases the work done corre¬ 
sponding to 5A a vanishes whether s be odd or even.] 

VOLUME II. 

,, 197, line 19. For nature read value. 

,, 240, line 22 . For dpjdx read dp/dy. 

,, 241, line 2. For dujdx read du/dy. 

,, 244, line 4. For kjn read njk. 

,, 323, lines 7 and 16 from bottom. For Thomson read C. Thompson. 

,, 345, line 8 from bottom. For as pressures read at pressures. 

,, 386, lines 12, 15, and 19. For cos GBD read cos CBB'. 

,, 889, line 6 . For minor read mirror. 

,, 414, line 5. For favourable read favourably. 

,, 551, first footnote. For 1866 read 1886. 
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VOLUME TIL 

Page 11, footnote. For haft read have. 

,, 92, line 4. For Vol. I. read Vol. II. 

,, 129, equation (12). For e H (‘“•Od.r read e u ( i ~ x '>du. 

,, 102, line 19, and p. 221, second footnote. For Jellot read Jellett. 

,, 179, line 15. For Provostaye read De la Provontaye. 

,, 224, equation (20). For 2* read x- ) And Theory of Sound, Vol. x. (1894), 

,, ,, neeond footnote. For p. 179 read p. 345. f p. 412, equation (12), and p. 423 (footnote). 
,, 231, line 5 of first footnote. For 171 read 172. 

,, 273, linen 15 and 20. For [<f> (,r)} a read I \<p (jc))~the. 

„ 311, line 1. For (38) read (39). 

,, 32(5. In the lower part of the Table, under Ampton for tP }-4 read tP | 4, and under Ter ling 
(3) for iP | 0 read h \ i) (and in Theory of Sound, Vol. i. (1894), p. 393), 

,, 522, equation (31). Insert ax factor of last term 1 /!£. 

,, 548, second footnote. For 1803 read 1858. 

,, 509, Heeond footnote. For alcohol read water. 

,, 580, line 3. Prof. Orr remarkw that a i« a function of r. 

VOLUME IV. 

,, 11, lineft 0 and 8. For 38 read 42. 

,, 207, linen 0, 10, and 20, and p. 209, line 1. For van t’ Hoff read van H Holt, AIho in 
Index, p. 001 (the entry should bo under Holt). 

,, 277, equation (12). For dz read d.v. 

,, 299, Orftt footnote. For 1887 read 1877. 

,, 309, footnote. For 1890 read 1890. 

,, 400, equation (14). A formula equivalent to thift wa« given by Lorenz in 1890. 

,, 418. In table opposite 0 for *354 read *324. 

2 2 

,, 453, line 8 from bottom. For _ read * , . 

n 1 n - l 

,, 550, line 8 from bottom. For reflected read rotated. 

,, 570, line 7 (Section Hi). For 170 read 179. 

,, 570, line 7 from bottom.) ,, . ,, , , 

” „ / v< } For end heft read ends he. 

„ 580, line 20. j 

,, 582, last line. For 557 read 555. 

,, 003. Tramfer the entry under Provofttnye to I)e la Provofttayo. 

,, 001. Transfer the entry u 553 from W. Weber to H. P. Weber. 

VOLUME V. 

,, 43, line 19. For (5) read (2). 

,, 137, line 14. y i« here used in two Henseft, which must be distinguished. 

,, 149, line 3. For P {) read if. 

,, 209, footnote. For xux. read xix. 

,, 241, line 10 from bottom. For position read suppoftition. 

,, 255, first footnote. For Matthews read Mathews. 

,, 250, line 0. For 1889 read 1899. 

,, 205, line 10 from bottom. For § 351 read § 251. 

,, ,, ,, 15 ,, ,, For Holution read relation. 

,, 200, lineft 5 and 0, and Theory of Sound , §253. An equivalent result had at an earlier date 
been obtained by I)e Morgan (see Volume vu p. 233). 

,, 280, line 7. For a read .r. 
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VOLUME. V— continued. 

Page 364, title, and p. ix, Art. 820. After Acoustical Notes add vii. 

,, 409, first line of P.S. For anwer read answer. 

,, 444, line 2 of footnote. For p. 441, line 9 read p. 442, line 9. 

,, 496, equation (4). Substitute equation (19) on p. 253 of Volume vi. {see pp. 251—253), 

reading (j “ \) f or (} + f) • 

,, 549, equation (48). For e~ ihr read e~ t/crQ . 

,, 619, line 3. Omit the second expression for J n (n ). -s 

,, „ lines 11, 12, 19. For 2*1128 read 1*3447. I See the first footnote on p. 211 of 

„ line 12. For 1*1814 read 1-8558.' f Volume vi. 

„ „ line 19. For *51342 read *8065. J 

VOLUME VI. 

,, 4, first footnote. After equation (8) add:—Scientific Papers , Vol. v. p. 619. See also Errata 
last noted above. 

„ 5, line 3. For (2n+ 1) z 2 --4n (n + 1) (n + 2) read z 2 =2n (w + 2), so that 2 - is an integer. 

,, 11, last footnote. For § 230 read. § 250 (fourth edition). 

,, 13, equation (17). For -f/c 4 a 4 read §k 4 a 4 . 

,, 14, footnote. For § 247 read § 251 (fourth edition). 

,, 78, footnote. Add:—Scientific Papers , Vol. v. p. 400. 

,, 87, footnote. Add :—Thomson and Tait’s Natural Philosophy , Vol. 1 . p. 497. 

,, 89, second footnote. For 328 read 329. 

,, 90, second footnote. Add: — Math,'and Phys. Papers, Vol. iv. p. 77. 

,, 138, footnote. For 1868 read 1865, and for Vol. 11 . p. 128, read Vol. 1 . p. 520. 

,, 148, footnote. Add:—Scientific Papers , Vol. xv. p. 407, and this Volume, p. 47. 

„ 155, footnote. For Vol. iv. read Vol. 111 . 

„ 222, second footnote. For Vol. 11 . read Vol. 1 . And in Theory of Sound, Vol. 1 . (1894), last 
line of § 207, for 4-4747 read 4*4774. 

„ 223, line 5 from bottoin. For 0-5772156 read 0*5772157. 

„ 225, line 1. For much greater read not much greater. 

,, „ line 6 from bottom. For 13*094 read 3*3274. 

„• 253, equation (19). For read • 

,, 259, line 5. For - - ~ read =f ? . 

a dz a dz 

,, 263, equation (24). For ^ reader . 

» (25). for(l-^) mid(l + !^). 

,, 282, footnote. For p. 77 read p. 71. 

,, 303, line 17. For JibvcjK) read Jfivcic). 

,, 307, line 8. For read . 

dy dy 

,, 315, line 2., Delete 195. 

,, 341f second footnote. Add :—[This Volume, p. 275]. 

,, 351, line 13 from bottom. For Tgp read T/gp. 



NOTH OX BICSKKL'N FUNCTIONS AS AITidKD TO THK 
VIBRATIONS OF A CIRCULAR MK.MBRANK. 


\ Philosophical Magazine, Vul. XXI, |i|i. AS, JPJl.J 

It often happens that physical cunsidemt intis |s>int It. umdytwid nut 
elusions not yet formulated. 'I'he pure mutlmmativinn will admit that 
arguments of this kind are suggestive, while the physicist may regard them 
as conclusive. 

The first question here to he touched upon relates to the dependent .f 

the roots of the function ./„(c) upon the order u, regarded »« Mt-eepuhle ,u 
continuous variation. It will he shown that each n.ot iuereaM-s e.aiiiuualK 
with n. 

Let us contemplate the transverse vibrations of a membrane liv-d along 
the radii 0 = 0 and 0 = # and also along the circular arc r ^ I. A typical 
simple vibration is expressed by* 

w = sin uO, cos (.(1 1 

wh(T(‘. 2 ^ IH a finite root of J ti ( 2 ) » 0, and n - tt<0. < >f these finite room tht* 

lowest 2 n given the principal vibration, i.e. tin* one without internal circular 

nodea. -For the vibration corresponding to z { ** the number of interim! nodal 

circles is s - 1. 

As prescribed, tin* vibration (l) lias no internal nodal diameter. It might 
bo generalized by taking n = v'jrj0 t where p is an integer ; but for mtr 
pm pose nothing would la* gained, since 0 is at disposal, and a suit abb* 
reduction of 0 comes to the same as the introduction of *». 

In tracing the effect of a diminishing 0 it may snltice to <»M!iuu<'hcv at 
0 = tt, or n = 1. The freejutmeies of vibration are then proportional to tl n . 
roots of the function •/,. The reduction of 0 in supposed to be efiVei* «i j»y 

# Thvtmj 0 / Sound, $§ 205, *2f*7. 
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increasing without limit the potential energy of the displacement (w) at 
every point of the small sector to be cut off. We may imagine suitable 
springs to be introduced whose stiffness is gradually increased, and that 
without limit. During this process every frequency originally finite must, 
increase* * * § , finally by an amount proportional to d/3 ; and, as we know, no zero 
root can become finite. Thus before and after the change the finite roots 
correspond each to each, and every member of the latter series exceeds the 
corresponding member of the former. 

As /3 continues to diminish this process goes on until when /3 reaches r. 
n again becomes integral and equal to 2. We infer that every finite root of 
./ 2 exceeds the corresponding finite root of J x . In like manner every finite 
root of J s exceeds the corresponding l'oot of «/„ and so onf. 

I was led to consider this question by a remark of Gray and MathewsJ 
“It seems probable that between every pair of successive real roots of ./„ 
there is exactly one real root of •/„+,. It does not appear that this has been 
strictly proved; there must in any case be an odd number of roots in the 
interval.” The property just established seems to allow the proof to he 
completed. 

As regards the latter part of the statement, it may be considered to be 
a consequence of the well-known relation 

J n+1 (z) = -J n (z)-J n '(z) .(2) 

z 

When J n vanishes, J n+1 has the opposite sign to J n ’, both these quantities 
being finite§. But at consecutive roots of J n , J,/ must assume opposite signs, 
and so therefore must J n+1 . Accordingly the number of roots of J n+l in the 
interval must be odd. 

The theorem required then follows readily. For the first root of 
must lie between the first and second roots of J n . We have proved that 
it exceeds the first root. If it also exceeded the second root, the interval 
would be destitute of roots, contrary to what we have just seen. In like 
manner the second root of J n+i lies between the second and third roots of 
J n , and so on. The roots of J n+1 separate those of J n ||. 

* Loc. cit . §§ 88 , 92 a. 

+ [1915. Similar arguments may be applied to tesseral spherical harmonics, proportional to 
cos s<f), where <p denotes longitude, of fixed order n and continuously variable a.] 

X Bessel's Functions , 1895, p. 50. 

§ If J n . A+i <=ould vanish together, the sequence formula, (8) below, would require that overy 
succeeding order vanish also. This of course is impossible, if only because when n is great the 
lowest root of J n is of order of magnitude n. 

II I have since found in Whittaker’s Modern Analysis , § 152, another proof of this proposition 
attributed to Gegenbauer (1897). . 
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The physical argument may easily be extended to show in like manner 
that all the finite roots of J J (z) increase continually with n. For this 
purpose it is only necessary to alter the boundary condition at r = 1 so as to 
make dwjdr = 0 instead of w = 0. The only difference in (1) is that now 
denotes a root of J n '(z)=x 0. Mechanically the membrane is fixed as before 
along 6 = 0, 6 = y8, but all points on the circular boundary are free to slide 
transversely. The required conclusion follows by the same argument as was 
applied to J n , 

If is also true that then' must be at least one root of J' n . H between any 
two consecutive roots of but this is not so easily proved as for the original 
functions. If we differentiate (2) with respect to z and then eliminate J n 
between the equation so obtained and the general differential equation, viz. 

•/»"+ + (l-"“)•/,,==<>.(3) 

we find 

( 1 - *) • / '" » + i ( " s - 1 “ * 3) J ‘ : + ( 1 - ”* *") A" = <»• • • -0) 

In (4) we suppose that z is a root of «/,/, so that =» 0. The argument 
then proceeds as before if we ean assume that z~ — n~ and 2 * — n {n + \) are 
both positive. Passing over this question for the moment, we notice that 
Jn and J' n H have opposite signs, and that both functions are finite. In fact 
if Jf and ./,/ could vanish together, so also by (3) would J nt and again by 
(2) J f, J Rnd this we have already seen to be impossible. 

At consecutive roots of J n \ Jf must have 4 opposite signs, and therefore 
also Accordingly there must be at least one root of J 1 ^ between 

consecutive roots of JJ, It follows as before that the roots of separate 

those of */,/. 


It remains to prove that z* necessarily exceeds n(u + I)* That z* exceeds 
id is well known*, but this does not suffice. We can obtain what we require 
from a formula given in Theory of tinu-nd, 2nd ed. § 339. If the finite roots 
taken in order he z x , z .^... we may write 

log Jn ( z ) «* <*onst -f (■// — 1) log z + S log ( 1 — **/-*«*)> 

the summation including all finite values of z/ t or on differentiation with 
respect to j 

Jn' (-) ^ “ 1 _ v . 2z 

Jn' (*) * ~ *m* - ** * 

This holds for all values of*. If we put * we get 



* Ricmann’fl Parti file Dijferentialgleichungen ; Theory of Sound, § *210. 
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sinceby(3> 

In (5) all the denominators are positive. We deduce 

z?-ri _ + 4- ... > 1 : .(<>> 

2 n + zi-ri t zi-tf 

and therefore 

z ‘- >n" + 2 n > n (n + 1). 

Our theorems are therefore proved. 

If a closer approximation to z? is desired, it may he obtained by sub¬ 
stituting on the right of (6) 2 n for zf-n* in the numerators and negh-efmg 
m 2 in the denominators. Thus 

n * > 1 + 2 n Or 2 + a 3 - 2 + •. -) 

2 n 

> 1 + 2n { * " + 22_2 + ^ + • • • “ /, (« + 2 ). 

Now, as is easily proved from the ascending series for J n \ 

H” 2 

z ~* + zr * + z » + --- = 4> n (n+\y 

so that finally 

~ ft 3 y *7 \ 

Z\ > n 2 + 2 n + , * -r T - . < i > 

(n-f l) (ti + 2) 

When n is very great, it will follow from (7) that z? > n~ -f Howovei 
the approximation is not close, for the ultimate form ia* 

£! 2 = n 2 + [1*6130] w 4/a . 

As has been mentioned, the sequence formula 

-J n {z)=J^{z) + J n ^{z) .(K) 

z 

prohibits the simultaneous evanescence of J n ^ and J n , or of J n -\ and J n +\. 
The question arises—can Bessel’s functions whose orders (supposed integral) 
differ by more than 2 vanish simultaneously ? If we change n into n H~ l 
in (8) and then eliminate J n , we get 

J H+] = J n _ 1 + ^J n+2t .( 9 ) 

from which it appears that if / n _j and J n + 2 vanish simultaneously, then either 
J n+ i = 0, which is impossible, or z 2 = 4?z (n +1). Any common root of J n ^ x 
and J n+ . 2 must therefore be such that its square is an integer. 

* Phil. Mag . Yol. xx. p. 1003, 1910, equation (8). [1913. A correction is here introduced. 
See Nicholson, Phil. Mag. Yol. xxv. p. 200, 1913.] 







1911 ] 


TO THE VIBRATION'S OF A CIRCULAR MEMBRANE 


5 


Pursuing the process, we find that if J n - lt J n have a common root z, 
then 

(2n + 1) 2* = 4 n (n + 1) (n -f 2), 

so that. z~ is rational. And however far we go, we find that the simultaneous 
evanescence of two Bessel's functions requires that the common root be such 
that 2 “ satisfies an algebraic equation whose coefficients are integers, the 
degree of the equation rising with the difference in order of the functions. 
If, as seems probable, a root of a Bessels function cannot satisfy an 
integral algebraic equation, it would follow that no two Bessels functions 
have a common root. Tin* question seems worthy of the attention of 
mathematicians. 



HYDRODYNAMICAL NOTES. 


[Philosophical Magazine, Vol. XXX. pp. 177—195, 1911.] 


Potential and Kinetic Energies of Wave Motion.—Waves moving into Shallower 

Water.—Concentrated Initial Disturbance with inclusion of Capillarity..Periodic Waves 

in Deep Water advancing without change of Type.—Tide Races..-Rotational Fluid Motion 

in a Comer.—Steady Motion in a Corner of Viscous ITuid. 

In the problems here considered the fluid is regarded as incompressible, 
and the motion is supposed to take place in two dimensions. 


Potential and Kinetic Energies of Wave Motion. 

When there is no dispersion, the energy of a progressive wave of any 
form is half potential and half kinetic. Thus in the case of a long wave in 
shallow water, “if we suppose that initially the surface is displaced, but, that 
the particles have no velocity, we shall evidently obtain (as in the case of 
sound) two equal waves travelling in opposite directions, whose total energies 
are equal, and together make up the potential energy of the original dis¬ 
placement. Now the elevation of the derived waves must be half of that of 
the original displacement, and accordingly the potential energies loss in the! 
ratio of 4 ; 1. Since therefore the potential energy of each derived wave is 
one quarter, and the total energy one half that of the original displacement, 
it follows that in the derived wave the potential and kinetic energies are 
equal ” *. 

The assumption that the displacement in each derived wave, when 
separated, is similar to the original displacement fails when the medium is 
dispersive. The equality of the two kinds of energy in an infinite pro¬ 
gressive train of simple waves may, however, be established as follows. 

* “On Waves,” Phil. Mag. Vol. i. p. 257 (1876); Scientific Papers, Vol. i. p. 254. 
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Consider first an infinite series of simple stationary waves, of which the 
energy is at one moment wholly potential and [a quarter of] a period later 
wholly kinetic. If t denote the time and E the total energy, we may write 

K.E. = E sin 2 nt, P.E. =■ E cos 2 nt 

Upon this superpose a similar system, displaced through a quarter wave¬ 
length in space and through a quarter period in time. For this, taken by 
itself, we should have 

K.E = E cos 2 nt, p.e. = E sin 2 nt 

And, the vibrations being conjugate , the potential and kinetic energies of 
the combined motion may be found by simple addition of the components* 
and are accordingly independent of the time, and each equal to E. Now the 
resultant motion is a simple progressive train, of which the potential and 
kinetic energies are thus seen to be equal. 

A similar argument is applicable to prove the equality of energies in the 
motion of a simple conical pendulum. 

It is to be observed that the conclusion is in general limited to vibrations 
which are infinitely small. 


Waves moving into Shallower Water. 

The problem proposed is the passage of an infinite train of simple 
infinitesimal waves from deep water into water which shallows gradually 
in such a manner that there is no loss of energy by reflexion or otherwise. 
At any stage the whole energy, being the double of the potential energy, is 
proportional per unit length to the square of the height; and for motion in 
two dimensions the only remaining question for our purpose is what are to be 
regarded as corresponding lengths along the direction of propagation. 

In the case of long waves, where the wave-length (X) is long in comparison 
with the depth (l) of the water, corresponding parts are as the velocities of 
propagation (F), or since the periodic time (t) is constant, as X. Conservation 
of energy then requires that 

(height)* 2 x F = constant; .(1) 

or since F varies as l\ height varies as l i*. 

But for a dispersive medium corresponding parts are not proportional 
to F, and the argument requires modification. A uniform regime being 
established, what we are to equate at two separated places where the waves 
are of different character is the rate of propagation of energy through these 
places. It is a general proposition that in any kind of waves the ratio of the 
energy propagated past a fixed point in unit time to that resident in unit 
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length is U, where 27 is the group-velocity , equal to dcr/dk, where <r = 2tt/t, 
k = 27t/X*. Hence in our problem we must take 

height varies as U~‘ J , .(2) 

which includes the former result, since in a non-dispersive medium 27 = V. 

For waves in water of depth l , 

a~ = gk tanh Id, .(3) 

whence 2a JJjg = tanh Id + kl (1 — tanh 2 kl) .(4) 

As the wave progresses, a remains constant, (3) determines k in terms 
of l, and U follows from (4). If we write 

crHjg = l\ .( 5 ) 

(3) becomes kl . tanh kl — V, .(6) 

and (4) may be written 

2ar 27 jg = kl + {V — l' 2 )/Id .(7) 

By (6), (7) 27 is determined as a function of l' or by (5) of 1. 

If kl, and therefore V, is very great, kl = V, and then by (7) if U 0 be the 
corresponding value of 27, 

2<rU 0 /g=l, .(8) 

and in general 

27/ 27 0 = H + {V — l' 2 )/kl .(9) 

Equations (2), (5), (6), (9) may be regarded as giving the solution of the 
problem in terms of a known or. It is perhaps more practical to replace cr in 
(5) by X 0 , the corresponding wave-length in a great depth; The relation 
between cr and X 0 being a 2 == 2irgj\ 0 , we find in place of (5) 

l' = 27tZ/X 0 = k 0 l .(10) 

Starting in (10) from X 0 and l we may obtain V, whence (6) gives kl, and 
(9) gives U/U 0 . But in calculating results by means of tables of the hyper¬ 
bolic functions it is more convenient to start from kl. We find 


hi 

V 

UIU Q 

kl 

V 

oo 

kl 

1-000 

•6 

•322 

10 

kl 

1*000 

•5 

•231 

5 

4-999 

1*001 

•4 

•152 

2 

1-928 

' 1-105 

•3 

•087 

1-5 

1*358 

I 1*176 

•2 

•039 

1*0 

*762 

! 1-182 

•1 

•010 

•8 

•531 

1-110 

kl 

(klf 

•7 

•423 

1-048 

— 



U/u, ; 

t 


•964 

•855 

•722 

•566 

*390 

•200 

2M 


Proc. Lond. Math. Soc. Vol. ix. 1877 ; Scientific Papers, Yol. i. p. 326. 



















HYDRODYNAMICAL NOTES 


9 


It appears that. U/U {) does not differ much from unity between V — *23 and 
x, so that tin* shallowing of the water does not at first produce much 
effect upon the height of the waves. It must be remembered, however, that 
the wave-length is diminishing, so that waves, even though they do no more 
than maintain their height, grow steeper. 


(Um cent rated Initial Disturbance with inclusion of Capillarity. 

A simple approximate treatment of the general problem of initial linear 
disturbance is dm* to Kelvin*. We have for the elevation rj at any point x 
and at any time t 

I f K 

v = cos kx cos at dk 
wjo 

I ^ j i' ao 

I cos (kx ■— at) dk 4* ’ | cos (kx -f at) dk, .(1) 


in which a is a function of k, determined by tin* character of the dispersive 
medium — expressing that the* initial elevation (t = 0) is concentrated at the 
origin of When t is great, the angles whose cosines are to be integrated 
will in general vary rapidly with k } and the corresponding parts of the 
integral contribute little to tin* total result. The most important part of the 
range of integration is tin* neighbourhood of places whore kx ± at is stationary 
with respect to k\ i.e. where 

*±‘X- 0 . (2) 

In the vast majority of practical applications dajdk is positive, so that if 
x and t are also positive* the second integral in (1) makes no sensible contri¬ 
bution. The result them depends upon the first integral, and only upon such 
parts of that as lit* in tin* neighbourhood of the value, or values, of k which 
satisfy (2) taken with the. lower sign. If k x be such a value, Kelvin shows 
that the corresponding term in rj has an expression equivalent to 

_ cos (a x t — k\x - £7r) ^ 

V ~ Jl-Vmtd'ffldkf] ’ . w 

or, being the value of a corresponding to k x . 

In the cast* of deep-water waves when* a = \/ (gk), there is only one pre¬ 
dominant value of A* for given values of x and t, and (2) gives 

k\ = gt?/4<x n % <ri = fft/2%, .* • *.( 4 ) 

making a x t — k x x - \tt = - jr7r, ..(5) 


and finally 


iL cm \v f ' 

(4.r 


the well-known formula of Cauchy and Poisson. 

8 /'me. Hoy. Hoc. Vol. xi.n. p. HO (1HH7) ; Math, and Phys. Papon, Vol. xv. p. 303. 
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In the numerator of (3) cr* and are functions of x and t. If we inquire 
what change (A) in x with t constant alters the angle by 27 t, we find 



so that by (2) A = 27 r/k l3 i.e. the effective wave-length A coincides with that 
of the predominant component in the original integral (1), and a like result 
holds for the periodic time*. Again, it follows from (2) that k\x — cr x t in (3) 

may be replaced by j' k x dx, as is exemplified in (4) and (6). 

When the waves move under the influence of a capillary tension T in 
addition to gravity, 

<r 2 ~gk 4- Tk?/p, .(?) 

p being the density, and for the wave-velocity ( V) 

V 2 = <r 2 /k‘ 2 — g/k -b Tkjp, .(8) 

as first found by Kelvin. Under these circumstances V has a minimum 
value when 

/c 2 = gpjT . . (!)) 

The group-velocity U is equal to dajdh , or to d (kV)jdk\ so that when Y 
has a minimum value, U and V coincide. Referring to this, Kelvin towards 
the close of his paper remarks “ The working out of our present problem for 
this case, or any case in which there are either minirnums or maximums, or 
both maximums and minirnums, of wave-velocity, is particularly interesting, 
but time does not permit of its being included in the present communication.” 

A glance at the simplified form (3) shows, however, that the special case 
arises, not when V is a minimum (or maximum), but when U is so, since then 
d 2 a/dk i 2 vanishes. As given by (3), rj would become infinite—an indication 
that the approximation must be pursued. If k = -I- we have in general 

in the neighbourhood of k l7 


kx — at — kjX — arjt 4- 


x 



t d 2 cr £ 2 t dV 

1.2 dk^ 1.2 7 3 dk} 




In the present case where the term in disappears, as well as that in we 
get in place of (3) when t is great 


V = 


COS (JV\X OTjt) 


cos a 3 , da , 


27r {^t cPajdk-? -o 
varying as t~% instead of as t~^. 

The definite integral is included in the general form 


r+co 


cos a m . da - 


m 


i 1 ) 


cos 


2m 5 


(ii) 


* Of. Green, Proc. Boy. Soc. Ed. Vol. xxix. p. 445 (1909). 


( 12 ) 
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K ivill K 

\^ma\dcL=^ Q ; J _^coaa 3 . dec = V ( J).(13) 

Tht* former is employed in the derivation of (3). 


The occurrence of stationary values of U is determined from (7) by means 
of a quadratic. There is but one such value ( U {i ), easily seen to be a minimum, 
and it occurs when 

k" - | -1) ^ = ‘1547 ^.(14) 

On the other hand, tint minimum of V occurs when Jc* = gpjT simply. 

When t is great, there is no important effect so long as x (positive) is less 
than (ij. For this value of x the Kelvin formula requires the modification 
expressed by (II). When x is decidedly greater than U 0 t, there arise two 
terms of the Kelvin form, indicating that there are, now two systems of waves 
of different wave-lengths, effective at the same place. 

If will be? seen that the* introduetiem e>f capillarity greatly alters the 
character of the* solntiem. The?, quiescent region inside? the annular waves is 
easily recognized a few seconds afte?r a very small steme is dropped into smooth 
water*, but I have* not e>hse*rve*d the duplicity of the annular waves them¬ 
selves. Probably the? capillary \vave*s of short wave‘-length are rapidly damped, 
especially when the. water-surface* is not quite clean. It would be* interesting 
to expe*rime*nt upon truly linear waves, such as might be gc*nerate?d by the 
sudden electrical charge or discharge* of a wire stretched just abe>ve the 
surface*. But the full dev<*lopmi*nt of the* peculiar features to be expected on 
the* inside* of the wave-system seems to reepiire a space larger than is con¬ 
veniently available in a laboratory. 

Periodic Waxen in Deep Water advancing withemt change of Type. 

The* sedation of this problem when the height of the waves is infinitesimal 
lias been familiar for more than a century, and the pursuance of the approxi¬ 
mation to cove*r the case of moderate height is to be found in a well-known 
paper by Stokesf. In a supplement published in I880J the same author 
treated the problem by another method in which the space coordinates x 7 y 
an* regarded as functions of ^ the velocity and stream functions, and 
carried the approximation a stage further. 

In an early publication! I showed that some of the results of Stokes’ 
first memoir could be very simply derived from the expression for the 

* A checkered background, e.g. the sky seen through foliage, shows the waves best. 

t Camb , Phil. Soc. Tram. Vol. vm. p. 441 (1847); Math, and Phys. Papers, Yol. i. p. 197. 

£ Lac. cit. Vol. r. p. 814. 

§ Phil Mag. Yol. l p. 257 (1876); Scientific Papers , Vol. i. p. 262. See also Lamb’s 
Hydrodgnamics, % 280. 
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stream-function in terms of x and y , and lately I have found that this method 
may be extended to give, as readily if perhaps less elegantly, all the results 
of Stokes' Supplement. 

Supposing for brevity that the wave-length is 2tt and the velocity of 
propagation unity, we take as the expression for the stream-function of the 
waves, reduced to rest, 

= y — ote~y cos x — fie~ 2y cos 2x — ye~ zy cos 3#, .(1) 

in which x is measured horizontally and y vertically downwards. This 
expression evidently satisfies the differential equation to which yfr is subject, 
whatever may be the values of the constants a, /3, y. From (1) we find 

U 2 - tyy = (df/dx)* 4- (dyjr/dy) 2 - 2 gy 

— 1 — 2 y/r 4- 2 (1 — g)y + 2/3e~ 22/ cos 2x -1- 4tye~ 3y cos 3x 
+ a 2 e~ 2y + 4 j3 2 e~ 4y 4- 9y 2 e~ 6y 4- 4 a/3e~ 3y cos x 

4- 6ctye~ 4y cos 2x 4- 12j3ye~~ 5y cos x .(2) 

The condition to be satisfied at a free surface is the constancy of (2). 

The solution to a moderate degree of approximation (as already referred 
■to) may be obtained with omission of j3 and 7 in (1), (2). Thus from (1) we 
get, determining yjr so that the mean value of y is zero, 

y — a (1 4- fa 2 ) cos x — |a 2 cos 2x 4- fa 3 cos 3#, .(3) 

which is correct as far as a 3 inclusive. 

If we call the coefficient of cos x in (3) a, we may write with the same 


approximation 

y = a cos x — \ a 2 cos 2x f a 3 cos 3#.(4) 

Again from (2) with omission of /3, 7, 

U 2 — 2 gy = const. 4- 2 (1 — g — a? — a 4 ) y 4- a 4 cos 2x — fa 5 cos 3#.(5) 

It appears from (5) that the surface condition may be satisfied with a only, 
provided that a 4 is neglected and that 

W-a—O.(6) 


In (6) ql may be replaced by a, and the equation determines the velocity 
of propagation. To exhibit this we must restore generality by introduction 
of k (= 2n t/X) and c the velocity of propagation, hitherto treated as unity. 
Consideration ofdimensions ” shows that (6) becomes 


kc 2 —g — a 2 c 2 l£ = 0, .(7) 

or c 2 = g/k . (1 4- k 2 a 2 ) .(8) 


Formulae (4) and (8) are those given by Stokes in his first memoir. 

By means of fi and 7 the surface condition (2) can be satisfied with 
inclusion of a 4 and a 5 , and from (5) we see that 0 is of the order a 4 and 7 of 
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the order a 5 . The terms to be retained in (2), in addition to those given 
in (5), are 

2/3(1 — 2 y) cos 2x 4 47 cos 3x 4- 4a/3 cos x 

= 2/3 cos 2x — 2a/3 (cos x 4 cos 3x) 4 47 cos 3# 4 4a/3 cos x. 

Expressing the terms in cos x by means of y , we get finally 
U 2 — 2 gy — const. 4- 2y (1 — g — a 2 — a 4 4 /3) 

4 (a 4 4 2/3) cos 2x 4 (47 - | a 5 — 2a/3) cos 3x .’.(9) 

In order to satisfy the surface condition of constant pressure, we must 
take 

= y = *« 5 > .(10) 

and in addition 

1 — a 2 —|a 4 = 0, .(11) 

correct to a 6 inclusive. The expression (1) for yfr thus assumes the form 

^ = y — ae~ y cos x 4 ^-aV’-^cos 2x — -^a 5 e~ zy cos 3x, .(12) 

from which y may be calculated in terms of x as far as a 5 inclusive. 

By successive approximation, determining ^ so as to make the mean 
value of y equal to zero, we find as far as a 4 

y = (a + fa 8 ) cos x — (f a 2 4 fa 4 ) cos 2x 4 fa 3 cos Sx — fa 4 cos 4#, .. .(13) 
or, if we write as before a for the coefficient of cos x, 

y = acosx — (f a 2 4 a 4 ) cos 2x 4 fa 3 cos 3x - fa 4 cos 4 x, .. .(14) 

in agreement with equation (20) of Stokes’ Supplement. 


Expressed in terms of a, (11) becomes 

g= 1 — a 2 — l a 4 .(15) 

or on restoration of k , c, 

g = k& — Wc 2 - f k 5 a*c 2 . . (16) 

Thus the extension of (8) is 

c 2 = gjk . (1 4 k 2 a 2 4 f .(17) 

which also agrees with Stokes’ Supplement. 


If we pursue the approximation one stage further, we find from (12) terms 
in a 5 , additional to those expressed in (13). These are 

K i 373 243 Q 125 K ) nQ ,* 

V = « 5 102 C0S x +vs COs3x+ 12732 C0S 5 *{. (18) 

It is of interest to compare the potential and kinetic energies of waves 

« [1916. Burnside (Proc. Land. Math. Soc. Vol. xv. p. 26, 1916) throws doubts upon the 
utility of Stokes’ series.] 
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that are not infinitely small. For the stream-function of the waves regarded 
as progressive, we have, as in (1), 

■\!r = — ae~ y cos (x — ct) + terms in a 4 , 

so that 

H- (cZ^/cZy) 2 == 4- terms in a 5 . 

Thus the mean kinetic energy per length x measured in the direction of 
propagation is 

~ I dx l’”e~ 2 !'dy = j fdxe-^^^J dx(l - 2y + 2if) = ^|«+ 2 [ fdx J, 
where y is the ordinate of the surface. And by (3) 

J y-dx = (a 2 + f a 4 ) + ^o.*} x. 

Hence correct to a 4 , 

K.E. = £ a 2 (1 + « 2 ) <r.(19) 

Again, for the potential energy 

P.E.=^gJy 2 dx=igx(^a 2 + fa i ); 

or since g = 1 — a 2 , 

P.E. = £a 2 (l + £a 2 )tf. .(20) 

The kinetic energy thus exceeds the potential energy, when a 4 is retained. 


Tide Races. 

It is, I believe, generally recognized that seas are apt to be exceptionally 
heavy when the tide runs against the wind. An obvious explanation may bo 
founded upon the fact that the relative motion of air and water is then 
greater than if the latter were not running, but it seems doubtful whether 
this explanation is adequate. 

It has occurred to me that the cause may be rather in the motion of the 
stream relatively to itself, e.g. in the more rapid movement of the upper strata. 
Stokes’ theory of the highest possible wave shows that in non-rotating water 
the angle at the crest is 120° and the height only moderate. In such waves 
the surface strata have a mean motion forwards. On the other hand, in 
Gerstner and Rankine’s waves the fluid particles retain a mean position, but 
here there is rotation of such a character that (in the absence of waves) the 
surface strata have a relative motion backwards, i.e. against the direction of 
propagation*. It seems possible that waves moving against the tide may 
approximate more or less to the Gerstner type and thus be capable of 
acquiring a greater height and a sharper angle than would otherwise be 
expected. Needless to say, it is the steepness of waves, rather than their 

* Lamb’s Hydrodynamics , § 247. 
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mere height, which is a source of inconvenience and even danger to small 
craft. 

The above is nothing more than a suggestion. I do not know of any 
detailed account of the special character of these waves, on which perhaps a 
better opinion might be founded. 


Rotational Fluid Motion in a Corner. 


The motion of incompressible inviscid fluid is here supposed to take place 
in two dimensions and to be bounded by two fixed planes meeting at an 
angle a. Tf there is no rotation, the stream-function -v/r, satisfying V 2 ^ = 0, 
may he expressed by a series of terms 

r n/a sin 7r#/a, r 27r/a sin 27 rdja, ... r n7r/a sin nirOjoL, 

where n is an integer, making yjr = 0 when 0 = 0 or 6 = a. In the immediate 
vicinity of the origin the first term predominates. For example, if the angle 
be a right angle, 

^ = r 1 sin 2 6 = 2scy, .(1) 

if we introduce rectangular coordinates. 

The possibility of irrotational motion depends upon the fixed boundary 
not being closed. If a < tt, the motion near the origin is finite ; but if a > 7r, 
the velocities deduced from ^ become infinite. 


If there be rotation, motion may take place even though the boundary be 
closed. For example, the circuit may be completed by the arc of the circle 
r = 1. In the case which it is proposed to consider the rotation (o is uniform , 
and the motion may be regarded as steady. The stream-function then 
satisfies the general equation. 


V-yfr = dryfr/diC 12 + d 2 yjr/djf = 2co, 
or in polar coordinates 

d‘ 2 ifr 1 d^T 1 d a \jfr ___ ^ 

<ir~ + r dr + r a dd 2 ^ 


( 2 ) 

( 3 ) 


When the angle is a right angle, it might perhaps be expected that there 
should be a simple expression for ^ in powers of x and y, analogous to (1) 
and applicable to the immediate vicinity of the origin ; but we may easily 
satisfy ourselves that no such expression exists*. In order to express the 
motion we must find solutions of (3) subject to the conditions that yfr = 0 
when 9 = 0 and when 6 = a. 

For this purpose we assume, as we may do, that 

yjr = %R n sin mrOjct , .(4) 

* In strictness the satisfaction of (2) at the origin is inconsistent with the evanescence of \p on 
the rectangular axes. 
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where n is integral and R n a function ol r only; and in deducing we 
may perform the differentiations with respect to 0 (as well as with respect 
to r) under the sign of summation, since ^ = 0 at the limits. Thus 




+ r dr 


R n \ sin 


The right-hand member of (3) may also be expressed in a series of sines 
of the form 

2 o> = 8 g>/ 7 t . tn' 1 sin nird/a, .( 6 ) 

where n is an odd integer; and thus for all values of n we have 


dr 2 r dr 


dR n n 2 7T 2 R n 


[{1 — (- 1 >« 


The general solution of (7) is 

R n = A n r n *l* + B n r~ n ^ + 4< ” & .( 8 ) 

n nir (4a 2 — /i 2 7 t~) 

the introduction of which into (4) gives yjr. 

In ( 8 ) A n and B n are arbitrary constants to be determined by the other 
conditions of the problem. For example, we might make R n , and therefore 
yjr, vanish when r = r x and when r = r 2 , so that the fixed boundary enclosing 
the fluid would consist of two radii vectores and two circular arcs. . If the 
fluid extend to the origin, we must make B n = 0 ; and if the boundary be 
completed by the circular arc r = 1, we have A n — 0 when n is even, and when 
n is odd 

^<p&gr °.< 9 > 

Thus lor the fluid enclosed in a circular sector of angle a and radius unity 


'yjr = 8cod 2 2 


r niT l a — f 2 . nird 
- (nV — 4a 2 ) Sm a ’ 


Y - WWW — - .V kJJLAJ. * 

T n it (nV — 4a 2 ) a 

the summation extending to all odd integral values of n. 


The above formula (10) relates to the motion of uniformly rotating fluid 
bounded by stationary radii vectores at 0 = 0, 8 = a. We may suppose the 
containing vessel to have been rotating for a long time and that the fluid 
(under the influence of a very small viscosity) has acquired this rotation so 
that the whole revolves like a solid body. The motion expressed by (10) is 
that which would ensue if the rotation of the vessel were suddenly stopped. 
A related problem was solved a long time since by Stokes*, who considered 
the irrotational motion of fluid in a revolving sector. The solution of Stokes’ 
problem is derivable from ( 10 ) by mere addition to the latter of = — ^cor 2 , 
for then ^ + f 0 satisfies V 2 (^ + ^ 0 ) = 0 ; and this is perhaps the simplest 


* Camb. Phil . Trans. Yol. vm. p. 533 (1847); Math, and Phys. Payers, Vol. i. p. 305. 
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method of obtaining it. The results are in harmony; but the fact is not 
immediately apparent, inasmuch as Stokes expresses the motion by means of 
the velocity-potential, whereas here we have employed the stream-function. 

That the subtraction of A or* makes (10) an harmonic function shows that 
the series multiplying can be summed. In fact 

nhi (/*7 rd/a) _ cos (2$ — a) 1 
//7r()/V J - 4a-) 2 cos a 2 ’ 

. . r- cos (2$— a) , r nrr/a sin uttB/ol 

so that \[r m = . 4- Ha- i, ■ „ . '.(11) 

2 COS a H7T ( U'“7T m — 4tt“) 

In considering the character of the motion deiined by (11) in the immediate 
vicinity of the* origin we see that if a < h r, the term in r 2 preponderates even 
when n = 1. When a= ^ir t‘xactly, the second term in (11) and the first 
term under corresponding to u = l become infinit<% and the expression 
demands transformation. We find in this caso 

f/ w «= A/- + ^ ^ - Iw) cos 20 + /-sm 20 log /• -^j + ^ i _ [} , 

.( 12 ) 

t,ho summation commencing at n = !l. On the middle lino 6— \tt, we have 


w “ ” 27T + 7T f lo «« + 5.24 ■ 

The following are dt‘rived from (13): 


......(13) 


1 r 

' i 

r 

• 4*^ | 

| 

r j 

i 

l£»- 

, 3 

s ■* 

I 

1 o-o 

•(KKK)O 

0*4 

*14112 

0*8 ! 

*13030 

1 o-l 

*02207 

0*5 

*10507 

CH) 

*07041 

! o-a 

*011200 

0*0 

*17300 

ro 

*(XKXK) 

! “•» 

* 10521 

i 

0*7 

*10210 



maximum 

value occurs 

when ? 

•=•592. 

At the point r 


the fluid is stationary. 

A similar transformation is required when a = 37 t/2, 

When a = 7 r, the boundary becomes a semicircle, and the leading term 
(n = 1) is 

.< 14 > 

which of itself represents an irrotationai motion. 
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When a = 2?r, the two bounding radii vectores coincide and the containing 
vessel becomes a circle with a single partition wall at 0 = 0. In this case 
again the leading term is irrotational, being 

■f'jco = - sin $0 .(15) 


Steady Motion in a Corner of a Viscous Fluid. 

Here again we suppose the fluid to be incompressible and to move in two 
dimensions free from external forces, or at any rate from such as cannot 
be derived from a potential. If in the same notation as before ^ represents 
the stream-function, the general equation to be satisfied by ^ is 


=0 ; .( 1 ) 

with the conditions that when 6 = 0 and 6 = a, 

^ = 0, d^/d6= 0.(2) 


It is worthy of remark that the problem is analytically the same as that of 
a plane elastic plate clamped at 6 = 0 and 6 = a, upon which (in the region 
considered) no external forces act. 

The general problem thus represented is one of great difficulty, and all 
that will be attempted here is the consideration of one or two particular 
cases. We inquire what solutions are possible such that yjr, as a function 
of r (the radius vector), is proportional to r m . Introducing this supposition 
into (1), we get 

{” ,+ ®}{<“- 2 >* + s}+-°. 1 .» 

as the equation determining the dependence on 6. The most general value 
of consistent with our suppositions is thus 

y]/ =r m {A cos m6 + B sin md + 0 cos (m — 2) 6 + D sin (m — 2) 6), .. .(4) 
where A, B,C, D are constants. 

Equation (4) may be adapted to our purpose by taking 

m = nirju, .(5) 

where n is an integer. Conditions (2) then give 

A + C = 0, A + C cos 2a — D sin 2a = 0, 

VE B + (^-2)d = 0 , 

B + (~ - 2 j C sin 2a + —2j D cos 2a = 0. 


k 
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VVIkti we substitute iu the second and fourth of these equations the values 
of A and H, derived from the first and third, there results 

(! (1 — cos 2a) + D sin 2a = 0 , 

0 sin 2 a - D (1 - cos 2a) = 0 ; 

and these can only be harmonized when cos 2 a = 1, or a = S 7 r, where s is 
an integei. In physical problems, a is thus limited to the values 7 r and 
2 tt. To these cases (4) is applicable with C and 1) arbitrary, provided that 
we make 

A + C~0, n + (1 - 1) = 0 .(5 bis) 

Thus f = C,*!* jeos ("* - 20) - cos n *| 

+ .( 6 ) 

making 

= * (* - 1) r - 1 |a cos ^ - 25 ) + I) sin (” f - 2ff) J . . . .(7) 

Whmt .s* = 1, a =. 77 % the comer disappears and we have simply a straight 
boundary (fig. 1). In this cast; n = I gives a nugatory result. When n = 2, 
we have 

= 6V" (1 — cos 26) = 2(h/\ .(8) 

I’Vn *• I«% ^ 


x=3 1 SSSlZH 


and V' J \(r = 46\ When n = 3, 

^ = 6V :t (cos 0 — cos "Id) + Dr* (sin 0 — | sin 30), .(9) 

» 8r (6" cos 6 + 1) sin 0) = 8 (6V + Dy) .(10) 

In rectangular coordinates 

^ = 4 Oxy~ 4* $Df/ 3 , ..(11) 

solutions which obviously satisfy the required conditions. 


When s — 2, a = 27r, the boundary consists of a straight wall extending 
from the origin in one direction (fig. 2). In this case (6) and (7) give 
yjr = Ch'k n |cos (I nd — 26) — cos ^n6] 

+ Dr |win (J«0 - 2$) - (l - J) sin %nd J.(12) 

VS/r = (2a - 4) •/•»*-* [0 cos ($«0 - 20) + 2) sin Q nd - 26)}. .. .(13) 
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Solutions of interest are afforded in the case n — 1. The (7-solution is 

(C = i) 

yfr = (cos |0 — cos ^0) = — cos £0 sin 2 -£0, .(14) 


vanishing when 0 = nr, as well as when 0 = 0 , 0 = 2i r, and for no other 
admissible value of 0. The values of yfr are reversed when we write 2 77 - — 6 
for 0 . As expressed, this value is negative from 0 to 7 r and positive from 
nr to 27 t . The minimum occurs when 0 = 109° 28'. Every stream-line which 
enters the circle (r = 1 ) on the left of this radius leaves it on the right. 

The velocities, represented by d^/dr and r~ l d^jd6, are infinite at the 
origin. 

For the D-solution we may take 

— sin 3 J0.(15) 

Here yjr retains its value unaltered when 2nr — 0 is substituted for 0. When 
r is given, ^ increases continuously from 0 = 0 to 0 = nr. On the line 0 = 7 r 
the motion is entirely transverse to it. This is an interesting example of the 
flow of viscous fluid round a sharp corner. In the application to an elastic 
plate yjr represents the displacement at any point of the plate, supposed to be 
clamped along 0 = 0 , and otherwise free from force within the region con¬ 
sidered. The following table exhibits corresponding values of r and 0 such 
as to make yjr = 1 in (15): 


6 

r 

• 

r 

180 ° 

1-00 

^ 60 ° 

64-0 

150 ° 

1-23 

, 20 ° 

10 * x 3-65 

120 ° 

2-37 

10 ° 

10 ° x 2-28 

90 ° 

8-00 

0 ° 

00 


When n — 2, (12) appears to have no significance. 

When n= 3, the dependence on 0 is the same as when' n = 1. Thus (14) 


and (15) may be generalized : 

yfr = (Ar- + Dr~) cos ^0 sin 2 \0, .(16) 

yjr — (A'r 1 + B'r%) sin 3 \d ..(17) 


For example, we could satisfy either of the conditions ^ = 0, or dty/dr — 0, on 
the circle r = 1. 

For n== 4 the D-solution becomes nugatory; but for the O-solution we 
have 

^ = Or 2 (1 — cos 20) = 20r 2 sin 2 0 = 2 Gy 2 .(18) 

The wall (or in the elastic plate problem the clamping) along 0 = 0 is now 
without effect. 
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It will be seen that along these lines nothing can be done in the apparently 
simple problem of a horizontal plate clamped along the rectangular axes of x 
and //, if it be supposed free from force*. Ritzf has shown that the solution 
is not developable in powers of x and ;//, and it may be worth while to extend 
the proposition to tin* more general case when the axes, still regarded as lines 
of clamping, are inclined at any angle a. In terms of the now oblique coordi¬ 
nates ./*, // the general equation takes the form 

(dtjdxr 4- d-jdif - 2 e<>s a d’ 2 /dx dj/)~ w = 0, .(19) 

which may be differentiated any number of times with respect to x and ?/, 
with the conditions 

w - 0, dwjdij = 0, when // = 0, .(20) 

w = 0, dw/dx = 0, when x = 0.(21) 

We may differentiate, as often as we please, (20) with respect to x and (21) 
with respect to y. 

From these data if may be shown that ab the origin all differential 
coefficients of w with respect to x and y vanish. The evanescence of those 
of zero and first order is (expressed in (20), (21). As regards those of the 
second order we have from (20) d‘ 2 w/<Li? = 0, drwjdxdy = 0, and from (21) 
d*it\idif 2 ~ 0. Similarly for tin* third order from (20) 


d*t<’/du? « 0 , 

and from (21) 

ib'wjdif « 0, 

For the fourth order (20) gives 
d; l io/dj A = 0 , 

and (21) gives 

d'Hv/dy 4 = 0, 


dPwjdx-dy =■ 0, 
d a w/dxdjf = 0. 

d 4 w/dxPdy = 0, 
dhvjdxdif = 0. 


So far (hwjdaf 2 dif might be finite, but (19) requires that it also vanish. This 
process maybe continued. For the m -f 1 coefficients of the mth order we 
obtain four equations from (20), (21.) and in — 2 by differentiations of (19), so 
that all the differential coefficients of the mth order vanish. It follows that 
every differential coefficient of w with respect to x and y vanishes at the 
origin, I apprehend that the conclusion is valid for all angles a less than 27 r. 
That the displacement at a distance r from the corner should diminish rapidly 
with r is easily intelligible, but that it should diminish more rapidly than 
any power of r, however high, would, I think, not have been expected without 
analytical proof. 


* If indeed gravity act, w^xh/ 1 is a very simple solution, 
f /Inn. d> Phtjs, Bd. xxvm. p. 760, 1909. 
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ON A PHYSICAL INTERPRETATION OF SCHLOMILCH’S 
THEOREM IN BESSEL’S FUNCTIONS. 

[ Philosophical Magazine, Vol. XXL pp. 5G7—571, 1911.] 

This theorem teaches that any function f(r) which is finite and con¬ 
tinuous for real values of r between the limits r — 0 and r = tt, both inclusive, 
may be expanded in the form 

/O’) = a„ + a } J 0 ( r ) + a*J 0 {2r) + a s J 0 (3r) + ..., .(1) 

/> being the Bessel’s function usually so denoted; and Schlbmilch’s demon¬ 
stration has been reproduced with slight variations in several text-books*. 
So far as I have observed, it has been treated as a purely analytical develop¬ 
ment. From this point of view it presents rather an accidental appearance; 
and I have thought that a physical interpretation, which is not without 
interest in itself, may help to elucidate its origin and meaning. 

The application that I have in mind is to the theory of aerial vibrations. 
Let us consider the most general vibrations in one dimension f which are 
periodic in time 2ir and are also symmetrical with respect to the origins of 
f and t. The condensation s, for example, may be expressed 

s = b 0 + bi cos f cos t + Z> 2 cos 2£ cos 2t + ..., .(2) 

where the coefficients & 0 , b x , &c. are arbitrary. (For simplicity it is supposed 
that the velocity of propagation is unity.) When t = 0, (2) becomes a 
function of £ only, and we write 

(I?) = b l) + b 1 cos f cos 2f+ ..., .(3) 

in which F (£) may be considered to be an arbitrary function of £ from 0 to tt. 
Outside these limits F is determined by the equations 

F(-£) = F(£ + 27r) = N(£).(4) 

* See, for example, Gray and Mathews’ Bessel’s Functions, p. 30; Whittaker’s Modern 
Analysis, § 165. 


T 







1911] 


SCHLOMILCH’S THEOREM IN BESSEL'S FUNCTIONS 


23 


We now superpose an infinite number of components, analogous to (2) 
with the same origins of space and time, and differing from one another 
only in the direction of £, these directions being limited to the plane osy, 
and in this plane distributed uniformly. The resultant is a function of 
t and r only, where r = *J(a* 4 - /), independent of the third coordinate z, and 
therefore (as is known) takes the form 

t s*= (f 0 + a v f {) (r) cos t + o li /, ) (2r)cos 2t + (hJ () (3r) cos3£ + ...(5) 

reducing to (1) when £ = 0*. The expansion of a function in the series (1) 
is thus definitely suggested as probable in all cases and certainly possible in 
an immense variety. And it will be observed that no value of £ greater 
than t r contributes anything to the resultant, so long as r < 7 r. 

The relation here implied between F and / is of course identical with 
that used in the purely analytical investigation. If <f> be the angle between 
f and any radius vector r to a point where the value of f is required, 
£ = r cos <jb, and the mean of all the components F(f-) is expressed by 

f(r) = ^ J F (r cos <p) .((>) 

The solution of the problem of expressing F by means of / is obtained 
analytically with the aid of Abel's theorem. And here again a physical, or 
rather geometrical, interpretation throws light upon the process. 

Equation (6) is the result of averaging F(%) over all directions indifferently 
in the xy plane. Let us abandon this restriction and take the average 
when £ is'indifferently distributed in all directions whatever. The result 
now becomes a function only of R, the radius vector in space. If 6 be the 
angle between R and one direction of £ = It cos 0, and we obtain as the 
mean 

/ F(R coh 6) sin 6 d6 = ^ [t\ ( R) - F l (0)}.(7) 

where F[' = F. 

This result is obtained by a direct integration of F (£) over all directions 
in space. It may also be arrived at indirectly from (6). In the latter/(r) 
represents the averaging of F(%) for all directions in a certain plane, the 
result being independent of the coordinate perpendicular to the plane. If 
we take the average again for all possible positions of this plane, we must 
recover (7). Now if 9 be the angle between the normal to this plane and 
the radius vector R,r — R sin 6, and the mean is 

j* f(R sin 9) sin 6 d0 .(8) 

* It will appear later that the a’s and &’s are equal. 






24 ON A PHYSICAL INTERPRETATION OF [352 

Wo conclude that 

E f f(R sin 9) sin 9 d9 = F X (E) — F l ( 0 ), .(9; 


Jo 

which may be considered as expressing Ein terms of/. 

If in ( 6 ), (9) we take F(R) = cos R, we find* 

(' J 0 (R sin 6) sin 9 d9 = E - " 1 sin E. 
o 

Differentiating ( 9 ), we get 

F(R) = f /(E sin #) sin 0 + E f /'(Esin 0) (1 — cos 2 9) d9. ...( 10 ) 

J o J o 

Now 

li j' cos 2 9f' (E sin 0)c2<9 = j* cos 9 . d/(E sin 0) 

= — /( 0 ) 4 - I" /(E sin 0) sin 0 cZ0. 

J o 

Accordingly F (E) =/(()) 4 - E f f f (E sin 0) J#.( 11 ) 

J o 

That /(r) in ( 1 ) may be arbitrary from 0 to ir is now evident. By 
(3) and ( 6 ) 

2 f i 71- 

/(r) = - d<f> {b 0 + b x cos (r cos <£) 4 * cos ( 2 r cos 0 ) 4 -...} 


= £>o + biJ 0 (r) + 62 Jo ( 2 r) +..., .fl 2 ) 

where & 0 « - f ' JP (f) &» = -[' cos JF(£) df .(13) 

7TJ 0 7Tj 0 

Further, with use of ( 11 ) 

h =/(0) + i f' # • f • f iW f (f sin 0) cW, .(14) 

&n = -f ^.fcoswf.f f'(%sm8)dd, .(15) 

7T J 0 JO 


by which the coefficients in ( 12 ) are completely expressed when f is given 
between 0 and 7 r. 

The physical interpretation of Schlomilch’s theorem in respect of two- 
dimensional aerial vibrations is as follows:—Within the cylinder r = tt it is 
possible by suitable movements at the boundary to maintain a symmetrical 
motion which shall be strictly periodic in period 27r, and which at times 
t = 0 , t= 27r, &c. (when there is no velocity), shall give a condensation which 


Enc. Brit. Art. “Wave Theory,” 1888; Scientific Bayers, Yol. in. p. 98. 
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is arbitrary over the whole of the radius. And this motion will maintain 
itself without external aid if outside r~ i r the initial condition is chosen in 
accordance with (b) t F (%) for valuers of £ greater than 77 being determined 
by (4). A similar statement applies of course to the vibrations of a stretched 
membrane, t he transverse displacement ?e replacing x in (5). 

Reference may be made to a. simple example ([noted by Whittaker. 
Initially let/d/*) ~ r, so that from 0 to tt t.he form of the* membrane is conical. 
Then from (12), (14), (15) 

7T“ 2 

/>,,= , ♦ ^ = 0(1/ even), b n - - „ (// ocld); 

4 tr 

and thus 

./» - ^ - 2 |./„ (r) + * ./„ (Xr) + (fir) + ...j.(1<0 

tlu* right-hand mrmber being equal to r from r*=0 to r = tt. 

The corn‘spending vibration is of course expressed by (HI) if we multiply 
each function J 0 (ar) by tin* time-factor cos at. 

If this periodic vibration is to be maintained without external force, the 
initial condition must, be such that, if is represented by (lb) for all values 
of i\ and not. merely for those less than tt. By (11) from 0 to 7i\ F (- Wf, 
from which again by (4) the value of F lor higher values of f follows. Thus 
from t r to 2t r ? !*'(!;) «= \rr (2tt — !~) ; from "Ire to 3 tt, F{£) ~ W (f— 2 tt) ; and 
bo oil From these y’ is to he found by means of ((>). For (‘xamplt*. from 
t r to 27r ? 

I* hsii# ir//* ’sin# 1 

/(r) = r J sin 0 d$ + | (2tt — r sin </0 

. 0 Min#-ir/f 

=« r — 2 V(r s — t r 8 ) -I- 2 tt co«~* ( 7r/r)» *,..... (17) 

where coh*~ 1 (tt//*) is to be taken in the first quadrant. 

It is hardly necessary to add that a theorem similar to that proved above 
holds for aerial vibrations which are symmetrical in all directions about a 
centre. Thus within the sphere of radius tt it is possible to haw a motion 
which shall be strictly periodic and is such that the condensation is initially 
arbitrary at all points along the radius. 
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BREATH FIGURES. 

[Nature, Vol. lxxxvi. pp. 416, 417, 1911.] 

The manner in which aqueous vapour condenses upon ordinarily clean 
surfaces of glass or metal is familiar to all. Examination with a magnifier 
shows that the condensed water is in the form of small lenses, often in 
pretty close juxtaposition. The number and thickness of these lenses depend 
upon the cleanness of the glass and the amount of water deposited. In the 
days of wet collodion every photographer judged of the success of the 
cleaning process by the uniformity of the dew deposited from the breath. 

Information as to the character of the deposit is obtained by looking 
through it at a candle or small gas flame. The diameter of the halo 
measures the angle at which the drops meet the glass, an angle which 
diminishes as the dew evaporates. That the flame is seen at all in good 
definition is a proof that some of the glass is uncovered. Even when both 
sides of a plate are dewed the flame is still seen distinctly though with 
much diminished intensity. 

The process of formation may be followed to some extent under the 
microscope, the breath being led through a tube. The first deposit occurs 
very suddenly. As the condensation progresses, the drops grow, and many 
of the smaller ones coalesce. During evaporation there are two sorts of 
behaviour. Sometimes the boundaries of the drops contract, leaving the 
glass bare. In other cases the boundary of a drop remains fixed, while the 
thickness of the lens diminishes until all that remains is a thin lamina. 
Several successive formations of dew will often take place in what seems 
to be precisely the same pattern, showing that the local conditions which 
determine the situation of the drops have a certain degree of permanence. 

An interesting and easy experiment has been described by Aitken 
(. Proc . j Ed, Soc. p. 94, 1893). Clean a glass plate in the usual way until the 
breath deposits equally. 
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“If wo now pans over this clean surface the point of a, blow-pipe flame, 
using a very small jet, and passing it over the glass with sufficient quickness 
to prevent the sudden heating breaking it; and if we now breathe on the 
glass after if is cold, we shall find the track of the flame clearly marked. 
While most of tin* surface looks white by the light reflected from tin* de¬ 
posited moisture, the track of flu* flame is quite black; not a ray of light is 
scattered by it. If looks as if there were no moisture condensed on that 
part of the plate, as it seems unchanged; but if it, be closely examined by a 
lens, it will be seen to Ik* quite wot. But flu* water is so evenly distributed, 
that if forms a thin film, in which, with proper lighting and the aid of a 
lens, a display of interference colours may lx* seen as tin* film dries and thins 
away.” 

* 4 Another way of studying tin* change produced on the surface of t he 
glass by the action of the flame is to take t he [ plate j, ns above described, 
after a line has been drawn over it with tin* blow-pipe jet, and when (‘old let 
a drop of water fall on any part of it where it showed white when breathed 
on. Now tilt the plate to make the drop flow, and nob* tin* resistance to its 
flow, and how it draws itself up in the rear, leaving the plate dry. When, 
however, tin* moving drop comes to the part acted on by the flame, all 
resistance to flow ceases, and the drop rapidly spreads itself over tin* whole 
track, and shows a decided disinclination to leave it.” 

Tin* impression thus produced lasts for some days or weeks, with diminish¬ 
ing distinctness. A permanent record may be* obtained by the deposit of a 
very thin coat of silver by the usual chemical method. The silver attaches 
itself by preference to tin* track of tin* flume, and especially to tin* vthjtts of 
the track, where presumably the combustion is most intense. It may be 
protected with celluloid, or other, varnish. 

Tin* view, expressed by Mr Aitken, which would attribute tin* effect to 
very fine dust deposited on the* glass from the flame, does not commend itself 
to me. And yet mere heat is not very effective. I was unable to obtain a 
good result by strongly heating tin* hack of a thin glass in a Bunsen flame. 
For this purpose* a long Haim* on Ramsays plan is suitable*, (‘specially if it be 
long emough to include*, the entire width of the* plate. 

Jt seems to nm that we must appeal to varying degrees of cleanliness 
for the (explanation, cleanliness meaning mainly freedom from grease*. And 
one of the* first things is to disabuse our minds of thee idea that any tiling 
wipe*d with an ordinary cloth can possibly be clean. This subject was ably 
treated many yeears ago by Quincke* ( Wied. A ml II. p. 145, 1K77), who, 
however, seems to havee remained in doubt whether a film of air might 
not give rise to the same effects as a film of grease. Quincke investigated 
the maximum edge-angle possible * when a drop of liquid stands upon the 
surface of a solid. In general, the cleaner the surface*, tin* smaller the 
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maximum edge-angle. With alcohol and petrohann there was no diflieuln 
in reducing the maximum angle to zero. With water on glass the angle 
could be. made small, but increased as time elapsed after cleaning. 

As a detergent Quincke employed hot sulphuric acid. A lew drops may 
be poured upon a thin glass plate, which is then strongly heated mn* a 
Bunsen burner. When somewhat cooled, the plate may he washed under 
the tap, rinsed with distilled water, and dried over the Bunsen without any 
kind of wiping. The parts wetted by tin 4 acid then behave much a> the 
track of the blow-pipe flame in Aif kens experiment. 

An even better treatment is with hydrofluoric arid, which actmdh ivno\* 
the surface of tin* glass. A few drops of tin* commercial acid, diluted. sa\, 
ten times, may be employed, much as tin* sulphnrie aeid, only without lent , 
The parts so treated condense the breath in large lamina*, eont rust mg st rough 
with the ordinary deposit. 

It must be admitted that some difficulties remain in nttnhuimg fin- 
behaviour of an ordinary plate to a superficial film of grease. One of t here¬ 
in the comparative permanence of breath figures, which often sunhr wiping 
with a cloth. The thought has sometimes occurred to me that the film 
of grease is not entirely superficial, hut penetrates in noun* degree into the 
substance* of the glass. In that case its removal and renewal would not he 
so easy. We know hut little of tin* project ies of matter in thin film*, wlindt 
may differ entirely from these of tin* same substance in mass. It may he 
recalled that a film of cal, one or two millionths of a millimetre thick, suffices 
to stop the movements of camphor on the surface of water, and that mrndi 
smaller quantities may be rendered evident by optical and other methods. 
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ON THE MOTION OF SOLID BODIES THROUGH 
VISCOUS LIQUID. 

[Philosophical Magazine , Vol. xxi. pp. 697—711, 1911.] 

§ 1. The problem of the uniform and infinitely slow motion of a sphere, 
or cylinder, through an unlimited mass of incompressible viscous liquid 
otherwise at rest was fully treated by Stokes in his celebrated memoir 
on Pendulums*. The two cases mentioned stand in sharp contrast. In the 
first a relative steady motion of the fluid is easily determined, satisfying all 
the conditions both at the surface of the sphere and at infinity; and the 
force required to propel the sphere is found to be finite, being given by 
the formula (126) 

— F= QTT/jbaV, .( 1 ) 

where fi is the viscosity, a the radius, and V the velocity of the sphere. 
On the other hand in the case of the cylinder, moving transversely, no such 
steady motion is possible. If we suppose the cylinder originally at rest to 
be started and afterwards maintained in uniform motion, finite effects are 
propagated to ever greater and greater distances, and the motion of the 
fluid approaches no limit. Stokes shows that more and more of the fluid 
tends to accompany the travelling cylinder, which thus experiences a con¬ 
tinually decreasing resistance. 

§ 2 . In attempting to go further, one of the first questions to suggest 
itself is whether similar conclusions are applicable to bodies of other forms. 
The consideration of this subject is often facilitated by use of the well- 
known analogy between the motion of a viscous fluid, when the square of 
the motion is neglected, and the displacements of an elastic solid. Suppose 
that in the latter case the solid is bounded by two closed surfaces, one of 
which completely envelopes the other. Whatever displacements (a, / 3 , 7 ) be 
imposed at these two surfaces, there must be a corresponding configuration 


Camb. Phil. Trans. Vol. ix. 1850; Math, and Phys. Papers, Vol. 111 . p. 1 
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of equilibrium, satisfying certain differential equations. If the solid be 
incompressible, the otherwise arbitrary boundary displacements must be 
chosen subject to this condition. The same conclusion applies in two 
dimensions, where the bounding surfaces reduce to cylinders with parallel 
generating lines. For our present purpose we may suppose that at the 
outer surface the displacements are zero. 

The contrast between the three-dimensional and two-dimensional eases 
arises when the outer surface is made to pass oft to infinity. In the former 
case, where the inner surface is supposed to be limit ex! in all directions, the 
displacements there imposed diminish, on receding from it, in such a manner 
that when the outer surface is removed to a sufficient distance no further 
sensible change occurs. In the two-dimensional case the. inner surface* 
extends to infinity, and the displacement affects sensibly points however 
distant, provided the outer surface be still further and sufficiently removed. 

The nature of the distinction may be illustrated by a simple example 
relating to the conduction of heat through a uniform medium. If tin* 
temperature v be unity on the surface of the sphere r = a, and vanish when 
r = b, the steady state is expressed by 



When b is made infinite, v assumes the limiting form a/r. In the corre¬ 
sponding problem for coaxal cylinders of radii a and b we have 

logi-logr. 

log b — log a 

But here there is no limiting form when b is made infinite. However great 
r may be, v is small when b exceeds r by only a little; but when b is great 
enough v may acquire any value up to unity. And since the distinction 
depends upon what occurs at infinity, it may evidently be extended on the 
one side to oval surfaces of any shape, and on the other to cylinders with 
any form of cross-section. 

In the analogy already referred to there is correspondence between the 
displacements (a, /3, 7 ) in the first case and the velocities (tq v 9 w) which 
express the motion of the viscous liquid in the second. There is also another 
analogy which is sometimes useful when the motion of the viscous liquid 
takes place in two dimensions. The stream-function (yjr) for this motion 
satisfies the same differential equation as does the transverse displacement 
(V) of a plane elastic plate. And a surface on which the fluid remains 
at rest = 0 , d^rjdn = 0 ) corresponds to a curve along which the elastic 
plate is clamped. 

In the light of these analogies we may conclude that, provided the square 
of the motion is neglected absolutely, there exists always a unique steady 
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motion of liquid past a solid obstacle 1 of any form limited in all dii eet 
which satisfies the necessary conditions both at the surface* of the “bMarlr 
and at infinity, and fur then* that the force required to bold the solid in finite. 
But if the obstacle be an infinite cylinder of any rross-sertioii. no such 
steady motion is possible 4 , and the three required to hold I he e\ lindei in 
position continually diminishes as the motion continues. 


§ 3. For further developments tin* simplest east* is that of a malmial 
plant 4 , coinciding with the coordinate plane x 0 and moving parallel to y lit 
a fluid originally at rest. The component velocities n, a* are thru /% ro, aid 
the third velocity v satisfies (even though its square be imi m-gleeied* tie- 
general equation 

.iii 

(it dx A ’ 


in which p, equal to /x/p, represents the kinematic viscosity. lit £ < 1 11 

memoir Stokes considers periodic oscillations of the plane. I Inis m ul t it > 
be proportional to we have on Urn positive side 

r = Av int c iiu IM . . ..j ) 

When x = 0 , (5) must coincide with the velocity t F) *‘f fhr plan*. If iltn* 
be V n e lnf , we have A -- V„; so that in real quantities 

r = V n e Xs> ' intvi cos 1 ut — x v t // 2v \ , . . 


corresponds with V - r #l eos at ... d ) 

for the 4 plane itself. 

In order to find the tangential force ( — 7*d exercised upon tin- plain 1 h * 
have 4 from (5) when x = 0 



V n v in * sjiin id, 


Ah i 


and 7» = ~ /x (tl»/tLr) 0 « p J r „ e int y ( dec) 

-p V(iw-F). (1 + /) v n e int ^ p\H^up). (r | * f{ J t j , ........ fHi 


giving the 4 forces per nnit area due 4 to the re ‘action of tin* fluid upon on** sid* 

“ The forces expressed by the 4 first of these terms tends to diminish f In 
amplitude 4 of thei oscillations of the 4 plant 4 . The force tax press* *d by i In- 
second has the*, same 4 effect as increasing the 4 inertia of the plane/’ Ii will 
be e>bserv( 4 d that if V n be given, the force 4 diminishes without limit w ith /«. 

In note B Stokexs resumes the proble 4 m of § 7: instead of the motion 
of the plane being periodic, he supposes that the* plane* and fluid are inif lalh 
at rest, and that the plane is then (t ~ 0) moved with a constant uloeiH \\ 









e -xV*vt 9 .(10) 

e~ fi dz .(11) 

.( 12 ) 
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This problem depends upon one of Fourier’s solutions which is easily vorifiod* 
We have 

dv _ "YL 

dx \J(irvt)' 

2 V r*/avN) 

v = V- 

s/TT Jo 

For the reaction on the plane we require only the value of dv/dx when .r = (h 
And 

/dv\ _ V 

\dx/ 0 isj(irvt) 

Stokes continuesf “now suppose the plane to be moved in any manner, 
so that its velocity at the end of the time t is V (t). We may evidently 
obtain the result in this case by writing V' (r) dr for F, and t— r for t 
in [12], and integrating with respect to r. We thus get 

(dv\ _ 1 [* V' (t) dr _1 ^ f 00 v , . . dt x . 

\dx) o aJ(ttv) J V(£— t ) V(7 Tv)Jo 1 

and since T 3 = — fidv/dx^ these formulas solve the problem of finding the 
reaction in the general case. 

There is another method by which the present problem may bo treated, 
and a comparison leads to a transformation which we shall find useful further 
on. Starting from the periodic solution (8), we may generalize it by Fourier’s 
theorem. Thus 

fdv\ 


corresponds to 


/dv\ 

( j = _ V n e int VO injv ) dn 

\dxj 0 Jo vv / / 


V(t) — f V n e int dn, . 

J o 

where V n is an arbitrary function of n. 

Comparing (13) and (14), we see that 

rv n ^ nidn= ir V'(r)dT 

J 0 VU7T) J _ a 


•(I**) 

.(!•>) 

.( 16 ) 


o V(*r) J — oo *J(t — t) 

It is easy to verify (16). If we substitute on the right for V'(t) from 

1 f* dr 


(15), we get 

1*00 

//• \ | //, -r I in V n e inr dn; 

Wtt) J .00 V0 - t) J 0 

and taking first the integration with respect to r, 


e inr dr 


r°° e m (t-tj ... . 

J-.V( 4 -r)U. -VT^-Vfe) 

when (16) follows at once. 

* Compare Kelvin, Ed. Trans . 1862; Thomson and Tait, Appendix D. 
t I have made some small changes of notation. 
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As a particular cast 1 of ( 13), let us suppose that the fluid is at rest and 
that, the plane starts at £ = 0 with a velocity which is uniformly accelerated 
for a time r t and afterwards remains constant. Thus from — x to 0, 
)/(r)==0; from 0 to r M V (t) -hr\ from r, to t } where t>r l% V(r) = hr l . 
Thus (0 < t < T t ) 


, (/r\ _ 1 i' f It ilr *2h \ f 

* y/(7ri')Jo v(f-T) \(t ref 


(17) 


and (t > t i) 


dr\ 


u 


I 


hdr 


\ '( 7TI/) .'<> \ U - T) 


2A 

\d 7 TV) 


\t \{t — 7 X )\. ...(IS) 


Expressions (17), (IK), taken negatively and multiplied by g, give the 
force per unit area required to propel tin* plane against the fluid forces 
acting upon one side, din* force increases until £ = (hat. is so long as 
the acceleration continues. Afterwards it gradually diminishes to zero. For 
the differential coefficient of y7 ~ \/(t Tj) is negative when / > r,; and 
when t is great, 

— %/(/ - Tj) |r s t ^ ultimately. 


§4. In like manner we may treat any problem in which tin* motion of 
the material plane is prescribed. A more difficult question arisos when 
it is the/o/res propelling the piano that are givon. Suppose, fhr example, 
that an infinitely thin vertieal lamina of superficial density o begins to fall 
from rest under the action of gm\ ity w hen t 0, the fluid boing also initially 
at rest. By (Id) the equation of motion may be written 


d V d V* (t) dr 

(It * \'(t - r) 


(lit) 


the fluid being now supposed to act on both sides of the lamina. 


By an ingenious application of Abels theorem 
integrating equations which include* (19)*. The 
If yfr(t) ho defined by 


f <*>- 




Buggio has succeeded in 
theorem is as follows;— 


■( 20 ) 


then 


rt ^ ( T ) f / r 

ii (* - T )1 


7T \<p(t) — <f >(())] 


BV by (20), if 

f («)-2 


r 

(i 


<¥0 - r ) ; 


( 21 ) 


* Boggio, Rend. d. Attend . d. Lined, Vol. xvi. pp. 013, 730 (1007); al#r> Ba«m*t, Quart. 
Journ. of Mathematic*, No. 104, 1910, from which, I first became acquainted with Hoggin's 
work. 



Ki . 


K. VI. 


3 










34 


ON THE MOTION OF SOLID BODIES THROUGH VISCOUS LIQUID [354 


so that 


o ft _ T y Jo Jo 


V(*-* 2 > 
Jo 


4>' 

2tt f <f>' (t — r 2 ) rdr = ir {<j> (t) — <$> (0)}, 
J o 


where r 2 = ai 2 + y 2 . 

Now, if t f be any time between 0 and t , we have, as in (19), 

v ( f) + f = a 

-4 


crTr* J o 

Multiplying this by (£ — dt' and integrating between 0 and t, we get 

..h rt J4.f rtf ~XT f /_\ J ft 


r v ' (o ^ + v r dt ' r t^t) ^ n 

•« ( t-if CT7T 4 io — (t’—r)* *h 


(t- t ) 5 




. ...( 22 ) 


In (22) the first integral is*the same as the integral in (19). By Abels 
theorem the double integral in (22) is equal to irV(t), since V (0) = 0. 
Thus 

rt Y' (t) dr 2 pv^ 7 T^ 


+ 


I o V(£ — t) cr 


V(t) = 2g</t .(23) 


If we now eliminate the integral between (19) and (23), we obtain 
simply 


dV 4 p 2 v rr 4<pv~ , 


.(24) 


as the differential equation governing the motion of the lamina. 

This is a linear equation of the first order. Since V vanishes with t, the 
integral may be written 


4 p 2 v V 

= e 4 ' f (l - 2 ^) dt 


ga 2 

Jo \ >Jnr) 


= 

= 2 f 1+ 2 e 1 ' f e~**dx, . 

SJTT V 7T J 

.(25) 

in which t’ = t . 4p 2 i>/cr 2 . 

When t, or £', is great, 


L/ dx wi 1 2t r + -)’ . 

.(26) 

so that -—--- 

ga 1 

_2 W 1 / 1 \ 

s/tt ^ V 2^"^“/ 

.(27) 

Ultimately, when t is very great, 



v -fs/(=)-.'•■■■■ 

.(28) 
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§ 5. The problem of the sphere moving with arbitrary velocity through 
a viscous fluid is of course more difficult than tin* corresponding problem of 
the plane lamina, but it has been satisfactorily solved by Boussinesq* and 
by Bassetf. The easiest road to the result is by tin* application of Fourier's 
theorem to the periodic solution investigated by Stokes. If the velocity 
of the sphere at time t be V = I r A e ult > a the radius, M the mass of the 
liquid displaced by the sphere, and s - a 2iO, v being as before the 
kinematic viscosity, Stokes finds as tin* total force at time / 


D<+L("L)\ 


Thus, if 


V n e in * dn, .. ........ .1*10) 


V n n&«> 

. o 

Of the four integrals in (.11), 


-f ) i *f . ( 1 4* 

Z 4 Stt/ 4.V// \ Hit 


the first 


the fourth ■ 


Also the second and third together give 

n\*iu^r v „ s 

4ft ./ „ 

and thi.s is the only part, which could present. any ditlieulty. \V<- h:»v. 
however, already considered thin integral in connexion with tin* motion of 
plane and its value is expressed by (1(1). Thus 


1 dV \)v 

2 dt 2t( 3 


f r V'(r), h 


2«7tD - it- rY 1 


The first term depends upon the inertia of the fluid, and is the sum.* a> 
would be obtained by ordinary hydrodynamics when v <>. If there is m* 
acceleration at the moment, this term vanishes. If, further, then* has hem 
no acceleration for a long time, the third term also vanishes, and we obtain 
the result appropriate to a uniform motion 


Ml'V 


■ imapv T — fI tt fxn V, 


as in (1). The general result (32) is that of Boussinesq and Basset. 


C. R. t. c. p. 935 (1885); Throrie Analytiyuc (If In Chalrur, t. 11 . 1’ariH, 1903. 
t Phil. Tram. 1888; Hydrodynamict , Vol. n. chap. xxn. IHSH. 
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As an .example of (32), wo may suppose (as formerly for the plum-n hat 
V(t) = 0 from -oo to 0; V(t) = ht from 0 to t, ; F(/) = //t,. when t > r,. 
Then if t < r u 


„ I 9vt , Oi* 4 < 4 ' . 

b — — hM 9 + 9 a + l > 

L 2 air 3 J 


and when t>r z , 


f= - hM' [ [> ” T ! + yt - - t,)« 

L 2 "' iw 4 


When t is very great (34*) reduces to its first term. 

The more difficult problem of a sphere falling under the influene* «>t 
gravity has been solved by Boggio (lac. cit .). In tin* ease where the liquid 
and sphere are initially at rest, the solution is comparatively simple; liSif 
the analytical form of the* functions is found to depend uprnt tin* rata* nf 
densities of the sphere and liquid. This may be rather unexpected , but 
I am unable to follow Mr Basset in regarding it as an objection to the u^ual 
approximate equations of viscous motion. 

§ 6. We will now endeavour to apply a similar method to Stt*ke- 
solution for a cylinder oscillating transversely in a viscous fluid. If the 
radius be a and the velocity Fbe expressed by V = V n e int , Blokes finds for 
the force 

JP « — if' in V n (k - ///). ... I 

In (35) M f is the mass of the fluid displaced ; k and k! are certain functions 
of m, where m~%a^/(n/v), which are tabulated in his §37. Tin* cylinder m 
much less amenable to mathematical treatment than tin* sphere, and we 
shall limit ourselves to the case where, all being initially at rest, the 
cylinder is started with unit velocity which is afterwards steadily maintained. 

The velocity V of the cylinder, which is to be zero when t is negative 
and unity when t is positive, may be expressed by 


, r . 1 f sm nt , 

+ ..- dn t .... 0 

7T J o n 


in which the second term may be regarded as the real part of 


m J o n 


We shall see further.below, and may anticipate from Stokes* result relating 
to uniform motion of the cylinder, that the first term of (30) contribute* 
nothing to F; so that we may take 


if' f x 

— e int (k ~~ ikf) d,% 
7T Jo 
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corresponding to (37). Discarding the imaginary part. we get, CMire^ponding 

to (36), 

jjrv * X 

F=- x .- (k cos nt -f// sin nt\tln. .....f3s§ 

7T J„ 

Since k, // are known functions of m, or (a and v being given) of n % i3si 

may be calculated by quadratures for any prescribed value off. 

It appears from the tables that k, k f are positive throughout. When 

m = 0, k and k' are infinite and continually diminish ah m increases, until 
when //i = x, k — 1, k' = 0. For small values of m the limiting forms for 
l\ k f are 

,, 1 


k = 1 4- *-ri — 


F = - 


.<391 


?n- (log m f ’ ,c m a log m 7 
from which it appears that if we make n vanish in (35), while V n is given, 
F comes to zero. 

We now seek the limiting form when t is very great. The integrand in 
(38) is then rapidly oscillatory, and ultimately the integral comes to depend 
sensibly upon that part of the range where n is very small. And for this 
part we may use the approximate forms (39). 

Consider, for example, the first integral in (38), from which we may omit 
the constant part of l\ We have 

; x . 7 7r f x cos nt dn 4t tv f x cos t .x)dx 

k cos nt an — T -* 7 ,-- = —r- .■- — 

Jo 4 Jo m 2 (log mY a 2 J 0 

Writing 4 vt/a 2 = f, we have to consider 

f x cos fx . dx 

J 0 x(hgxf 

In this integral the integrand is positive from x = 0 to x = irflt\ negative 
from irIlf to 37 r/ 2 f,-and“SO on. For the first part of the range, if we omit 
the cosine, 

f ^ _ f d l°g x __ __1 

t 0 x (log xf ~ J (log xf ““ log (2 f ITT) 7 


x(log xf 


...(40) 


.(41) 


f, 


4m 


and since the cosine is less than unity, this is an over estimate. When f is 
very great, log ( 2 £ f / 7 r) may be identified with log t\ and to this order of 
approximation it appears that (41) may be represented by (42). Thus if 
quadratures be applied to (41), dividing the first quadrant into three parts, 
we have 


costt/12 

log Qfl'jr + C0S 12 [log 


r._i^_ M + 

log St'lTT log 6f /tt 


COS: 


07r 


1 


I 'fir log 6t'_'ir\ 1'2 l_log Zt'/ir logSi' ^J’ 

of which the second and third terms may ultimately be neglected in com¬ 
parison with the first. For example, the coefficient of cos (3 tt/ 12) is equal to 


3f' 
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Proceeding in this way we see that the cosine factor may properly be 
identified with unity, and that the value of the integral for the first quadrant 
may be equated to 1/log t'. And for a similar reason the quadrants after 
the first contribute nothing of this order of magnitude. Accordingly we 
may take 

[ k cos nt dn = . .(43) 

J o a? log t 

For the other part of (38), we get in like manner 

f 00 7 , . , , 8v f°° sin t'x. dx 8v f x sin x'daf .... 

k sin vtdn = - - -r— — = — -tt— 7 >, /, .(***) 

, o a 2 Jo cc logos a 2 Jo x log (t jx) 

In the denominator of (44) it appears that ultimately we may replace 
log (t'/x) by log t' simply. Thus 

f ¥ sin nt (In = , .(45) 

Jo a 2 logt 

so that the two integrals (43), (45) are equal. We conclude that when t is 
great enough, 

F - _ —_.(46) 

a 2 log t f a 2 log (4 vtjd 2 )' 

But a better discussion of these integrals is certainly a desideratum. 


§ 7. Whatever interest the solution of the approximate equations may 
possess, we must never forget that the conditions under which they are 
applicable are very restricted, and as far as possible from being observed in 
many practical problems. Dynamical similarity in viscous motion requires 
that Vajv be unchanged, a being the linear dimension. Thus the general 
form for the resistance to the uniform motion of a sphere will be 

F = pvVa.f(Va/v), .(47) 

where / is an unknown function. In Stokes’ solution (1) f is constant, and 
its validity requires that Vajv be small*. When V is rather large, experi¬ 
ment shows that F is nearly proportional to V\ In this case v disappears. 
“ The second power of the velocity and independence of viscosity are thus 
inseparably connected”*]". 

The general investigation for the sphere moving in any manner (in 
a straight line) shows that the departure from Stokes’ law when the velocity 
is not very small must be due to the operation of the neglected terms 
involving the squares of the velocities; but the manner in which these act 
has not yet been traced. Observation shows that an essential feature in 
rapid fluid motion past an obstacle is the formation of a wake in the rear of 
the obstacle; but of this the solutions of the approximate equations give 
no hint. 

* Phil . Mag . Vol. xxxvi. p. 354 (1893); Scientific Papers, Vol. iv. p. 87. 
t Phil. Mag. Vol. xxxiv. p. 59 (1892); Scientific Papers , Vol. m. p. 576. 
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Hydrodynamieal solutions involving surfaces of discontinuity of the kind 
investigated by Helmholtz and Kirchhoff provide* indeed for a wake, but 
here again there are difficulties. Behind a blade immersed transversely in a 
stream a region of “dead water” is indicated. The conditions of steady 
motion are thus satisfied; but, as Helmholtz himself pointed out, the motion 
thus defined is unstable. Practically the dead and live water are continually 
mixing; and if there be viscosity, the layer of transition rapidly assumes a 
finite width independently of the instability. One important consequence 
is the development of a suction on the hind surface of the lamina which 
contributes in no insignificant degree to the total resistance. The amount 
of the suction does not appear to depend much on the degree of viscosity. 
When the latter is small, the dragging action of the live upon the dead 
water extends to a greater distance behind. 

§ 8. If the blade, supposed infinitely thin, be moved edgeways through 
the fluid, the case becomes one of “ skin-friction.” Towards determining the 
law of resistance Mr Lariehester has put forward an argument * which, even 
if not rigorous, at any rate throws an interesting light upon the question. 
Applied to the case of two dimensions in order to find the resistance F 
per unit length of* blade, it is somewhat as follows. Considering two systems 
for which the velocity V of the blade is diff!‘rent, let n, be the proportional 
width of corresponding strata of velocity. The momentum communicated to 
the wake per unit length of travel is as n V, and therefore on the whole 
as n V* per unit of time. Thus F varies as a V~. Again, having regard 
to the law of viscosity and considering the strata contiguous to the blade, 
we see that F varies as Vjn . Hence, nV u varies as V/n, or V varies as 
from which it follows that F varies as If this be admitted, the* general 

law of dynamical similarity requires that for the whole resistance 


F^cpvUlt F 3 ,.(48) 

where l is the length, b the width of the blade, and c a constant. Mr Lanchester 
gives this in the form 

F/p = cv*A* V*, .(49) 


where A is the area of the lamina, agreeing with (48) if l and b maintain a 
constant ratio. 

The difficulty in the way of accepting the above argument as rigorous is 
that complete similarity cannot be secured so long as b is constant as has 
been supposed. If, as is necessary to this end, we take h proportional to a, 
it is bVJn , or V (and not Vjn\ which varies as nV‘ 2 } or hV‘ 2 . The conclusion 
is then simply that bV must be constant (v being given). This is merely 
the usual condition of dynamical similarity, and no conclusion as to the law 
of velocity follows. 

* Aerodynamics, London, 1907, § 85. 
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But a closer consideration will show, I think, that there is a substantial 
foundation for the idea at the basis of Lanchester’s argument. If we suppose 
that the viscosity is so small that the layer of fluid affected by the passage 
of the blade is very small compared with the width ( b) of the latter, it will 
appear that the communication of motion at any stage takes place much 
as if the blade formed part of an infinite plane moving as a whole. We 
know that if such a plane starts from rest with a velocity V afterwards 
uniformly maintained, the force acting upon it at time t is per unit of area, 


see (12), 

pVYO'M).( 5 °) 

The supposition now to be made is that we may apply this formula to the 
element of width dy, taking t equal to y/V, where y is the distance of the 
element from the leading edge. Thus 

F = Ip (i ’Inf V*Jy~ i dy=2lp (vfir) h V % - b h , .(51) 


which agrees with (48) if we take in the latter c = 2/aJi t. 

The* formula (51) would seem to be justified when v is small enough, as 
representing a possible state of things; and, as will be seen, it affords an 
absolutely definite value for the resistance. There is no difficulty in extending 
it under similar restrictions to a lamina of any shape. If b, no longer 
constant, is the width of the lamina in the direction of motion at level 5, 
we have 

F=2p $ dz .(52) 

It will be seen that the result is nob expressible in terms of the area of the 
lamina. In (49) c is not constant, unless the lamina remains always similar 
in shape. 

The fundamental condition as to the smallness of v would seem to be 
realized in numerous practical cases; but any one who has looked over the 
side of a steamer will know that the motion is not usually of the kind 
supposed in the theory. It would appear that the theoretical motion is 
subject to instabilities which prevent the motion from maintaining its simply 
stratified character. The resistance is then doubtless more nearly as the 
square of the velocity and independent of the value of v % . 

When in the case of bodies moving through air or water we express 
V, a , and v in a consistent system of units, we find that in all ordinary cases 
v/Va is so very small a quantity that it is reasonable to identify f(v/ Va) 
with /(0). The influence of linear scale upon the character of the motion 
then disappears. This seems to be the explanation of a difficulty raised by 
Mr Lanchester ( loc . cit. § 56). 
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ABERRATION IN A DISPERSIVE MEDIUM. 
[Philosophical Magazine, Vol. xxn. pp. 130—134, 1911.] 

The application of the theory of group-velocity to the case of light was 
discussed in an early paper* * * § in connexion with some experimental results 
announced by Young and Forbes f. It is now, I believe, generally agreed 
that, whether the method be that of the toothed wheel or of the revolving 
mirror, what is determined by the experiment is not V 7 the wave-velocity, 
but 27, the group-velocity, where 

U=d (kV)/dk 9 . 

k being inversely as the wave-length. In a dispersive medium V and U are 
different. 

I proceeded:—“ The evidence of the terrestrial methods relating exclu¬ 
sively to U, we turn to consider the astronomical methods. Of these there 
are two, depending respectively upon aberration and upon the eclipses of 
Jupiter's satellites. The latter evidently gives U. The former does not 
depend upon observing the propagation of a peculiarity impressed upon a 
train of waves, and therefore has no relation to U. If we accept the usual 
theory of aberration as satisfactory, the result of a comparison between the 
coefficient found by observation and the solar parallax is V —the wave- 
velocity." 

The above assertion that stellar aberration gives V rather than U has 
recently been called in question by Ehrenfest J, and with good reason. He 
shows that the circumstances do not differ materially from those of the 
toothed wheel in Fizeau’s method. The argument that he employs bears, 
indeed, close affinity with the method used by me in a later paper §. “ The 

* Nature, Vols. xxiv., xxv. 1881; Scientific Papers, Vol. i. p. 537. 

+ These observers concluded that blue light travels in vacuo 1*8 per cent, faster than red 
light. 

X Ann. d. Physik, Bd. xxxm. p. 1571 (1910). 

§ Nature, Vol. xlv. p. 499 (1892); Scientific Papers, Vol. in. p. 542. 
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explanation of stellar aberration, as usually given, proceeds rather upon the 
basis of the corpuscular than of the wave-theory. In order to adapt if to the 
principles of the latter theory, Fresnel found it necessary to follow Young in 
assuming that the aether in any vacuous space connected with the earth (and 
therefore practically in the atmosphere) is undisturbed by the earth’s motion 
of 19 miles per second. Consider, for simplicity, the case in which the 
direction of the star is at right angles to that of the earth’s motion, and 
replace the telescope, which would be used in practice, by a pair of perforated 
screens, on which the light falls perpendicularly. We may further imagine 
the luminous disturbance to consist of a single plane pulse. When this 
reaches the anterior screen, so much of it as coincides with the momentary 
position of the aperture is transmitted, and the remainder is stopped. The 
part transmitted proceeds upon its course through the aether independently 
of the motion of the screens. In order, therefore, that the pulse may be 
transmitted by the aperture in the posterior screen, it is evident that the 
line joining the centres of the apertures must not be perpendicular to the 
screens and to the wave-front, as would be necessary in the case of rest. 
For, in consequence of the motion of the posterior screen in its own plane, 
the aperture will be carried forward during the time of passage of the light. 
By the amount of this motion the second aperture must be drawn backwards, 
in order that it may be in the place required when the light reaches it. If 
the velocity of light be V } and that of the earth be v, the line of apertures 
giving the apparent direction of the star must be directed forwards through 
an angle equal to v/V” 

If the medium between the screens is dispersive, the question arises in 
what sense the velocity of light is to be taken. Evidently in the sense of the 
group-velocity; so that, in the previous notation, the aberration angle is 
v/U. But to make the argument completely satisfactory, it is necessary in 
this case to abandon the extreme supposition of a single pulse, replacing it 
by a group of waves of approximately given wave-length. 

While there can remain no doubt but that Ehrenfest is justified in his 
criticism, it does not quite appear from the above how my original argument 
is met. There is indeed a peculiarity imposed upon the regular wave-motion 
constituting homogeneous light, but it would seem to be one imposed for the 
purposes of the argument rather than inherent in the nature of the case. 
The following analytical solution, though it does not relate directly to the 
case of a simply perforated screen, throws some light upon this question. 

Let us suppose that homogeneous plane waves are incident upon a 
“screen” at # = 0, and that the effect of the screen is to introduce a reduction 
of the amplitude of vibration in a ratio which is slowly periodic both with 
respect to the time and to a coordinate x measured in the plane of the screen, 
represented by the factor cos m (vt — x ). Thus, when t = 0, there is no effect 
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when x = 0, or a multiple of 2tt ; but when x is an odd multiple of tt, there 
is a reversal of sign, equivalent to a change of phase of half a period. And 
the places where these particular effects occur travel along the screen with 
a velocity v which is supposed to be small relatively to that of light. In the 
absence of the screen the luminous vibration is represented by 

<j> == cos (nt — kz), ..:.(1) 

or at the place of the screen, where z = 0, by 

(j> = cos nt simply. 

In accordance with the suppositions already made, the vibration just 
behind the screen will be 

<£ = cos m (vt — x) . cos nt 

= | cos \(n 4 mv) t — mx) 4 % cos {(?** — mv) t 4 mx }; .(2) 

and the question is to find what form <fi will take at a finite distance £ behind 
the screen. 


It is not difficult to see that for this purpose we have only to introduce 
terms proportional to z into the arguments of the cosines. Thus, if we write 

$ = J cos {(// 4 mv) t — vix — ^ z) 4 $ COH |(w — mv ) t 4 mx — IH Z }> • • -(3) 


we may determine fjb u //*, so as to satisfy in each case the general differential 
equation of propagation, viz. 


( V4> _ Va ($$> , &<!> 

d& \dx> 2 dz 


W 


In (4) V is constant when the medium is non-dispersive; but in the 
contrary case V must be given different values, say V 1 and V 2) when the 
coefficient of t is n + mv or n — mv. Thus 


(n 4- mv)' 2 = V? (m a 4* mf 2 ), (n — mv)* = V, 2 * (m 2 4 m 3 2 ).(5) 

The, coefficients fi l9 being determined in accordance with (5), the value 
of <j> in (3) satisfies all the requirements of the problem. It may also be 

written 

<f> = cos — 4 0*i — /jl 2 ) z) . cos {n£ — | (/-h 4 /* 2 ) s}, . (6) 

of which the first factor, varying slowly with t, may be regarded as the 
amplitude of the luminous vibration. 

The condition of constant amplitude at a given time is that z 

shall remain unchanged. Thus the amplitude which is to be found at x = 0 
on the screen prevails also behind the screen along the line 

- = .(7) 

so that (7) may be regarded as the angle of aberration due to v. It remains 
to express this angle by means of (5) in terms of the fundamental data. 
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When m is zero, the value of g is n/V; and this is true 
when m is small. Thus, from (5), 


.•vpproxiuial fly 


and 


_ /V - fx V _ 2 mv n V( 1_ 

^ ^ " 2 n /v ~ ~V + IT V V7 2 V./J 

/jl,-ix 2 v f n Fa-Fx] . ( S) 

2m V \ 2 mv V j 


with sufficient approximation. 

Now in (8) the difference V 2 —V l corresponds to a change in tlm roetlieient 
of t from n +mv to n — mv. Hence, denoting the general coefficient «>i f in «r. 
of which V is a function, we have 


and (8) may be written 


V, ~ K = 2 mv . dV/do ■, 

EiZEl- Mi _ &V\ 

2 m ~V\ V do-)' 


Again, 
and thus 

and 


V=ajk, U=dajdk, 

a_ dV-i d Y--\ Me 

V dcr ~ G da kda ’ 

cr_ dV _ a dk_V 

V da k da U’ 


.(Hi 


where U is the group-velocity. 

Accordingly, 

— xjz = v/U .(i b) 

expresses the aberration angle, as Avas to bo expected. In the present problem 
the peculiarity impressed is not uniform over the wave-front;, as may be 
supposed in discussing the effect of the toothed wheel; but it exists never* 
theless, and it involves for its expression the introduction of more than turn 
frequency, from which circumstance the group-velocity takes its origin. 

A development of the present method would probably permit the sol it I inn 
of the problem of a series of equidistant moving apertures, or a single moving 
aperture. Doubtless in all cases the aberration angle would assume the 
value vfU. 






LETTER TO PROFESSOR NERNST. 


[Gonseil scientijique sous les auspices de M. Ernest Solvay, Oct. 1911.] 
Dear Prof. Nernst, 

Having been honoured with an invitation to attend the Conference at 
Brussels, I feel that the least that I can do is to communicate my views, 
though I am afraid I can add but little to what has been already said upon 
the subject. 

I wish to emphasize the difficulty mentioned in my paper of 1900* with 
respect to the use of generalized coordinates. The possibility of representing 
the state of a body by a finite number of such (short at any rate of the 
whole number of molecules) depends upon the assumption that a body may 
be treated as rigid, or incompressible, or in some other way simplified. The 
justification, and in many cases the sufficient justification, is that a departure 
from the simplified condition would involve such large amounts of potential 
energy as could not occur under the operation of the forces concerned. But 
the law of equi-partition lays it down that every mode is to have its share of 
kinetic energy. If we begin by supposing an elastic body to be rather stiff, 
the vibrations have their full share and this share cannot be diminished by 
increasing the stiffness. For this purpose the simplification fails, which is as 
much as to say that the method of generalized coordinates cannot be applied. 
The argument becomes, in fact, self-contradictory. 

Perhaps this failure might be invoked in support of the views of Planck 
and his school that the laws of dynamics (as hitherto understood) cannot be 
applied to the smallest parts of bodies. But I must confess that I do not 
like this solution of the puzzle. Of course I have nothing to say against 
following out the consequences of the [quantum] theory of energy—a pro¬ 
cedure which has already in the hands of able men led to some interesting 

* Phil. Mag. Vol. xlix. p. 118 ; Scientific Papers, Vol. iv. p. 451. 
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conclusions. But I have a difficulty in accepting it as a picture of what 
actually takes place. 

We do well, I think, to concentrate attention upon the diatomic gaseous 
molecule. Under the influence of collisions the molecule freely and rapidly 
acquires rotation. Why does it not also acquire vibration along the line 
joining the two atoms ? If I rightly understand, the answer of Planck is 
that in consideration of the stiffness of the union the amount of energy that 
should be acquired at each collision falls below the minimum possible and 
that therefore none at all is acquired—an argument which certainly sounds 
paradoxical. On the other hand Boltzmann and Jeans contend that it is all 
a question of time and that the vibrations necessary for full statistical equi¬ 
librium may be obtained only after thousands of years. The calculations of 
Jeans appear to show that there is nothing forced in such a view. I should 
like to inquire is there any definite experimental evidence against it ? So far 
as I know, ordinary laboratory experience affords nothing decisive. 

I am yours truly, 


RAYLEIGH. 
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ON THU CALCULATION OK CilLADNI’S FKUJRKS FOR 
A SQUARK I’LATF. 

[ Philnsopfiiral Miii/nzinc , Ynl. XXH. pp. 225 22!), 1011.J 

1\' my lunik dm Hid Thcnri/ nf Sound, eh. X. (1st. rd. 1K77, 2nd ed. LSO-f) 
I lmd In speak nf Urn problem of Hu* vibrations of a rectangular plate, whose 
edges :uv. free, as boilin' one of great dillieulfy, which had for 1,1m most, pari, 
resisted attack. An except,inn could be made nf the ease in which /a (l,lm 
ratio of lateral contraction to longitudinal elongation) might be regarded as 
evanescent. If was shown that a rectangular plate could tlmn vibrate after 
flu* same law as obtains for a simple bar, and by superposition some of the 
simpler Chladni's Hip ires fur a square plate were deduced. For glass and 
metal the value of ft is about .|, so that, for such plates as are usually experi¬ 
mented on the results could be considered only as rather rough approxi¬ 
mations. 

I wish to call attention to a remarkable memoir by \Y. Rif/,* in which, 
somewhat on flu* above lines, is developed with great skill what may be 
regarded as a practically complete solution of the problem of Chladni’s 
ligures on square plates. If is shown that to within a few per cent, all the 
proper tones of the plate may he expressed by the formula* 

■ll’mn - ",„(•'■) li H 0/H- U,„{}/) II w (./•), 

« II, n (./•) II,, [if) - lt H , (//) lt n (.!*), 

the functions h being lliose proper to a free bar vibrating transversely. The 
coordinate axes are drawn through flic centre parallel to the sides of the 
square. The first function of the series it,, (;r) is constant; the second 
u, (x) const. ; k.,(x) is thus the fundamental vibration in tile usual sense, 
with two nodes, and so on. Rif/, rather implies that .1 had overlooked the 

* “Theorie der TransverHalHelnvuifanigeii finer r[uadratiMahen Platte mit fro ion Handem,’’ 
Annulcn dec Plti/xik, lid. xxvm. S. TM fUlO'J). The early death of the talented author nni.st he 
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necessity of the first two terms in the expression of an arbitrary function. 
It would have been better to have mentioned them explicitly; but I do 
not think any reader of my book could have been misled. In § 1^8 the 
inclusion of all* particular solutions is postulated, and in § 175 a reference 
is made to zero values of the frequency. 

For the gravest tone of a square plate the coordinate axes are nodal, and 
Ritz finds as the result of successive approximations 

W = 'M-i'Hi + - 0394 + v x u s ) 

— ’0040^3 v 3 — '0034 (ihv 5 + u B Vj) 

+ -0011 (u s v 5 -f -u 5 v :i ) — •0019tt 5 fl B ; 


in which u stands for u (x) and v for u (y). The leading term UjV „ or xy, is 
the same as that which I had used (§ 228) as a rough approximation on 
which to found a calculation of pitch. 

As has been said, the general method of approximation is very skilfully 
applied, but I am surprised that Ritz should have regarded the method itself 
as new. An integral involving an unknown arbitrary function is to be made 
a minimum. The unknown function can be represented by a series of known 
functions with arbitrary coefficients—accurately if the series be continued to 
infinity, and approximately by a few terms. When the number of coefficients, 
also called generalized coordinates, is finite, they are of course to be. deter¬ 
mined by ordinary methods so as to make the integral a minimum. It was 
in this way that I found the correction for the open end of an organ-pipe f, 
using a series with two terms to express the velocity at the mouth. The 
calculation was further elaborated in Theory of Sound, Vol. II. Appendix A. 
I had supposed that this treatise abounded in applications of the method in 
question, see §§ 88, 89, 90, 91, 182, 209, 210, 265 ; but perhaps the most 
explicit formulation of it is in a more recent paperj, where it takes almost 
exactly the shape employed by Ritz. From the title it will be seen that 
I hardly expected the method to be so successful as Ritz made it in the case 
of higher modes of vibration. 


Being upon the subject I will take the opportunity of showing how the 
gravest mode of a square plate may be treated precisely upon the lines of the 
paper referred to. The potential energy of bending per unit area has the 
expression 


V = 


3(1- 


V) [< Vi 


w)- + 2 (1 - jjl) 


/ d-w V 
\dx dyj 


d-w dhv\' 
dx- dy- j_ ’ 


•(1) 


* Italics in original. 

f Phil. Trans. Vol. clxi. (1870); Scientific Papers, Vol. i. p. 57. 

X “On the Calculation of the Frequency of Vibration of a System in its Gravest Mode, with 
an Example from Hydrodynamics,” Phil. Mag. Vol. xlvii. p. 556 (1899); Scientific Papers, Vol. iv. 
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in which q is Young’s modulus, and 2 h the thickness of t,hu plate 214). 
Also for the kinetic energy per unit area we have 

T — ph nr, .( 2 ) 

p being tile volume-density. From the symmetries of the case w must he an 
odd function of a; and ail odd function of //, and it must also be symmetrical 
between x and //. 'Thus we. may take 


w = q v xij -t - q.,xi/ (X- + if) + (J-,XI/ (a ,- 1 + if ) + q v r'f + .... 


I.n the actual calculation only the. two first terms will he employed. 

Expressions ( 1 ) and ( 2 ) are to he integrated over the sipiare; but it will 
sullice to include only the lirsf quadrant, so that if we take the side of (he 
square as equal to 2, the limits for a; and // are 0 and 1. We find 


(V -iof dx dij ~ 1 (if/..-, 


( (IriO \" drill drill) , , . u .. 

U./J “</.-• I lf d:cd l/ = 'i‘+ il l^ + rir .(»1 


v ” -i 7i" + T ilViM- . 


In like manner, if 


?■- -<:!• r 


T \ qf + l </, f/, 4- qf (Z -|- j’,).(h) 

ogled. < 7 ., and suppose that q x varies as cos pit, tliese expressions 


Oqld _ f)(b//r 

P ( I + fx) p(l +/x)<t x '' 


if we introduce a as the length of the side of the square. This is the value 
found in Thc.ortj of Hound, § 228, equivalent to llitz’s first approximation. 

In proceeding to a second approximation wo may omit the factors already 
accounted for in ( 10 ). Expressions (7), ( 0 ) am of the standard form if 
wo take 

A - 1 , B = 2 , {/=*+* , 


A r = 7 + 
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and Lagrange's equations are 

01 - fL ) q 1 + (B — p 2 M) q 2 = 0,| (1 , } 

(. B -f-M) qi + ( C-p*N) q 2 = OJ . 

Avhile the equation for p- is the quadratic 

p i (LJS r - if 2 ) + f (2 MB-LC-NA) + AC-B> = 0.(12) 

Lor the numerical calculations we will suppose, following Rite, that = '22o, 
making (7=11-9226. Thus 

LN-M- = 13714, AC - B~ = 7-922G, 

2 MB — LC — NA = — 2 x 4-3498. 

The smaller root of the quadratic as calculated by the usual tonnula is 
•9239, in place of the 1 of the first approximation; but the process is nut, 
arithmetically advantageous. If we substitute this value in the first, term <>i 
the quadratic, and determine p 2 from the resulting simple equation, we get, 
the confirmed and corrected value p 2 = ‘9241. Restoring the omit,ted liietors, 
we have- finally as the result of the second approximation 

„, 2 _ 96?/i 2 x -9241 n;n 

p + ’. 

in which /x = *225. 

The value thus obtained is not so low, and therefore not so good, as that 
derived by Ritz from the series of ^-functions. One of the advantages 
of the latter is that, being normal functions for the simple bar, they allow T 
to be expressed as a sum of squares of the generalized coordinates q u foe. 
As a consequence, p" appears only in the diagonal terms of the.* system of 
equations analogous to (11). 

From (11) we find further 

q 2 / qi = _ -0852, 

so that for the approximate form of w corresponding to the gravest pitch wo 
may take 

w = xy — -0852 xy (x- + y-), .. 
in Avhich the side of the square is supposed equal to 2. 


.(H) 
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[ Philosophical Magazine, Vol. XXII. pp. UH 1 —d!M>, 

Tuk general equation lor I,In' conduction ol’ heal, in a uniform moiliitm 
may ho written 

do d' 1 n d~r d'r „ . 

,«=v,= -''.if + </=='= v -. 

v representing temperature. The eoollieient (a) denoting (lifl'u.sihilily is 
omitted fur brevity on I,ho right-hand of (1). It can always ho restored by 
o.ou.sidoratiou of “ dimensions. 1 ’ 


Kelvin* has shown how to build up a varioty ol' special solutions, 
applicable t.o an inliuito modium, on 1-ho basis of Koitrior’s solution {hr 
a point,-sourut*. A low examples arc quoted almost in Kolvin’s words : 

I, I nstanfaiu'ous simplo point-source; a quantity Q of boat suddenly 
generated at the point (0, 0, 0) at time and left to diffuse through 

an infinite homogeneous solid: 

Qm f,nt 

.•“. 

whore r'“ ~ 4 -[The thermal capacity is supposod t.o be unity.] 

Verily that 

f ffv dm dy <Iz = -1-7T f v r dr = Q ; 


and that v = 0 when t = 0; unh'.ss also ,r — 0, // = (), z 0. Every ntlwr 
solution is obtainable from this by summation. 

II. Constant simple point-source, rate q : 

* . <:i| 

The formula within the brackets shows how this obvious solid,ion is derivable 
from (2). 

* “ Compendium of Fourier Mathematics, (to.,” Fnc. Brit. XHHO; CoHrrtrd Bitjirrn, Vol. n. j>. i 1. 
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III. Continued point-source; rate per unit of time at time t, an arbitrary 
function,/(i): 

»=[ .W 


IV. Time-periodic simple point-source, rate per unit of time at time t, 
q sin 2 nt: 

v = t— e‘ Vn,r sin [2nt — n^.r] .(5) 


Verify that v satisfies (1); also that — 47 rr-dvjdr = q sin 2 nt, where r = 0. 

V. Instantaneous spherical surface-source; a quantity Q suddenly gener¬ 
ated over a spherical surface of radius a, and left to diffuse outwards and 
inwards: 

o-(r-a)-l4t _ e — (r+a)-/4t 


To prove this most easily, verify that it satisfies (1); and further verify that 

4v vr a dr = Q; 

J o 

and that v = 0 when t = 0, unless also r = a. Remark that (6) becomes 
identical with (2) when a = 0; remark further that (6) is obtainable from (2) 
by integration over the spherical surface. 

VI. Constant spherical surface-source; rate per unit of time for the 
whole surface, q: 

[ /.co e _ (r-a) 3/4 1 _ e - (r+a) V4t~\ 

= J 

= qJ4'irr (r > a) = qj4>jra (r < a). 

The formula within the brackets shows how this obvious solution is de¬ 
rivable from (6). 

VII. Fourier’s “Linear Motion of Heat”; instantaneous plane-source; 
quantity per unit surface, a: 


Verify that this satisfies (1) for the case of v independent of y and and 
that 


Remark that (7) is obtainable from (6) by putting Qj 4tto? = a, and a 
directly from (2) by integration over the plane. 







I'ROISLK.MS IN THE C< )NlH'(TIt >N i>F HEAT 


101 1] 


in Kelvin’s .summary linear sources arc passed over. It an instantaneous 
source 1 h‘ uniformly distributed along the axis ol so that the rate per 
unit, length is t/, we obtain at once by intcoral ion from (2) 


f ! ' t/(hr 1 1 "''• ,f i/c 

I „ /•' 2 4-tt/ 


.(•Si 


From this we may deduce the effect of an instantaneous source uniformly 
distributed over a circular ci/linder whose axis is parallel to the superficial 
density being <r. (donsideriug (die cross-serf ion through hi the point where 
v is t.o be estimated, let. U be the centre and a the radius of the circle. 
Then if P be a point on the circle, UP a, U(j, r, P(J />, / PU( t ) and 

//■ — ( r -I- r — 2 ar cos 0 , 


so that 


n '"L 


ad ({Or 
•inrt 


’ l> (Tit 
= 2 / 



.(!!) 


/,i (./•), equal to ,/„ (ix), being flu* function usually so denoted. From 10 ) we 
fall back on (<S) if we put a • 0, 'imra ■</. It holds good whether r be 
greater or less than a. 


When .r is very great and jjosit.ive, 


InU) 


pi'inr.r) 


.( 10) 


so that for very small values of / (!)) assumes the form 

(>' • lO- 

cru -- ,, 

V . , a 

2 \f{nri'tit ) 

vanishing when t -■-■ 0 , unless r a. 


Again, suppose. that the instantaneous source is uniformly distributed 
over the circle £ = 0, £ rM’.os <f>, -t)-----(t sin 0, the rat-e per unit- of arc be in# </. 
and that v is required at. the point, ,r, 0, ;. There is evidently no loss of 
generality in supposing jj--■■{). We obtain at. once from (2) 


where 


V “ 


qn f/0c‘ 4/ 

■S 7 r :i - 


.( 11 ) 


-- (f - ./•)“ + if + z- a- -|- a;" + c ;: - 2n.r cos <f>. 


Thus 


: <l "' 6 
47r l/,J t? 1 * 


■it 


In 


'tt.r 

v 2h 


.( 12 ) 


from which if we write ij = adz, and integrate with respect to z from — / to 
+ vz , we may recover (!)). 
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If in (12) we put q=.crda and integrate with respect to a from 0 to oo, 
we obtain a solution which must coincide with (7) when in the latter we 
substitute z for x. Thus 

J" adae-W I 0 ) = 2 1 .(13) 

a particular case of one of Weber’s integrals *. 

It may be worth while to consider briefly the problem of initial in¬ 
stantaneous sources distributed over the plane (£ = 0) in a more general 
manner. In rectangular coordinates the typical distribution is such that the 
rate per unit of area is 

cr cos 1%. cos mrj .(14) 

If we assume that at x, y, z and time t, v is proportional to cos lx . cos my, 
the genera] differential equation (1) gives 


dv 

dt 


+ (Jr 


m-) v = 


d-v 

dz 2 ’ 



Putting t = 0, and comparing with (14), we see that 


A = 27 ?. 06 ) 

t B y means of ( 2 ) ^e solution at time t may be built up from (14). In 
this way, by aid of the well-known integral 

J ^ e~ a ' x ~ cos 2cx dx = ~L g- c2 /« 2 . . ^) 

we may obtain (15) independently. 

The process is of more interest in its application to polar coordinates 
If we suppose that v is proportional to cos n6 . J n {Jcr ), 

drv 1 dv 1 d'-v 

dr 2 + JTr + 7 2 d£ 2 = ~ hX .(18) 

also’mTMow. B ' mV ‘ F “ nal ° m ' P ' “ , ” a ' ti0n (16 °>- P "‘ " = »• * = <>. See 
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so that (1) gives 

and 

From (20) 
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dv , „ d 2 v 

Si +,A = 2?. 

.(19) 



v = A cos n9 J n {hr) e~ kH —. 

.(20) 

+ ^ 


r dz = 2 yV. A cos J n {hr) e~ m . 

.(21) 


If the initial distribution on the plane z = 0 be per unit area 

cr cos nd J n {hr), .(22) 

it follows from (21) that as before 


A-- 


' 2 Vtt‘ 


..(23) 


We next proceed to investigate the effect of an instantaneous source 
distributed over the circle for which 

£ = 0, £ = a cos 0, 7) = a sin 0, 

the rate per unit length of arc being q cos np. From (2) at the point x, y, z 
I 2,r gcosn0e-^ad0 

Jo 5 .^ 

in which 

r 2 = (f - x) 2 + (rj ~ y) 2 4 - z 2 - cl 2 + p 2 + z 2 - 2 cip cos (0 - 9), 

if x = p cos 6, y = p sin 9. The integral that we have to consider may be 
written 

I cos np e p ' cos M~ 0) dp — j cos n{9 + ty) e p ' cos * dty 

= cos n9 I cos nty e p ’ C02 * dty - sin nd [ sin nty e p ' cos * dty, .(25) 

where ty = p—9, and p = apfet. In view of the periodic character of the 
integrand, the limits may be taken as — 7 r and -f it. Accordingly 

J cos nty eP' C0Sl t dty — 2 J cos nty e pcos ^ dty , 

f +,r . 

I sm nty e p cos ^ dty = 0; 

and J 0 cos np e p ’ cos dtp = 2 cos J cos nty e p ‘ cos * dty .(26) 

The integral on the right of (26) is equivalent to irl n {p), where 

i n I n {p) = Jn{ip'), . 


.( 27 ) 
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J n being, as usual, the symbol of Bessel’s function of order n. For, if n 
be even, 

| cos n4r cos + d-dr = b I cos n-f (e p ‘ cos * + e~ p cos *) dty 
Jo "Jo 


and, if n be odd, 


cos n\Jr cos (ip' cos yjr) dty — iri n J n (ip ) = ’rrln (p') 5 
o 


cos mlr e p cos ^ d^r cos nty (e -p ' cos ^ — g p ' cos ^) d^jr 

o "Jo 



= —i cos sin (ip' cos yfr) d^ = 7rl n (p’)« 


In either case 

I cos n-^r e p ' cos ^ d\fr = 7rl n (p 1 ) . 

J 0 

..(28) 

Thus J 

cos ncf> ep' c °s«>-e) ^ — 27 r cos nd I n (p'), . 

0 

..(29) 

and (24) becomes 

* a 2 +p 2 +s 2 

qa cosnd T (ap\ ^ u 

V 4t t^VI- In \2t) e . 

..(30) 


This gives the temperature at time t and place (p, z) due to an initial 
instantaneous source distributed over the circle a. 


The solution (30) may now be used to find the effect of the initial source 
expressed by (22). For this purpose we replace q by a da, and introduce 
the additional factor J n (ka), subsequently integrating with respect to a 
between the limits 0 and oo. Comparing the result with that expressed in 
(20), (23), we see that 

‘ <t cos n8 e~~' /u 

2 \J(irt) 

is a common factor which divides out, and that there remains the identity 

~ adae~ «*/« J n (ka) I n (^j = J n ( kp ) e~ kH .(31) 

This agrees with the formula given by Weber, which thus receives an 
interesting interpretation. 

Reverting to (30), we recognize that it must satisfy the fundamental 
equation (1), now taking the form 

dry drv ^ 1 dv_ 1 d 2 v _ dv 
dz°* dp- p dp + J-W 2 = di > . 

and that when t = 0 v must vanish, unless also z = 0, p = a. 


.(32) 
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1<)I 1 | 

If \w integrate (.*}()) with respect In z between T x, setting 7 ' <r<l so 
l.Iiril <t(ms 11O represents tlu 1 superficial density ni’ tin* ins|anlan«‘nus sniiree 
distributed ever the ri/lindcr of radius a, we nhlain 


s tlO 


‘'■0 


which may he regarded as a generalization nf (!)}. Am! it appears that 
(dll) satisfies (d2), in which the term d-r'dA may now he omitted. 

In V. Kelvin gives the temperature at a distance r from tlm centre 
and at time t dm* t.o an instantaneous source uniformly distributed o\er 
a spherical surface. In deriving the result by integration from (2) it is of 
course simplest, t.o divide ( lie spherical surface into elementary circles \s hich 
are symmetrically situated with respect, to t he line joining t he cent re ol 
tlu* sphere 0 t,o the point. Q where t.he elfec.t. is required. Hut if tlm circle*' 
he drawn round another axis (lA, a comparison of results will give a definite 
integral. 

Adapting (12), we write u usin #, a being the radius ol' the sphere. 
it* " ()Q sin O' r sin O', z — r cos O' — r cos 0 , so t hat. 


_7usindc 

•I-tt*/- 


j /cr sin 0 sin O'■ 


This has now to he integrated with respect to 0 from 0 to tt. Since tlm 
result, must he independent of#', we see by put,ting O' -A) that 


/„ (p sin 0 sin O') ri ” /r sin OdO 

~ | sin OdO = 1 {<«> - v «•) 

J n (> 


Using the simplified form and puffing </ : credO, where a 
density, we oht.aiu for t.he complete sphere 




.(db) 


s the Mljierlietal 


.(dt')l 


agreeing with (ti) when we remember that, Q 47rrV. 

We will now consider the. problem of an instantaneous source ,arbitrarily 
distributed over the surface of the sphere whose radius is r. It suliiee^. 
of course, to (.real t.he cast; of a spherical harmonic distribution; and u.- 
suppose that per unit- of area of t he spherical surface* I he rate is S H . Assuming 
that v is everywhere proportional to we know that- r satisfies 


1 df. , dr' 

sin 0 dO l Sm dO, 


1 db- 

sin'“ 0 1 1 (o'- 


-f ?i in + 1 ) r • ■ 0,.f .‘17 i 








58 


PROBLEMS' IN THE CONDUCTION OF HEAT 


[358 


6, w being the usual spherical polar coordinates. Hence from (1) v as a 
function of r and t satisfies 

dv _ <Pv %dy__ n (n + l)fl _ q 
dt dr- r dr r 2 

or d(rv) = d?(ni) n(n + l) q .(38) 

dt dr- r- 

When n — 0, this reduces to the same form as applies in one dimension. 
For general values of n the required solution appears to be most easily found 
indirectly. 

Let us suppose that S n reduces to Legendre’s function P n (g), where 
H = cos 6, and let us calculate directly from (2) the value of v at time t 
and at a point Q distant r from the centre of the sphere along the axis of g. 
The exponential term is 

e 5T~ eTt = e~ Ti' e Pf/, } .(39) 


if p—rc/2t. Now {Theory of Sound, § 334) 

f + f„ M dp = 2 J„ +! (p), .(40) 

whence j P n (jl) e‘>‘- dp = 2 1 "+* f f-j J ni .\ (- ip) .(41) 

or, as it may also be written by (27), 


“ 2 \/© / ” +i(p) . (42) 

Substituting in (2) 

Q = 2ttc 2 P n (ji) dg, .(43) 


we now get for the value of v at time t, and at the point for which p = 

/* = 1. 


rv = 


{n+i c 3/2 Q—(r-+c-)jit 
2 1 


ire ' 

2i, 


.(44) 


r, 


It may be verified by trial that (44) is a solution of (38). When p 
is not restricted to the value unity, the only change required in (44) is the 
introduction of the factor P n (g). 

When n = 0, P n (p.) = 1, and we fall back upon the case of uniform 
distribution. We have. 

.(45) 

or .W 

Using this in (44), we obtain a result in accordance with (6), in which Q, 
representing the integrated magnitude of the source, is equal to 4ttc 2 in our 
present reckoning. 
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When n 1, 1 \(/x)—/m, and 




and whatever integral vain 
terms. 


n may assume , i is expressibh 


....( 47 ) 
in finite 


We have supposed that, the rate of distribution is represented by a 
Legendre's function /' (i (p,). In the more general ease it, is evident, that, 
we have merely to multiply the ri^ht-hand member of ( 44 ) by »S'„, instead 
of /V 

So far we have been considering instantaneous sources. As in II., the 
effect, of nmslttiif. sources may be deduced by integration, although the result 
is often more readily obtained otherwise. A comparison will, however, Rive 
the value of a. definite integral. Let. us apply this process to (,'».*>) repre¬ 
senting the effect, of a cylindrical source. 

The required solution, beiliR independent- of t, is obtained at once 
from ( 1 ). We have inside the cylinder 

II ,1 />" cos uO, 

and outside v --- Up " cos uO, 

with da" llu n . 'fhe intensity of the source is represented by the differ¬ 
ence in the values of drltip just, inside and just outside the cylindrical 
surface. Thus 

it' cos id) ■ - n cos nO ( JUt " 1 +du" 1 ), 
whence d</,' ( 'Hit- " -- <r'ti '"in, 

a'cosad beiiiR the constant, time rate. Accordingly, within the cylinder 


s I/O, 


.(4S) 


and without, the cylindet 


-::(!:)■..,« 


'fhese values are applicable when u is any positive integer. When it is zero, 
there is no permanent, distribution of’temperature possible. 

'fhese solutions should coincide with the value obtained from by 

put,line (r-~a dt and inf carat, in ,r with respect to t from 0 to r. . Or 


C'-G).. 


the p sion in the ambiguity beiuR taken when p <n, and the — sign when 
p ><t. I have not, confirmed (”>()) independent ly. 
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In like manner we may treat a constant source distributed ovo 
If the rate per unit time and per unit of area of surface! be 
as above, for inside the sphere (c) 


and outside the sphere 


v = 


c 

2n+l 


S u , 


v = 


c 

2^+1 


^ n+, s, 


a sphere, 
we hi id, 


(51) 


.(,52) 


and these forms are applicable to any integral n, sera included. 
with (44), we see that 


innf d J 
Jo t 




I i/H-J) 


Comparing 


■(">«) 


which does not differ from (50), if in the latter we suppose u = integer + 

The solution for a time-periodic simple point-source, has already been 
quoted from Kelvin (IV.). Though derivable as a particular case from (4), 
it is more readily obtained from the differential equation (1) taking hero the 
form—see (38) with n = 0— 

d- (re) _ dr (rv) 
dt dr- ’ 


or if v is assumed proportional to e ipt , 

d- (rv)(dr- — ip (rv) = 0, .(54) 

giving rv = Ae ipt e~' ihph, \ .(55) 


as the symbolical solution applicable to a source situated at r — 0. Denoting 
by q the magnitude of the source, as in (5), we get to determine A, 

jj- = q e !pt — 


so that 


v = e ipt e-ih^r , 
4717 ' 


If from (56) we discard the imaginary part, we have 


.(56) 


v = 4 ^ 7 . e , ' V(J,/a| cos IP* ~ r V(P/ 2 )}> .(57) 

corresponding to the source q cos pt. 

From (56) it is jiossible to build up by integration solutions relating t.u 
various distributions of periodic sources over lines or surfaces, but an inde¬ 
pendent treatment is usually simpler. We will, however, write down the 
integral corresponding to a uniform linear source coincident with the axis 
of If p°- = so 1 + yr- = z- + p and (p being constant) r dr = z dz. Thus 
putting in (56) q = q 1 dz, we get 

_ r/j e ipt f 00 e- r V(v') dr 











•911] PROBLEMS IN THE CONDUCTION OF HEAT 61 

In considering the effect of periodic sources distributed over a plane xy, 
we may suppose 

v x cos hr- . wmiii.i/, .(5!)) 

or again v a J n (/ lT ). cos n6, .(60) 

where r- — 1 /-. Jn either case if we write l- + ltd — hr, and assume v 
proportional to e tpt , (1) gives 

dr II/d S' = (/>:- + ip) v .(61) 

r rims, if 

/r- -p vp = R (cos a + i sin a), .(62) 

v = ' a+ '' si, ‘4°)- e’l' 1 , .(63) 


where /I includes the factors ( 51 )) or ( 60 ). If the value of v be given on the 
plane 3 0, tlnit of A follows at once. If the magnitude of the source be 

given, /l is to be found from the value of dnjdz when £ = 0. 

Tin * simplest case, is of course that where h — 0. If Ve ipt be the value 


of v when z — 0, we 

find 



v = VeW ; . 

.( 64 ) 

or when realized 

v ~ V(T s 'J" , to cos [pt - z V(p/-) I. 

.( 95 ) 

corresponding to 

v = V cos pi when z = 0 . 


From ( 64 ) 

>■!>)• Ve. !pt ^hacM, . 

.( 06 ) 


if <r be the source per unit of area of tin* plane regarded as operative in 
a medium indefinitely extended in both directions. Thus in terms of cr, 


v= a . .( 67 ) 

or in real form 

V — ;yy- COS {j lit — \ 7 r - 3 \/(p/ 2 )j,.( 63 ) 

" y 'P 

corresponding to the uniform source cr cos pit 

In the above formula 1 , z is supposed to be positive. On the other side of 
the source, where s itself is negative, the signs must be changed so that the 
terms containing z may remain negative, in character. 

When periodic sources are distributed over the surface of a sphere 
(radius — c), we may suppose that v is proportional to the spherical surface 
harmonic S n . As a function of r and t, v is then subject to (3<3) ; and when 
we introduce the. further supposition that as dependent on t, u is proportional 
to e ipt , we have 

d" (rv) n (n + 1) . . , , A 

' - • > »• w (rv) - ip (rv) — 0. 


.(69) 
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When n = 0, that is in the case of symmetry round the pole, this equation 
takes the same form as for one dimension; but we have to distinguish 
between the inside and the outside of the sphere. 

On the inside the constants must be so chosen that v remains finite 


at the pole (r = 0). Hence 

vv = A e ipt (W {ip) - e ~ r '), .(70) 

or in real form 

rv — Ae r ' J{pl ' 1) cos + r f(p/2)} — Ae ~ rv {p !' 2) cos [pt — r V0p/2)}. . ..(71) 

Outside the sphere the condition is that rv must vanish at infinity. In this 
case 

rv = B e ipt e~ rsJ <^ f , .(72) 

or in real form 

rv = Be~ r ^ lpl ~ ] cos {pt — r aJ(p/2)} .(73) 


When n is not zero, the solution of (69) may be obtained as in Stokes’ 
treatment of the corresponding acoustical problem (Theory of Sound, ch. xvil). 
Writing r \/(ip) = z, and assuming 

rv = Ae z + Be~ z , .(74) 

where A and B are functions of z, we find for B 

.<»> 

The solution is B = B 0 f n (z), .(76) 

where B 0 is independent of z and 

/„ (,)-! + A> + +2M!L+J) + . m 

as may be verified by substitution. Since n is supposed integral, the series 
(77) terminates. For example, if n= 1 , it reduces to the first two terms. 


The solution appropriate to the exterior is thus 

rv — B u S n e ipt e~ r d {ip) f n (i^p- r) .( 7 S) 

For the interior we have 

rv = A 0 S n e ipt [e~ r dm f n (f^r) - eW (mf n (_ f .( 79 ) 


which may also be expressed by a Bessel’s function of order n + 

In like manner we may treat the problem in two dimensions, where 
everything may be expressed by the polar coordinates r, 0. It suffices to 
consider the terms in cos nQ, where n is an integer. The differential equation 
analogous to (69) is now 

dH 1 dv n- 
dr 2 r dr r- v ~ l P v > 


.( 80 ) 
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which, if we Hike i‘\f(i,p) — 2 , as before, may be written 
d-(z~r) (».-£)(■//+£) 
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dz~ 


( 2 - 0 ) = * 


..(81) 


ami is of the same form as ((>!)) when in the latter n — ^ is written for v. 

As appears at once from (80), the solution for the interior of the cylinder 
may be expressed 

■n = A cos n,0 eJ l>t J H (i'l-p 1 /'- r), .(82) 

./„ being as usual the Bessel's fund,ion of the nth order. 

For the exterior we have from (81) 


whei 


r'-pj = ./>' cos 11O I'l 1 '_ , (d~ p~ r), 

. 4/r-I- (4,r_ l-)(4;/--3-) 

./„ s(-)-'+ T 7 s 7 + 1.2.(«0 ! 

(4h s -1 “) (-!•«“ 

_l " 1 . 2 . 8 . ( 8 ~) :| 


.(83) 


.(84) 


'file series (84), unlike (77), does not terminate. It is ultimately divergent, 
but m;iy he employed lbr computation when 2 is moderately great. 


In these periodic, solutions the sources distributed over the plane, sphere, 
or cylinder are supposed to have been in operation for so long a time that 
any antecedent distribution of temperature throughout the medium is with¬ 
out influence. By Fourier's theorem this procedure may be generalized. 
Whatever be the character of the source's with respect, to time, it may be 
resolved into simple; periodic terms; and if the character be known through, 
the whole of past time, the solution so obtained is unambiguous. The same 
conclusion follows if, instead of tint magnitude of the sources, the temperature 
at the surfaces in question be known through past time. 


An important particular case is when the character of the function is such 
that the superficial value, having been constant (zero) for an infinite time, is 
suddenly raised to another value, say unity, and so maintained. The Fourier 
expression for such a function is 


1 

2 


■ if 

IT Jo 


sin pt 
V 


dp, 


.(85) 


the definite integral being independent of the arithmetical value of t, bub 
changing sign when t passes through 0; or, on the understanding that only 
the real part is to be retained, 

1 1 r eM 
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We may apply this at once to the case of the plane z — 0 which has been at 
0 temperature from t~ — oo to t — 0, and at temperature 1 from t — 0 to 
t = oo. By (64) 

v = 6 dp .(87) 

" nr] o i> 

By the methods of complex integration this solution maybe transformed into 
Fourier’s, viz. 

e -mi . (K.S) 

v' (V/.j ’ ^ 

2 

v = 1—j— I e~ a 'da, .;.(89) 

v 77 "./ o 

which are, however, more readily obtained otherwise. 

In the case of a cylinder (?• = c) whose, surface lias been at 0 up to t — 0 
and afterwards at v = 1, we have from (83) with n = 0 

i /■“ f i{‘$V"r)di) 

v = £ + —T V (ip) J ~ 4 J t . ) .(90) 

%7rr* J o 

of which only the real part is to be retained. This applies to the region out¬ 
side the cylinder. 

It may be observed that when t is negative (87) must vanish for positive 
z and (90) for r > c. 
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ON THIS GENERAL PROBLEM OF PHOTOGRAPHIC REPRO¬ 
DUCTION, WITH SUGGESTIONS FOR ENHANCING 
GRADATION ORIGINALLY INVISIBLE. 


[Philosophical Magazine, Vol. xxa. pp. 734—740, 191.1.] 


In copying ;i subject by photography tho procedure usually involves two 
distinct stii*]>s. TIk‘ tirst yields a so-called negative, from winch, by the same 
or another process, a second operation gives the desired positive. Since 
ordinary photography affords pictures in monochrome, the reproduction can 
be complete only when the original is of tlx 1 same colour. We may suppose, 
for simplicity of statement, that the original is itself a transparency, a.(j. a 
lantern-slide. 

The character of the. original is regarded as given by specifying the 
transparency (t) at every point, i.e. the.' ratio of light transmitted to light 
incident. But here an ambiguity should be noticed. It may be a question 
of the place at winch the. transmitted light is observed. When light 
penetrates a stained glass, or a layer of coloured liquid contained in a tank, 
the direction of propagation is unaltered. If the incident rays are normal, so 
also are the. rays transmitted. The. action of the photographic image, con¬ 
stituted by an imperfectly aggregated deposit, differs somewhat.. Rays 
incident, normally are more or less diffused after transmission. The effective 
transparency in the half-tones of a negative used for contact printing may 
thus be sensibly greater than when a camera and lens is employed. In the 
first case all the transmitted light is effective; in the second most of that 
diffused through a finite angle fails to reach the lens*. In defining t —the 
transparency at any place-account must in strictness be taken of the 
maimer in which the picture is to be viewed. There is also another point 
to he considered. The transparency may not be the same for different kinds 

* In the extreme case a negative seen against a dark background and lighted obliquely from, 
behind may even appear as a positive. 


It. VI. 
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of light. We must suppose either that one kind of light only is employed, 
or else that t is the same for all the kinds that need to ho regarded. 1 ho 
actual values of t maybe supposed to range from 0, representing oomploto 
opacity, to 1, representing complete transparency. 

As the first step is the production of a negative, the question naturally 
suggests itself whether we can define the ideal character ol such a negah\e. 
Attempts have not been wanting; but when wo reflect that the negative is 
only a means to an end, we recognize that no answer can be given without 
reference to the process in which the negative is to he employed to produce 
the positive. In practice this process (of printing) is usually different from 
that by which the negative was itself made; lml. for simplieity we shall 
suppose that the same process is employed in both operations. This require¬ 
ment of identity of procedure in the two cast's is to be construed strictly, 
extending, for example, to duration of development and degree of intensifica¬ 
tion, if any. Also we shall suppose for the present that the c.r/insum is the 
same. In strictness this should ho understood to require that, both the 
intensity of the incident light and the time of its operation be maintained; 
blit since between wide limits the effect is known to depend only upon the 
product of these quantities, wc may be content to regard exposure ns defined 
by a single quantity, viz. intensity of lujht x time. 

Under these restrictions the transparency t' at any point of the negative 
is a definite function of the transparency t at the corresponding point of the 
original, so that we may write 

. 0 ) 

f depending upon the photographic procedure and being usually such that 
as t increases from 0 to 1, i' decreases continually. When the operation is 
repeated upon the negative, the transparency t" at tin* corresponding part, of 
the positive is given by 

.O) 

Complete reproduction may be considered to demand that at every point, 
tf = t. Equation (2) then expresses that t must he the same function of 
tf that t' is of t. Or, if the relation between t and t' be, written in the form 

F(t,t') = 0, .(3) 

F must be a symmetrical function of the two variables. If we regard t, // as 
the rectangular coordinates of a point, (3) expresses the relationship by a 
curve which is to be symmetrical with respect to the bisecting line f — t. 

So far no particular form of /, or F, is demanded; no particular kind of 
negative is indicated as ideal. But certain simple cases call for notice. 
Among these is 


t + t'= 1 , 


.( 4 ) 
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which obviously satisfies the condition of symmetry. The representative 
curve is a straight line, equally inclined to the axes. According to (4), when 
t = 0, t' = 1. This requirement is usually satisfied in photography, being 
known as freedom from fog—no photographic action where no light has 
fallen. But the complementary relation t' — 0 when t = 1 is only satisfied 
approximately. The relation between negative and positive expressed in (4) 
admits of simple illustration. If both be projected upon a screen from 
independent lanterns of equal luminous intensity, so that the images fit, the 
pictures obliterate one another, and there results a field of uniform intensity. 

Another simple form, giving the same limiting values as (4), is 

« 9 + <' a = 1; .(5) 

and of course any number of others may be suggested. 

According to Fechner’s law, which represents the facts fairly well, the 
visibility of the difference between t and t + clt is proportional to dtjt. The 
gradation in the negative, constituted in agreement with (4), is thus quite 
different from that of the positive. When t is small, large differences in the 
positive may be invisible in the negative, and vice versa when t approaches 
unity. And the want of correspondence in gradation is aggravated if we 
substitute (5) for (4). All this is of course consistent with complete final 
reproduction, the differences which are magnified in the first operation being 
correspondingly attenuated in the second. 

If we impose the condition that the gradation in the negative shall agree 


with that in the positive, we have 

dtjt — — dt'ft ', .(6) 

whence t.t' = C, .(7) 


where C is a constant. This relation does not fully meet the other require¬ 
ments of the case. Since t' cannot exceed unity, t cannot be less than 0. 
However, by taking G small enough, a sufficient approximation may be 
attained. It will be remarked that according to (7) the negative and positive 
obliterate one another when superposed in such a manner that light passes 
through them in succession— a combination of course entirely different from 
that considered in connexion with (4). This equality of gradation (within 
certain limits) may perhaps be considered a claim for (7) to represent the 
ideal negative; on the other hand, the word accords better with defini¬ 
tion (4). 

It will be remembered that hitherto we have assumed the exposure to be 
the same in the two operations, viz. in producing the negative and in copying 
from it. The restriction is somewhat arbitrary, and it is natural to inquire 
whether it can be removed. One might suppose that the removal would 
allow a greater latitude in the relationship between t and t '; but a closer 
scrutiny seems to show that this is not the case. 
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The effect of varying the exposure (e) is the same ns of an inverse 
alteration in the transparency; it is the product et with which we really 
have to do. This refers to the first operation ; in the second, t" is dependent 
in like manner upon e't'. For simplicity and without loss of generality we 
may suppose that <3=1; also that e/e — m, where m is a numerical quantity 
greater or loss than unity. The equations which replace (1) and (2) are now 

t' — fit), t — t" =fi'iut '); .(8) 

and we assume that / is such that it decreases continually as its .argument 
increases. This excludes what is called in photography notarization. 

We observe that if t, lying between 0 and 1, any when* makes t r t, limn 
m must be taken to be unity. For in the* case supposed 

t =/(/> =/(wiO; 

and this in accordance with the assumed character of/cannot, be true, unless 
m = 1. Indeed without analytical formulation if is evident that, since tin* 
transparency is not altered in the negative, it will require flu; same exposure 
to obtain it in the second operation as that by which if was produced in the 
first. Hence, if anywhere t' = t, the exposures must; In; the same. 

It remains to show that there is no escape from a local equality of t and 
When £ = 0, £' = 1, or (if there be fog) some smaller positive quantity. As 
t increases from 0 to 1, t' continually decreases, and must therefore pass / at, 
some point of the range. We conclude that complete reproduction requires 
m = 1, i.e. that the two exposures be equal; but we must not forget (hat, we 
have assumed the photographic procedure to be exactly the same., except, as 
regards exposure. 

Another reservation requires a moment’s consideration. Wo have inter¬ 
preted complete reproduction to demand equality of f and t. 'Phis seems to 
be in accord with usage; but it might be argued that proportionalilij of {” 
and t is all that is really required. For although the pictures considered in 
themselves differ, the effect upon the eye, or upon a photographic plate, may 
be made identical, all that is needed being a suitable variation-hi the intensity 
of the luminous background. But at this rate we should have to regard a 
white and a grey paper as equivalent. 

If we abandon the restriction that the photographic process is to be the 
same in the two operations, simple conclusions of generality can hardly be 
looked for. But the problem is easily formulated. Wo may write 

t'=f(et), t = .(P) 

where e, e' are the exposures, not generally equal, and /, / represent two 
functions, whose forms may vary further with details of development, and 
intensification. But for some printing processes / might be treated as a 
fixed function. It would seem that this is the end at which discussion 
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slit hi It 1 begin. \\ r h< *n the printing process is laid down and (.lit * character of 
tlio results yielded thereby is determined, it' becomes possible to say what, 
is required in the negative; but. it is not. possible before. 

In many photographs if would appear that, gradation fends to be lost, at 
the ends of | he scale, that, is in the high lights and deep shadows, and (as a 
necessary consequence, if the full range is preserved) fo be exuberated in 
the half-tones. Ida* some purposes, w here precise reproduet ion is not, desired, 
this feature may be of advantage. ( bushier, for example, flic experimental 
problem, discussed by Hub'"** of photographing (be solar corona without' an 
eclipse. The corona is always present, but, is overpowered by atmospheric 
.glare. 'The problem is t.o render evident, a very small relative difference of 
luminous intensify. If the difference is exuberated in a suitably exposed 
and developed photograph, so much the better. A repetition of successive 
copyings might, render conspicuous a difference originally invisible. At. each 
operation we may suppose a factor a to be introduced, u being greater than 
unity. After n copyings </('(. becomes e."r//,7. Unless (be gain each time 
were wry decided, (bis would be a, slow process, and it. would be liable (o fail 
in practice owing to multiplication of slight, irregular photographic markings, 
lint a method proposed by M.ueli* and (be present, writer'!* should be of 
sen ice here. By the aid of reflexion light, at, each stage is transmitted Inner 
through the picture. By this means alone a is raised t.o equality with 2, and 
upon it any purely photographic exaggeration of gradation is superposed. 
Three successive copyings mi this plan should ensure at, least, a fen-lbld 
exalt at ion of contrast. 

Another met,hod, simpler in execution, consists in super)losing a consider¬ 
able number (it) of similar pictures. In this way the contrast, is multiplied 
n times. Rays from a small, but. powerful, source of light, fall first upon 
a collimating lens, so as to traverse (be pile of pictures as a parallel beam. 
Auo( her condensing lens brings the rays to a. fonts, at which point, the eye is 
placed. Some trials on this plan made a. year ago gave promising results. 
Ten lantern-slides went prepared from a portrait negative. The exposure (to 
gas-light) was for about, R seconds through (be negative and for RO seconds 
bare, i.r. with negative, removed, and (be development was ralber light. On 
single plat.es the picture was but, just, visible. Some rough photometry 
indicated that each plate transmitted about, one-third of the incident, light. 
In carrying out the exposures suitable stops, cemented to the negative, must, 
be provided to guide the, lantern-plates into posit,ion, and (bus to ensure their 
subsequent, exact, superposition by simple mechanical means. 

When only'- a few plates are. combined, the light of a Welsbaeh mantle 
suffices; hut, as was to bo expected, the utilisation of the whole number (ten) 

* l*lcl(!i'’H Juhrlmi'h /. Photot/raplne. 

t mu. Man . Vol. xmv. 1>. wa (1K'>7); Sririili/u: Papers, Vol. iv. g. 
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ON THE PROPAGATION OF WAVES THROUGH A STRATIFIED 
MEDIUM, WITH SPECIAL REFERENCE TO THE QUESTION 
OF REFLECTION. 

[Proceedings of the Royal Society, A, Vol. lxxxvi. pp. 207—2(10, 11)12.] 

The medium is supposed to be such that its properties are everywhere 
a function of but one coordinate x, being of one uniform quality where x is 
less than a certain value x lt and of another uniform quality (in general, 
different from the first) where x exceeds a greater value x,,^; and the 
principal problem is the investigation of the reflection which in general 
ensues when plane waves in the first medium are incident upon the strati¬ 
fications. For the present we suppose the quality to be uniform through 
strata of finite thickness, the first transition occurring when x, — x u the 
second at x = x 2 , and the last at x — .« m -i. 

The expressions for the waves in the various media in order may be taken 
to be 

= A l e i ^ Gt+l> ' >J ~ a ' 

<p 2 — A»e i ' Lat+hv ~~ a ' i i + Jlx^a+byMi,, (»-»,)] t l .(i) 

<p 3 = A s e i ' LCiJrhy ~ a:>{x ~' x ‘ i]]i + B, i e i ' tCtA ' b,J+(h (*-*»> i } J 

and so on, the A ’s and R’s denoting arbitrary constants. The first terms 
represent the waves travelling in the positive direction, the second those 
travelling in the negative direction; and our principal aim is the determina¬ 
tion of the ratio Ri/Aj imposed by the conditions of the problem, including 
the requirement that in the final medium there shall be no negative wave. 

As in the simple transition from one uniform medium to another (Theory 
of Sound, § 270), the symbols c and b are common to all the media, the first 
depending merely upon the periodicity, while the constancy of the second is 
required in order that the traces of the various waves on the surfaces of 
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transition should move together—equivalent to the ordinary law of refrac¬ 
tion. In the usual optical notation, if V be the velocity of propagation and 
6 the angle of incidence, 

c = 2ttF/A, b = (2tt/\) sin 0 , a = (2tt/\) cos 9, .(2) 

where VjX, Ar 1 sin 6 are the same in all the strata. On the other hand a is 
variable and is connected with the direction of propagation within the 
stratum by the relation 

a — b cot 6 .(3) 

The as are thus known in terms of the original angle of incidence and of 
the various refractive indices. 

Since the factor & ^+ h v) runs through all our expressions, we may regard 


it as understood and write simply 

<£ x = + 5^ <*-*!», .(4) 

$o = A 2 e~ ia ^ x ~ x ^ + B 2 e ia ^ x ~ x ^, .(5) 

<£ y = A 3 e~ ia * {x ~ x ^ + B a e ia * , .(6) 


{x ~ xm - l] + B m e ia,m .(7) 


In the problem of reflection we are to make B m = 0 , and (if we please) 
A m = 1. 

We have now to consider the boundary conditions which hold at the 
surfaces of transition. In the case of sound travelling through gas, where 
<fi is taken to represent the velocity-potential, these conditions are the 
continuity of d<fi/dx and of cr<£, where cr is the density. Whether the 
multiplier attaches to the dependent variable itself or to its derivative is 
of no particular significance. For example, if we take a new dependent 
variable equal to <x0, the above conditions are equivalent to the con¬ 
tinuity of ^ and of a^d^rjdx. Nor should we really gain generality by 
introducing a multiplier in both places. We may therefore for the present 
confine ourselves to the acoustical form, knowing that the results will 
admit of interpretation in numerous other cases. 

At the first transition x — x 1 the boundary conditions give 

a 2 (B 1 - A 2 ) = a 2 ( B 2 - A 2 ), ^ (5 X + A z ) = <r 2 (B 2 + A 2 ) .(8) 

If we stop here, we have the simple case of the juxtaposition of two 
media both of infinite depth. Supposing B 2 = 0, we get 

B x __ ov/o-j — a 2 kh _ cr 2 la l — cot d 2 /cot Q x 

A 1 o-a/o-j + a 2 /a 2 ar 2 /a 1 + cot 6 2 j cot 6 X .' ' 

For a further discussion of (9) reference may be made to Theory of 
Sound ( loc . cit.). In the case of the simple gases the compressibilities are 
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t.hc 1 same, and a 1 nin 2 ^ = or a sin a 6L The. general formula (9) then identifies 
itself with Fresnel’s expression 


tan (0, — &,) 
tan ( 0 1 + 0 a )' 


• 00 ) 


On the other hand, if <x a = a l , the change being one of compressibility 
only, we find 


Fresnel’s other expression. 


= sin (0, - 0,) 
sin (0„ + &i) ’ 


.(II) 


In the above it is supposed that (and do) are real. If the wave be 
incident, in the more refractive medium and the angle of incidence Ixe too 
great, it., becomes imaginary, say —ia./, In this case, of course, the reflection 
is total, the modulus of (9) becoming unity. The change of phase incurred 
is given by (9). In accordance with what has been said these results are at 
once available for the corresponding optical problems. 

If there are more than two media, the boundary conditions at x — a;.. 


art' 

a., } = « 8 ( 74 - A ;1 ), .(12) 

(To { lU^^) + j = cr , i (74 -p. ^i a ) } .(l 3) 

and so on. For extended calculations it is desirable to write these equations 
in an abbreviated shape. We set 

Ik - A a = 7/ a , B, + A, = K, s etc., .(.14) 

cos a 2 ) = 6‘j, i sin a. x ;c x ) = s u etc.,.(15) 

a 3 /a 3 ~ a a , cr 3 /cr. i = /9 a , etc.; .(1 (5) 

and tilt; series of equations then takes the form 

//, = «,#,, .(17) 

c,// 3 + sjto = sjl a + cJC, = /3JC >} .(IK) 

cj-h + sjt* = aji it fl :jr 3 + C,K 3 = /3Ju, .(19) 

and so on. In the reflection problem the special condition is the numerical 
equality of II and K of highest suffix. Wo may make 

II = — 1, K = + I.(20) 


As we have to work backwards from the terms of highest suffix, it is 
convenient to solve algebraically each pair of simple equations. In this 
way, remembering that c 3 —s 3 =l, wc get 

7/ x = aJL, Jv> ft/Ci, (21) 

7/ a = Ci(X a H a — S^ohk, A r a = — Sia 3 H 3 + Cj/Sa/lji, .(22) 

H s = ctoH* - So/3 $ Ju , K s — - s^aj-li + c<j3 s Ki , .(23) 
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and so on. In these equations the c’s and the /?’s are real, and also the 
a’s, unless there is “ total reflection ”; the s’s are pure imaginaries, with the 
same reservation. 

When there are three media, we are to suppose in the problem of reflection 
that ff 3 = -1, K s = 1. Thus from (21), (22), 

H 1 = ~a l (c^ofo + Si/3 2 )> K\ = fti (si«a + c x /9 2 ); 

11 i -Si __ Tfi +-Si _ Cj (/Sj/So - a 2 of 2 ) + (a 2 /3 3 — a!/3 2 ) ( 24 <) 

so rnar A 1 ~K 1 -H 1 ~g 1 (ft& + o^) + * (a 2 /3 2 + a 2 /3 2 ). V 

If there be no “total reflection,” the relative intensity of the reflected 


?i& ~ «i«g) 2 ~ sd («a& ~ «i&) a 


..(25) 


Cj 2 (/Si/S 2 + ffjtt ,) 9 - 5 i 2 (or 2 & + ’ . 

where cf 2 = cos 2 cl. 2 (x 2 — x^, — = sin 2 a 2 (,r 2 — #i).(26) 

The reflection will vanish independently of the values of Cj and s u i-e., 
whatever may be the thickness of the middle layer, provided 

/3i/3 2 — a 3 a 2 = 0, a 2 ^ 1 — a 2 /3 2 = 0; or & = , / 3 2 = a 2 , 

since these quantities are all positive. Reference to (9) shows that these 
are the conditions of vanishing reflection at the two surfaces of transition 
considered separately. 

If these conditions be not satisfied, the evanescence of (25) requires that 
either c x or s y be zero. The latter case is realized if the intermediate layer 
be abolished, and the remaining condition is equivalent to o-g/crj = a z ja^, as 
was to be expected from (9). We learn now that, if there would be no 
reflection in the absence of an intermediate layer, its introduction will have 
no effect provided a 2 (x 2 — x x ) be a multiple of tj\ An obvious example is 
when the first and third media are similar, as in the usual theory of 
“thin plates.” 

On the other hand, if c l} or cos a 2 {x 2 — x^) } vanish, the remaining require¬ 
ment for the evanescence of (25) is that /? 2 /a 2 = fii/oii. 

& ~ «1 _ & - «3 . 

ftl + «l & + «2 5 

so that by (9) the reflections at the two faces are equal in all respects. 

In general, if the third and first media are similar, (25) reduces to 

_ {&/«i ~ sin 2 a 2 (x 2 - x,) _ (e> ^ 

4cos 2 a 2 (ir 2 — a? 1 ) + {/3 1 /a 1 + a 1 // 3 i} 2 sin 2 a 2 (a ; 2 — #,) ’ .' ' 

which may readily be identified with the expression usually given in terms 
of (9). 

It remains to consider the cases of so-called total reflection. If this 
occurs only at the second surface of transition, a 1} a 2 are real, while a s is a 


In. this case 
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pure imaginary. Thus a x is real, and or 2 is imaginary; c x is real always, 
and s x is imaginary as before; the /3’s are always real. Thus, if we 
separate the real and imaginary parts of the numerator and denominator 
of (24), we get 

A _ Cq &fta + g x Qfflfl - c x ot x a 2 - g x a x /3 2 

A c x /3 x /3 2 + s x a 2 /3 x + c x c* x cr 2 + s x cr x /3 2 ’ .^ 

of which the modulus is unity. In this case, accordingly, the reflection 
back in the first medium is literally total, whatever may be the thickness 
of the intermediate layer, as was to be expected. 

The separation of real and imaginary parts follows the same rule when 
a 2 is imaginary, as well as a 3 . For then cr x is imaginary, while o 2 , s x are 
real. Thus s x o' 2 /3 x remains real, and c x a x er 2 , Si^i/So remain imaginary. The 
reflection back in the first medium is total in this case also. 

The only other case requiring consideration occurs when a 2 is imaginary 
and a s real. The reflection is then total if the middle layer be thick enough, 
but if this thickness be reduced, the reflection cannot remain total, as is 
evident if we suppose the thickness to vanish. The ratios a x , cr„ are now 
both imaginary, while s x is real. The separation of real and imaginary 
parts stands as in (24), and the intensity of reflection is still expressed 
by (25). If we take a 2 = — m 2 ', we may write in place of (25), 

(/3 x /3 2 — a x a 2 ) 2 cosh 2 a 2 (x 2 — x x ) — (cc 2 /3 x — a x j3<>)~ sinh 2 a 2 (x 2 — ,r x ) 

(A/5 2 + « x a 2 ) 2 cosh 2 a 2 (x 2 — a? x ) — (cr 2 /3 x + o x /3 2 ) 2 sinh 2 a 2 (x 2 — x^) ‘ 

When x 2 — x 1 is extremely small, this reduces to 

(ffiA- «i « 2 ) 2 Qr (ga/oi ~ ch/Oif 

(j8 x /S 3 + a i « 2 ) 2 J W 0-1 + a 3 /ai) 2 ’ 

in accordance with ( 9 ). 

When on the other hand x 2 — x 1 exceeds a few wave-lengths, (29) approaches 
unity, as we see from a form, equivalent to (29), viz., 

(Bi ~ ai 2 ) (/3 8 2 - « 2 3 ) cosh 2 a/ (gfe - ap + (g 3 & - « x /3 2 ) 2 . ■ 

(/3 X 2 - a x 2 ) (/3 2 2 - a 2 2 ) cosh 2 a 2 (ar 2 - £e x ) + (a 2 /3 x + a x /3 2 ) 2 .^ ' 

It is to be remembered that in (30), cr x 2 , a„ 2 , a x a 2 have negative values. 

The form assumed when the third medium is similar to the first inay be 
noted. In this case a x a 2 = 1 , /3^(3 2 — 1, and we get from (29) 

(j3 x /a x — a x //3 x ) 2 sinh 2 a 2 (x„ — x x ) 


...(29) 


0S x /a x - /A) 2 sinh 2 a 2 ' (,r 2 — a? x ) — 4 ‘ ' 


..(31) 


In this case, of course, the reflection vanishes when x 2 — x Y is sufficiently 
reduced. 

Equations (21), etc., may be regarded as constituting the solution of the 
general problem. If there are m media, we suppose H m = — 1, K m = 1, 
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requires a more powerful source. Good results were obtained with a lime¬ 
light ; the portrait, barely visible at all on the single plates, came out fairly 
well under this illumination. If it were proposed to push the experiment 
much further by the combination of a larger number of plates, it would 
probably be advantageous to immerse them in benzole contained in a tank, 
so as to obviate the numerous reflexions at the surfaces. 

It has been mentioned that in the above experiment the development of 
the plates was rather light. The question may be raised whether further 
development, or intensification, might not make one plate as good as two or 
three superposed. I think that to a certain extent this is so. When in 
a recent experiment one of the plates above described was intensified with 
mercuric chloride followed by ferrous oxalate, the picture was certainly more 
apparent than before, when backed by a sufficiently strong light. And the 
process of intensification may be repeated. But there is another point to be 
considered. In the illustrative experiment it was convenient to copy all the 
plates from the same negative. But this procedure would not bo the proper 
one in an attempt to render visible the solar corona. For this purpose a good 
many independent pictures should be combined, so as to eliminate slight 
photographic defects. As in many physical measurements, when it is desired 
to enhance the delicacy, the aim must be to separate feeble constant effects 
from chance disturbances. 

It may be that, besides that of the corona, there are other astronomical 
problems to which one or other of the methods above described, or a com¬ 
bination of both, might be applied with a prospect of attaining a further 
advance. 
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thence calculate in order from the pairs of simple equations H m -i, K m -i 3 
K m etc., until H x and K x are reached; and then determine the 
ratio A/U The procedure would entail no difficulty in any special case 
numerically given; hut the algebraic expression of H x and K x in terms of 
H m and K m soon becomes complicated, unless further simplifying conditions 
are introduced. Such simplification may be of two kinds. In the first it is 
supposed that the total thickness between the initial and final media is 
small relatively to the wave-lengths, so that the phase-changes occurring 
within the layer are of subordinate importance. In the second kind of 
simplification the thicknesses are left arbitrary, but the changes in the 
character of the medium, which occur at each transition, are supposed small. 

The problem of a thin transitional layer has been treated by several 
authors, L. Lorenz*, Van By nj*, Drudel;, Schott§, and Maclaurin[[. A full 
account will be found in Theory of Light by the last named. It will 
therefore not be necessary to treat the subject in detail here; but it may be 
worth while to indicate how the results may be derived from our equations. 
For this purpose it is convenient to revert to the original notation so far as 
to retain a and cr. Thus in place of (17), etc., we write 

a x H x = a 2 H 2 , a iKi = cr 2 K 2> .(32) 

a 2 (c x H 2 + s x K 2 ) = a 3 H 3} a 2 (s x H 2 + c x K 2 ) = aJC 3> etc. ...(33) 

In virtue of the supposition that all the layers are thin, the c’s are nearly 
equal to unity and the s’s are small. Thus, for a first approximation, we 
identify c with 1 and neglect s altogether, so obtaining 

a 1 E 1 = a 2 H 2 — ... = a m H m , o- x K x = c 2 K 2 = ... = <r m K m . . ..(34) 

The relation of ZZj, K x to H m , K m is the same as if the transition between 
the extreme values took place without intermediate layers, and the law of 
reflection is not disturbed by the presence of these layers, as was to be 
expected. 

For the second approximation we may still identify the c's with unity, 
while the s’s are retained as quantities of the first order. Adding together 
the column of equations constituting the first members of (32), (33), etc., we 
find 

a x H 1 + a 2 s x K 2 + a 3 s 2 K 3 + ... + a m _ x s m _ 2 A 7n _ x = a m H m ;.(35) 

and in like manner, with substitution of cr for a and interchange of K and H, 
c x K x + <r 2 S x IT 2 + ... + <r m _ x S m _ 2 H m _ x = er m K m . (36) 

* Fogg. Ann. 1860, Vol. cxi. p. 460. 

t Wied. Ann. 1888, Vol. xx. p. 22. 

J Wied. Ann. 1891, Vol. XLm. p. 126. 

§ Phil. Trans. 1894, Vol. clxxxv. p. 828. 

|| Roy. Soc. Proc. A, 1905, Vol. lxxvi. p. 49. 
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In the small terms containing .v's wo may substitute the approximate 
values of II and K from (04). For the problem of reflection wo suppose 
21 ,,i + K,„ -- 0. Hence 


21 x 

Kx 


1 4 - 1 

cr,u„ t _ (Jr 

<Trn<h { + 

cr, 


■ (07) 


In (07), .v, = i(t.j -- and so on, so that 

vF’ lS V ; f'M* v^> 

cr, } or ’ a.. 


cr dx, 


■ (OS) 


the integration extending over flu; layer of transition. 

One conclusion may be drawn at- once. To this degree of approximation 
flu* reflection is independent of the order of flu* strata. It will be noted 
that, the Hums in (07) are pure imaginaries. In what follows we shall 
suppose that u m is real. 

As flu* final result for the reflection, we find 


where 


Ii x Jv, + II, 
.V Kx ~ 21X 


liv l \ 


(T m f(T , -» ((„, (>i 
(TuiiOx I it m iit i ’ 


-(00) 

.(40) 


fan 8 -- 



a, <T m it m cr, 
a m (r, a,cr m 


.(41) 


To this order of approximation tin* intemiti/ of the. reflection is unchanged 
by the presence of the intermediate layers, unless, indeed, the circumstances 
are such that (40) is itself small. If <r m /cr, ~ absolutely, we have 


. 


and 8 = | 7 r. This cast! is important in Optics, as representing the reflection 
at the polarising angle, from a contaminated surface. 

The two important optical eases: (i) where, cr is constant, leading (when 
there is no transitional layer) to Fresnel's formula (11), and (ii) where 
crmifQ is constant, leading to (10), are now easily treated as special examples. 
Introducing the refractive index p, we find after reduction for ease (i) 


S' = - 


47r cos 9, 

\ W 8 - fix) 




■ (4d) 


where \ u fx , relate to the first medium, g w is the index for the last medium, 
and the integration is over the layer of transition. The application of (4.‘3) 
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should be noticed when the layer is in effect abolished, either by supposing 
/x = [x my or, on the other hand, fx = p, x . 

In the second case (42), corresponding to the polarising angle, becomes 

_ z _ n dx . . .(44) 

Ai/XiVVm 2 + Mi) J 

In general for this case 

5 „ _ eos g, C ° 5 ° ff ‘h‘ ' ^ CU - Sirf * J -■^ + 5~ X ) ^ 

Xl (Mm -/Xf) (cos 2 8 1 -— 0 sin 2 ^ 

\ Mm" / 

.(45) 

The second fraction in (45) is equal to the thickness of the layer of 
transition simply, when we suppose /x = /x y . 

/ W 3 -/* 3 ) (m 2 ~ Mi) 

Further, 8" - y = _^ cos ^ .*■ l - 1- -, . (46) 

Xl P™ eos?fl,—^sin’9, 

Mm 


the difference of phase vanishing, as it ought to do, when m = Mi > or fx m , or 
again, when 0 X = 0. 

It should not escape notice that the expressions (10) and (11) have 
different signs when 0 X and d 2 are small. This anomaly, as it must appear 
from an optical point of view, should be corrected when we consider the 
significance of 3" — S'. The origin of it lies in the circumstance that, in our 
application of the boundary conditions, we have, in effect, used different 
vectors as dependent variables to express light of the two polarisations. For 
further explanation reference may be made to former writings, e.g. “ On the 
Dynamical Theory of Gratings*.” 

If throughout the range of integration, /x is intermediate between the 
terminal values g ly fx m , the reflection is of the kind called positive by Jamin. 
The transition may well be of this character when there is no contamination. 
On the other hand, the reflection is negative, if fx has throughout a value 
outside the range between /x x and /x m . It is probable that something of this 
kind occurs when water has a greasy surface. 

The formulse required in Optics, viz. (43), (44), (45), (46), are due, in 
substance, to Lorenz and Van Byn. The more general expressions (41), (42) 
do not seem to have been given. 


There is no particular difficulty in pursuing the approximation from 
(32), etc. At the next stage the second term in the expansion of the c’s 


Roy. Soc. Proc. A, 1907, Vol. lxxix, p. 413. 
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must be retained, while the Fs arc still sufficiently represented by the first 
terms. Tim result, analogous to (27), (518), is 



in which the terminal abscissa- of the* variable, layer are taken to be. 0 and ff, 
instead of and x . I do not, follow out the application to particular 
rases such as a ~ constant, or a sin 3 6 — constant. For this reference may la- 
made to Maclaurin, who, however, uses a different method. 


The second ease which allows of a simple approximate expression for the 
reileetion arises when all the partial reflections an* small. If is then hardly 
necessary to appeal to the general equations: the method usually employed 
in Optics suffices, 'flu* assumptions are that at each surface of transition the 
incident waves may la* taken to be the same as in flu* first medium, merely 
retarded by the appropriate amount, and that each partial reileetion reaches 
the first medium no otherwise modified than by such retardation. This 
amounts to the neglect of waves three times reflected. 'Tims 


//, _ fi x - a, fi t - 
J, ‘ft + a, M, + a a 


*») 


A-"V 

& + «, 


2a<nuv- ;< ; l H'« 9 o- a -.(vi + 4 (4H) 


An interesting (piestion suggests itself as to the manner in which the 
transition from one uniform medium to another must be effected in order to 
obviate reflection, and especially as to the least thickness of the layer of 
transition consistent with this result. If there be two transitions only, the 
least thickness of the layer is obtained by supposing in (48) 


- «i ^ & " «a 

& + «i ~ & + « a 


.(4») 


and 


2(t % {jjo. x — &' i ) = 7T ; 


,(50) 


and this conclusion, as we have seen already, is not limited to the ease of 
small differences of quality. In its application to perpendicular incidence, 
(50) expresses that the thickness of the layer is one-quarter of the wave¬ 
length proper to the layer. The two partial reflections are equal in magnitude, 
and sign. It is evident that nothing better than this can be done so long as 
the reflections an- of one sign, however numerous the surfaces of transition 
may be. 

If we allow the partial reflections to be of different signs, some reduction 
of the necessary thickness is possible. For example, suppose that then- are. 
two intermediate layers of equal thickness, of which the first is similar r,u the 
final uniform medium, and the second similar to the initial uniform medium. 
Of the three partial reflections the first and third are similar, but the second 
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is of the opposite sign. If three vectors of equal numerical value compensate 
one another, they must be at angles of 120°. The necessary conditions are 
satisfied (in the case of perpendicular transmission) if the total thickness 
(2£) is in accordance with 

q _ 0—4nril/K _j_ g—8-rril/\ __ Q 

The total thickness of the layer of transition is thus somewhat reduced, 
but only by a very artificial arrangement, such as would not usually be 
contemplated when a layer of transition is spoken of. If the progress from 
the first to the second uniform quality be always in one direction , reflection 
cannot be obviated unless the layer be at least thick. 

The general formula (48) may be adapted to express the result appropriate 
to continuous variation of the medium. Suppose, for example, that cr is 
constant, making ft — 1 , and corresponding to the continuity of both </> and 
dcjijdx*. It is convenient to suppose that the variation commences at x — 0. 
Then (48) may be written 



a at any point x being connected with the angle of propagation by the usual 
relation (3). In the special case of perpendicular propagation, a = 27r/x/A 1 ^ I , 
fi being refractive index and \ 1} relating to the first medium. 

A curious example, theoretically possible even if unrealizable in experi¬ 
ment, arises when the variable medium is constituted in such a manner that 
the velocity of propagation is everywhere constant, so that there is no 
refraction. Then a is constant, « = 1, and (48) gives 

j fdcr 

Arj^- e .( 52 ) 

Some of the questions relating to the propagation of waves in a variable 
medium are more readily treated on the basis of the appropriate differential 
equation. As in (1), we suppose that the waves are plane, and that the 
medium is stratified in plane strata perpendicular to x, and we usually omit 
the exponential factors involving t and y, which may be supposed to run 
through. In the case of perpendicular propagation, y would not appear 
at all. 

Consider the differential equation 

S + ^ = 0 ' .(53) 

in which (unless k 2 can be infinite) it is necessary to suppose that <f> and 
dtfijdx are continuous; k 2 is a function of x, which must be everywhere 

* These would be the conditions appropriate to a stretched string of variable longitudinal 
density vibrating transversely. 







1912] 


through a stratified medium, etc. 


81 


positive when the transmission is perpendicular, as, for example, in the case 
of a stretched string. When the transmission is oblique to the strata, 
k 2 may become negative, corresponding to “ total reflection,” but in most of 
what follows we shall assume that this does not happen. The continuity of 
c(> and d<f>(dx, even though 7c 2 be discontinuous, appears to limit the applica¬ 
tion of (53) to certain kinds of waves, although, as a matter of analysis, the 
general differential equation of the second order may always be reduced to 
this form*. 


In the theory of a uniform medium, we may consider stationary waves or 
progressive waves. The former may be either 

<j> — A cos k 0 x cos pt, or </> = B sin k 0 x sin pt ; 
and, if B — ± A, the two may be combined, so as to constitute progressive 
waves 

</> = A cos (pt ± k a x). 

Conversely, progressive waves, travelling in opposite directions, may be 
combined so as to constitute stationary waves. When we pass to variable 
media, no ambiguity arises respecting stationary waves; they are such .that 
the phase is the same at all points. But is there such a thing as a pro¬ 
gressive wave ? In the full sense of the phrase there is not. In general, 
if we contemplate the wave forms at two different times, the difference 
between them cannot be represented by a mere shift, of position proportional 
to the interval of time which has elapsed. 


The solution of (53) may be taken to be 

<f > = A'yfr (x) + i?'% ( x ), .(5 4<) 

where t/t ( x), % ( x ) are rea l oscillatory functions of x ; A', B', arbitrary 
constants as regards x. If we introduce the time-factor, writing p in place of 
the less familiar c of (!),• we may take 


<f> = A cos pt . }Jr ( x ) + B sin pt .%(•*); .(55) 

and this may be put into the form 

<jE> = H cos (pt - B), .(56) 

where H cos 9 — A\}r (x), IT sin 6 = B% (x), .(57) 

or i? 2 = A*[f(x)J+B*[ x (x)Y, .(58) 


6 — tan' 


l B -X( x ) 


..(59) 


A . yfr (x) ‘ 

But the expression for tf> in (56) cannot be said to represent in general 
a. progressive wave. We may illustrate this even from the case of the 
uniform medium where \fr (x) = cos kx, % (x) = sin Jcx. In this case (56) 
becomes 

,i4 , f . > —^ . 


^ = { A 2 cos 2 kx + B 2 sin 2 kx}* cos j pt — tan -1 ^ tan ^ CX J r • • • -(60) 


Forsyth’s Differential Equations, § 59. 
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If B = ± A, reduction ensues to the familiar positive or negative pro¬ 
gressive wave. But if B be not equal to ± A, (55), taking the form 

4> = \ (A + B) cos (pt — Jess) + £ (A — B) cos (pt + Jcx), 

clearly does not represent a progressive wave. The mere possibility of 
reduction to the form (57) proves little, without an examination of the 
character of H and 6. 

It may be of interest to consider for a moment the character of 6 in (60). 
If B/A, or, say, m, is positive, 6 may be identified with kx at the quadrants 
but elsewhere they differ, unless m — 1. Introducing the imaginary ex¬ 
pressions for tangents, we find 

6 — kx + M sin 2 kx + \M ' 2 sin 4tkx + sin 6kx + ..., .(61) 

where M = —--j' -.(62) 

m +1 

When k is constant, one of the solutions of (53) makes <£ proportional to 
e~ ikx . Acting on this suggestion, and following out optical ideas, let us 
assume in general 

.(63) 

where the amplitude 97 and a are real functions of x, which, for the purpose 
of approximations, may be supposed to vary slowly. Substituting in (53), 
we find 

. (64) 

For a first approximation, we neglect d^jdx 2 . Hence 

k = a, = .(65) 

so that .( 66 ) 

or in real form, (f) = Ck~i cos (pt — jkdx) .(67) 

If we hold rigorously to the suppositions expressed in (65), the satis¬ 
faction of (64) requires that d^rj/dx 2 = 0, or d 2 k~%/dx 2 = 0 . With omission 
of arbitrary constants affecting merely the origin and the scale of x, this 
makes k 2 = x~\ corresponding to the differential equation 

*‘ss£ + *-°-.•'••••..w. 

whose accurate solution is accordingly 

$^Q xe iW-^) .(69) 

In (69) the imaginary part may be rejected. The solution (69) is, of 
course, easily verified. . In all other cases (67) is only an approximation. 
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As an example, the case where k 2 = n 2 jx 2 may be referred to. Here 
Jkdx = n log x — e, and (67) gives 

<p = Gx^ cos (pt — n log x + e) .(70) 


as an approximate solution. We shall, see presently that a slight change 
makes it accurate. 


Reverting to (64), we recognize that the first and second terms are real, 
while the third is imaginary. The satisfaction of the equation requires 
therefore that 



a l n = C, . 

.(«) 

and that 

fr=cy-- % . 

y dx? 

.(72) 

while (63) becomes 

<p — ye J ' . 

.(73) 

Let us examine in what 

cases y may take the form JDx r . 

From (72), 


k 2 = G 4 D~ 4 x~ ir - r (r - 1) x~ s .(74) 

If r = 0, k 2 is constant. If r=l, k- = C 4 D~ 4 x~ 4 , already considered in 
(68). The only other case in which k 2 is a simple power of x occurs when 
r = \, making 

k 2 = (G 4 D~ 4 + J) x~ 2 = n 2 x ~ 2 (say).■.(75) 

Here y = Dx%, C 2 J y~ 2 dx = C 2 fD 2 . log x — e, and the realized form of (73) is 

p = cos {p£ — \/{n 2 — i) log ® + e}. .(76) 

which is the exact form of the solution obtained by approximate methods 
in (70). For a discussion of (76) reference may be made to Theory of 
Sound, second edition, § 148 h. 

The relation between a and y in (71) is the expression of the energy 
condition, as appears readily if we consider the application to waves along 
a stretched string. From (53), with restoration of e ipt , 

= ift *'!“*• I*? _ jo,] . 

If the common phase factors be omitted, the parts of dp/dt and dp/dx 
which are in the same phase are as py and ay, and thus the mean work 
transmitted at any place is as ay 2 . Since there is no accumulation of energy 
between two places, ay 2 must be constant. 

When the changes are gradual enough, a may be identified with k, and 
then ycc k~^, as represented in (67). 

If we regard y as a given function of x, a follows when G has been chosen, 
and also k 2 from (72). In the case of perpendicular propagation k 2 cannot be 
negative, but this is the only restriction. When y is constant, k 2 is constant; 

a o 
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and thus if we suppose 77 to pass from one constant value to another through 
a finite transitional layer, the transition is also from one uniform /c 2 to 
another; and (73) shows that there is no reflection back into the first 
medium. If the terminal values of ij and therefore of Jc 2 be given, and the 
transitional layer be thick enough, it will always be possible, and that in an 
infinite number of ways, to avoid a negative k 2 , and thus to secure complete 
transmission without reflection back ; but if with given terminal values the 
layer be too much reduced, k 2 must become negative. In this case reflection 
cannot be obviated. 

It may appear at first sight as if this argument proved too much, and that 
there should be no reflection in any case so long as k 2 is positive throughout. 
But although a constant 77 requires a constant k 2 , it does not follow con¬ 
versely that a constant k 2 requires a constant 77, and, in fact, this is not true. 
One solution of (72), when k 2 is constant, certainly is rf = G 2 jk ; but the 
complete solution necessarily includes two arbitrary constants, of which 0 is 
not one. From (60) it may be anticipated that a solution of (72) may be 
of = A 2 cos 2 kx + B 2 sin 2 kx — \ ( A 2 + B 2 ) + 1 (A 2 — B 2 ) cos 2 Jcx. .. .(77) 

From this we find on differentiation 


V 


3 A? 

dx 2 


+ !cY = k 2 A 2 B 2 ; 


and thus (7 2 ) is satisfied, provided that 

k 2 A 2 B 2 = C 2 .(78) 

It appears then that (77) subject to (78) is a solution of (72). The 
second arbitrary constant evidently takes the form of an arbitrary addition.' 
to x, and 77 will not be constant unless A 2 — B 2 . 


On the supposition that 77 and a are slowly varying functions, the 
approximations of (65) may be pursued. We find 


d 2 k ~* 

dx 2 


v = Ck~*- jl-i/fe 
cl = k + \k 11 


..(79) 

..(80) 


The retardation, as usually reckoned in optics, is jkdos. The additional 
retardation according to (80) is 



As applied to the transition from one uniform medium to another, the- 
retardation is less than according to the first approximation by 

' (dk~^\ 2 
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The supposition that 77 varies slowly excludes more than a very small 
reflection. 

Equations (79), (80) may be tested on the particular case already referred 
to where k — n/x. We get 

,=c'ft-V(i + I gj 3 ), «-;[(«-£); 


so that 


.JL'I 

8 n) 


When nr* is neglected in comparison with unity, n — ■|u ~ 1 may be identified 
with V(w a - £). 

Let us now consider what are the possibilities of avoiding reflection when 
the transition layer (« 2 — «i) between two uniform media is reduced. If 
Vu hi Vi> h are the terminal values, (79) requires that 
ki = C%~\ kf — C^i.r 4 . 

We will suppose that r) 2 >r) l . If the transition from ^ to be made 
too quickly, viz., in too short a space, d’^Jdaf will become somewhere so 
large as to render Ic- negative. The same consideration shows that at the 
beginning of the layer of transition (x/), dr)/da; must vanish. The quickest 
admissible rise of 77 will ensue when the curve of rise is such as to make 
kf vanish. When rj attains the second prescribed value 77 ., it must suddenly 
become constant, notwithstanding that this makes k 2 positively infinite. 


From (72) it appears that the curve of rise thus defined satisfies 


dfr) 
dx 2 


= CV 3 - 


(82) 


The solution of (82), subject to the conditions that 77 = 771 , drjjdx = 0, 
when x = x x , is 

rf - ^ = c%-* {x - x x y = hw {x - x,y .(83) 

Again, when 77 —r) 2 , x^=x 2 , so that 

= ^t- ■ .(84) 

7)i ICn 

giving the minimum thickness of the layer of transition. 

It will be observed that the minimum thickness of the layer of transition 
necessary to avoid reflection diminishes without limit with h — h, that is, as 
the difference between the two media diminishes. However, the arrange¬ 
ment under discussion is very artificial. In the case of the string, for 
example, it is supposed that the density drops suddenly from the first 
uniform value to zero, at which it remains constant for a time. At the end 
of this it becomes momentarily infinite, before assuming the second uniform 
value. The infinite longitudinal density at x 2 is equivalent to a finite load 
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there attached. In the layer of transition, if so it may be called, the string 
remains straight during the passage of the waves. 

If, as in the more ordinary use of the term, we require the transition to 
be such that 1<? moves always in one direction from the first terminal value 
to the second, the problem is one already considered. The .minimum 
thickness is such that k- has throughout it a constant intermediate value', 
so chosen as to make the reflections equal at the two faces. 

It would he of interest to consider a particular case in which k- varies 
continuously and always in the one direction. As appeals at once from (72), 
d^jdx 2 , as well as d v /dx, must vanish at both ends of the layer, and there 
must also be a third point of inflection between. If the layer be from o' = 0 
to x = /3, we may take 

^1 = Ax (x - a) (x - ft) .0 s5 ) 


We find that /3 = 2a, and that 


V-Vi _15^ 3 jf 2 aas « 2 ) /gC) 

V2 - Vl 4a B [20 4 3j ’. 


1 d 2 r] 15#, x 

- —J = (sc — a) (x — 2a). 

% — Vi 4a 5 v }y 


.(87) 


From these k~ would have to be calculated by means of (72), and one 
question would be to find how far a might be reduced without interfering 
with the prescribed character of k 2 . But to discuss this in detail would lead 
us too far. 


If the differences of quality in the variable medium are small, (72) 
simplifies. If r) 0i k 0 be corresponding values, subject to Jc Q ~ = O 4 ^^ 4 , we 


may take 

V = Vo + v'> k 2 = k 0 2 + Bk 2 , .(88) 

where f and Bk 2 are small, and (72) becomes approximately 

+ = .(89) 


Replacing x by t, representing time, we see that the problem is the same 
as that of a pendulum upon which displacing forces act; see Theory of 
Sound , § 66. The analogue of the transition from one uniform medium 
to another is that of the pendulum initially at rest in the position of 
equilibrium, upon which at a certain time a displacing force acts. The 
force may he variable at first, but ultimately assumes a constant value. If 
there is to be no reflection in the original problem, the force must be of 
such a character that when it becomes constant the pendulum is left at rest 
in the new position. If the object be to effect the transition between the 
two states in the shortest possible time, but with forces which are restricted 
never to exceed the final value, it is pretty evident that the force must 
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immediately assume the maximum admissible value, and retain it for such 
a time that the pendulum, then left free, will just reach the new position 
of equilibrium, after which the force is reimposed. The present solution 
is excluded, if it be required that the force never decrease in value. Under 
this restriction the best we can do is to make the force assume at once half 
its final value, and remain constant for a time equal to one-half of the free 
period. Under this force the pendulum will just swing out to the new 
position of equilibrium, where it is held on arrival by doubling the force. 
These cases have already been considered, but the analogue of the pendulum 
is instructive. 


Kelvin* has shown that the equation of the second order 

£GS9-».™ 

can be solved by a machine. It is worth noting that an equation of the 
form (53) is solved at the same time. In fact, if we make 


Vl ~ dx ’ 


, - ch J 

k ~ dx ’ 


.(91) 


we get on elimination either (90) for y 1} or 

.< 92 > 

for y z . Equations (91) are those which express directly the action of the 
machine. 


It now remains to consider more in detail some cases where total reflection 
occurs. When there is merely a simple transition from one medium (1) to 
another (2), the transmitted wave is 


<£ 2 = A e i[ct+hv) . 


,(93) 


If there is total reflection, a 2 becomes imaginary, say — ua ; the trans¬ 
mitted wave is then no longer a wave in the ordinary sense, but there 
remains some disturbance, not conveying energy, and rapidly diminishing 
as we recede from the surface of transition according to the factor (*“*>). 
From (2) 


2 4tt 2 4ttVU 2 . 

“* = v cos ' ft;= v (vr™ w 


or 


ch' = -v— \/(sin 2 9-l — Fi 2 / Vf). 

Ai 


.(94) 


It appears that soon after the critical angle is passed, the disturbance in 
the second medium extends sensibly to a distance of only a few wave-lengths. 

The circumstances of total reflection at a sudden transition are thus very 
simple; but total reflection itself does not require a sudden transition, and 


* Roy. Soc. Proc. 1876, Yol. xxiv. p, 269. 
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takes place however gradual the passage may be from the first medium 
to the second, the only condition being that when the second is reached 
the angle of refraction becomes imaginary. From this point of view total 
reflection is more naturally regarded as a sort of refraction, reflection proper 
depending on some degree of abruptness of transition. Phenomena of this 
kind are familiar in Optics under the name of mirage. 

In the province of acoustics the vagaries of fog-signals are naturally 
referred to irregular refraction and reflection in the atmosphere, due to 
temperature or wind differences; but the difficulty of verifying a suggested 
explanation on these lines is usually serious, owing to our ignorance of the 
state of affairs overhead*. 

The penetration of vibrations into a medium where no regular waves can 
he propagated is a matter of considerable interest; but, so far as I am 
aware, there is no discussion of such a case, beyond that already sketched, 
relating to a sudden transition between two uniform media. It might have 
been supposed that oblique propagation through a variable medium would 
involve too many difficulties, but we have already had opportunity to see 
that, in reality, obliquity need not add appreciably to the complication of 
the problem. 

To fix ideas, let us suppose that we are dealing with waves in a membrane 
uniformly stretched with tension T, and of superficial density p, which is a 
function of x only. The equation of vibration is (Theory of Bound, § 194) 


T 


'd 2 <f> dff 
, dx~ dy 2 


d?$ 

PM’ 


or, if <f> be proportional to e %(ct+hy) , as in (1), 

3^ + ( c V/ r - i|! )'#' = 0 ' .( 95 > 

agreeing with (53) if k 2 = <?plT — & a .(9^) 


The waves originally move towards the less dense parts, and total reflection 
.will ensue when a place is reached, at and after which k 2 is negative. The 
case which best lends itself to analytical treatment is when p is a linear 
function of x. h 2 is then also a linear function; and, by suitable choice of 
the origin and scale of x, (95) takes the form 

■ r ;± , 0.(97) 

dx n - d T 


* An observation during the exceptionally hot weather of last summer recalled my attention 
to this subject. A train passing at high speed at a distance of not more than 150 yards was 
almost inaudible. The wheels were in full view, but the situation was such that the line of vision 
passed for most of its length pretty close to the highly heated ground. It seemed clear that the 
sound rays which should have reached the observers were deflected upwards over their heads, 
which were left in a hind of shadow. 
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The waves are now supposed to come from the positive side and are totally 
reflected at x = 0. The coefficient and sign of x are chosen so as to suit the 
formulae about to be quoted. 

The solution of (97), appropriate to the present problem, is exactly the 
integral investigated by Airy to express the intensity of light in the 
neighbourhood of a caustic*. The line <r = 0 is, in fact, a caustic in the 
optical sense, being touched by all the rays. Airy’s integral is 

W = f cos (w s — omv) dw .(98) 


It was shown by Stokesf to satisfy (97), if 

x (in his notation n) = (|7t) 2/3 on .(99) 


Calculating by quadratures and from series proceeding by ascending powers 
of on, Airy tabulated W for values of on lying between on — + 5-6. For larger 
numerical values of on another method is necessary, for which Stokes gave 
the necessary formulae. Writing 

0 + = 2 (£.«) 8/2 = 7 r (^m) 8/2 , .( 100 ) 


where the numerical values of on and x are supposed to be taken when 
these quantities are negative, he found when m is positive 

W = 2* (3 on)~% {R cos (0 — £7r) -f $sin (0 — ^tt)}, .(101) 


where 


7?_i 1.5.7.11 1.5.7. 11. 13.17.19.23 

K ~ 1 l. 2(720) 2 + 1.2.3.4 (720) 4 

„ 1.5 1.5.7.11.33.17 

*“1.720 " 1.2.3 (720) 3 + . 


•( 102 ) 

.(103) 


When on is negative, so that W is the integral expressed by writing on 
for on in (98), 


TF = 2-K3m)-ie-^ 


ii 1 • 5 , 1 • 5 - 711 

1 1 . 720 + 17 2 ( 720 )® 


..(104) 


The first form (101) is evidently fluctuating. The roots of W— 0 are 
given by 


0/tt = t-0-25 


0-028145 
+ 4i-l 


(1026510 
- 1)» + 


.(105) 


% being a positive integer, so that for % = 2, 3, 4, etc., we get 
m = 4-3631, 5-8922, 7-2436, 8-4788, etc. 


For i — 1, Airy’s calculation gave on = 2-4955. 

* Gamb. Phil. Trans . 1838, Vol. vi. p. 379; 1849, Vol. vm. p. 595. 
f Gamb. Phil. Trans. 1850, Yol. ix.; Math, and Phys. Papers, Vol. u. p. 328. 
X Here used in another sense. 
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The complete solution of (97) in series of ascending powers of x is to be 
obtained in the usual way, and the arbitrary constants are readily determined 
by comparison with (98). Lommel* showed that these series are expressible 
by means of the Bessel’s functions J\, J-i- The connection between the 
complete solutions of (97), as expressed by ascending or by descending semi- 
convergent series, is investigated in a second memoir by Stokesf. A repro¬ 
duction of the most important part of Airy’s table will be found in Mascart’s 
Optics (Vol. I. p. 397). 

As total reflection requires, the waves in our problem are stationary as 
regards x. The realized solution of (95) may be written 

cf> = W cos (ct + by), .(106) 

W being the function of x already discussed. On the negative side, when x 
numerically exceeds a moderate value, the disturbance becomes insensible. 

* Studien fiber die BesseVschcn Functionen, Leipzig, 1868. 
f Camb. Phil. Trans. 1857, Vol. x. p. 106. 
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SPECTROSCOPIC METHODS. 

[Nature, Yol. lxxxviii. p. 377, 1912.] 

In bin interesting address on spectroscopic methods, Prof. Michelson falls 
into a not uncommon error when he says that, in order to obtain a pure 
spectrum, “two important modifications must he made in Newton’s arrange¬ 
ment. hirst, the light must he allowed to pass through a very narrow 
aperture, and, secondly, a sharp image of this aperture must be formed by a 
lens or mirror.” 

Both these modifications were made by Newton himself, and with a clear 
understanding of their advantages. In Optioks, Exper. 11, we read:—“In 
the Sun s Light Jet into my darkened Chamber through a small round hole 
in my Window—shut, at about 10 or 12 feet from the Window, I placed 
a Lens, by which the Image of the hole might be distinctly cast upon a sheet 
<>t white Paper, placed at the distance of six, eight, ten, or twelve Feet from 
the Lens....For in this case the circular Images of the hole which comprise 
that Image...were terminated most distinctly without any Penumbra, and 
therefore extended into one another the least that they could, and by conse¬ 
quence the mixture of the Heterogeneous Kays was now the least of all.” 

And further on 

" Yet insl <ead of the circular hole F, ’tis better to substitute an oblong 
hole shaped like a long Parallelogram with its length Parallel to the Prism 
ABC. For if this hole be an Inch or two long, and but a tenth or twentieth 
part of an Inch broad or narrower: the Light of the Image pt will be as 
Simple 1 as before, or simpler [i.e. as compared with a correspondingly narrow 
circular hole], and the Image will become much broader, and therefore more 
fit to have Experiments tried in its Light than before.” 

Again, it was not Bunsen and Kirchhoff who first introduced the collimator 
into the spectroscope. Swan employed it in 1847, and fully described its use 
in Etlin. Tranx. Vol. xvr. p. 375,1849. See also Edin. Trans. Yol. xxi. p. 411, 
1857 ; Fogg. Ann. C, p. 30G, 1857. 

These are very minor matters as compared with what Prof. Michelson 
has to tell of his own achievements and experiences, but it seems desirable 
that they should be set right. 
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ON DEPARTURES FROM FRESNEL'S LAWS OF REFLEXION. 

[Philosophical Magazine, Yol. xxiil. pp. 431—439, 1912.] 

In the summer of 1907, in connexion with my experiments upon re¬ 
flexion from glass at the polarizing angle*, I made observations also upon 
the diamond, a subject in which Kelvin had expressed an interest. It was 
known from the work of Jamin and others that the polarization of light 
reflected from this substance is very far from complete at any angle of 
incidence, and my first experiments were directed to ascertain whether this 
irregularity could be plausibly attributed to superficial films of foreign 
matter, such as so greatly influence the corresponding phenomena in the 
case of water f. The arrangements were of the simplest. The light from 
a paraffin flame seen edgeways was reflected from the diamond and examined 
with a nicol, the angle being varied until the reflexion was a minimum. 

In one important respect the diamond offers advantages, in comparison, 
for instance, with glass, where the surface is the field of rapid chemical 
changes due presumably to atmospheric influences. On the other hand, 
the smallness of the available surfaces is an inconvenience which, however, 
is less felt than it would be, were high precision necessary in the measure¬ 
ments. Two diamonds were employed—one, kindly lent me by Sir W. Crookes, 
mounted at the end of a bar of lead, the other belonging to a lady’s ring. 
No particular difference in behaviour revealed itself. 

The results of repeated observations seemed to leave it improbable that 
any process of cleaning would do more than reduce the reflexion at the 
polarizing angle. Potent chemicals, such as hot chromic acid, may be 
employed, but there is usually a little difficulty in the subsequent prepa¬ 
ration. After copious rinsing, at first under the tap and then with distilled 
water from a wash-bottle, the question arises how to dry the surface. Any 
ordinary wiping may be expected to nullify the chemical treatment; but if 

* Phil. Mag. Yol. xvr. p. 444 (1908); Scientific Papers, Yol. v. p. 489. 

+ Phil. Mag. Yol. xxxm. p. 1 (1892); Scientific Papers, Yol. in. p. 496. 
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are allowed to dry on, the effect is usually bad. Sometimes it is 
possible to shake' the drops away sufficiently. After a successful operation 
ot this smi wiping with an ordinarily clean cloth usually increases the 
minimum reflexion, and of course a touch with the finger, however prepared, 
is much worse. As the result of numerous trials I got the impression that 
the lellexion could not be reduced below a certain standard which left the 
flnna still easily visible. Rotation of the diamond surface in its own plane 
sot-nicd to In* without effect. 


1 hiring (he last few mouths I have resumed these observations, using 
tho same diamonds, but, with such additions to the apparatus as are necessary 
ha obtaining measures of the residual reflexion. Resides the polarizing nicol, 
then- is required a quarter-wave mica plate and an analysing nicol, to be 
tta\ersed successively by the light after reflexion, as described in my former 
papers, I he analysing nicol is set alternately at angles /3~± 45°. At each 
of these angles extinction may be obtained by a suitable rotation of tho 
jMiiuming nicol; and the observation consists in determining the angle a? — a 
bet ween tin* two positions, tfamiu’s l\ representing tho ratio of reflected 
amplitudes for flu* two principal planes when light incident at the angle 
tan 1 ft is polarized at 45" t,o these planes, is equal to tail \ (a! — a). The 
sign of a' - a is reversed when the mica is rotated through a right angle, 
and the absolute sign of k must be. found independently. 

Wiped with an ordinarily clean cloth, the diamond gave at first a' — a = 2 0, 3. 
Ry various treatments this angle could be much reduced. There was no 
difficulty in getting down to l' 1 . On the whole the best results were 
obtained when the surface was finally wiped, or rather pressed repeatedly, 
ujjon sheet asbestos which had been ignited a few minutes earlier in the 
blowpipe flame; but they were not very consistent. The lowest reading 
was 0 *4; and we may, I think, conclude that with a clean surface a! - a 
would not exceed (r*5. No more than in the case of glass, did the effect 
seem sensitive to moisture, no appreciable difference being observable when 
chemically dried air played upon the surface. It is impossible to attain 
absolute certainty, but my impression is that the angle cannot be reduced 
much further. Ho long as it exceeds a few tenths of a degree, the paraffin 
flame is quite adequate as a source of light. 


If we take for diamond a' — a — 30', we get 

k = tan ^ (a! - a) = ’0044. 

Jamins value for k is '019, corresponding more nearly with what I found for 
a merely wiped surface. 

Similar observations have boon made upon the face of a small dispersing ' 
prism which has been in my possession some 45 years. When first examined, 
it gave ol - a ® 9 n , or thereabouts. Treatment with rouge on a piece of 
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calico, stretched over a glass plate, soon reduced the angle to 4° or 3°, but 
further progress seemed more difficult. Comparisons were rendered some¬ 
what uncertain by the fact that different parts of the surface gave varying 
numbers. After a good deal of rubbing, a' — a was reduced to such figures 
as 2°, on one occasion apparently to 1^°. Sometimes the readings wore 
taken without touching the surface after removal from the rouge, at others 
the face was breathed upon and wiped. In general, the latter treatment 
seemed to increase the angle. Strong sulphuric acid was also tried, but 
without advantage, as also putty-powder in place of or in addition to rouge. 
The behaviour did not appear to be sensitive to moisture, or to alter 
appreciably when the surface stood for a few days after treatment. 

Thinking that possibly changes due to atmospheric influences might in 
nearly half a century have penetrated somewhat deeply into the glass, 
I re-ground and polished (sufficiently for the purpose) one of the originally 
unpolished faces of the prism, but failed even with this surface to reduce 
a — a below 2°. As in the case of the diamond, it is impossible to prove 
absolutely that a' — a cannot be reduced to zero, but after repeated trials 
I had to despair of doing so. It may be well to record that the refractive 
index of the glass for yellow rays is T680. 

These results, in which k (presumably positive) remained large in spite 
of all treatment, contrast remarkably with those formerly obtained on less 
refractive glasses, one of which, however, appears to contain lead. It was 
then found that by re-polishing it was possible to carry k down to zero and 
to the negative side, somewhat as in the observations upon water it was 
possible to convert the negative k of ordinary (greasy) water into one with a 
small positive value, when the surface was purified to the utmost. 

There is another departure from Fresnel’s laws which is observed when a 
piece of plate glass is immersed in a liquid of equal index*. Under such 
eifeu instances the reflexion ought to vanish. 

The liquid may consist of benzole and bisulphide of carbon, of which the 
first is less and the second more refractive than the glass. If the adjust¬ 
ment is for the yellow, more benzole or a higher temperature will take the 
ray of equal index towards the blue and vice versd. “For a closer exami¬ 
nation the plate was roughened behind (to destroy the second reflexion), and 
was mounted in a bottle prism in such a manner that the incidence coujd 
be rendered grazing. When the adjustment of indices was for the yellow 
the appearances observed were as follows: if the incidence is pretty oblique, 
the reflexion is total for the violet and blue; scanty, but not evanescent, for 
the yellow; more copious again in the red. As the incidence becomes more 
and more nearly grazing, the region of total reflexion advances from the blue 

* “On the Existence of Reflexion when the relative Refractive Index is Unity,” Brit. Assoc. 
Report, p. 585 (1887) ; Scientific Papers, Vol. m. p. 15. 
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end closer and closer upon the ray of equal index, and ultimately there is a 
very sharp transition between this region and the band which now looks 
very dark. On the other side the reflexion revives, but more gradually, 
and becomes very copious in the orange and red. On this side the reflexion 
is not technically total. If the prism be now turned so that the angle of 
incidence is moderate, it is found that, in spite of the equality of index for 
the most luminous part of the spectrum, there is a pretty strong reflexion of 
a candle-flame, and apparently without colour. With the aid of sunlight it 
was proved that in the reflexion at moderate incidences there was no marked 
chromatic selection, and in all probability the blackness of the band in the 
yellow at grazing incidences is a matter of contrast only. Indeed, calculation 
shows that according to Fresnel’s formula;, the reflexion would be nearly 
insensible for all parts of the spectrum when the index is adjusted for the 
yellow.” It was further shown that the reflexion could be reduced, but not 
destroyed, by re-polishing or treatment of the surface with hydrofluoric 
acid. 

I have lately thought it desirable to return to these experiments under 
the impression that formerly I may not have been sufficiently alive to the 
irregular behaviour of glass surfaces which are in contact with the atmosphere. 

1 wished also to be able to observe the transmitted as well as the reflected 
light. A cell was prepared from a tin-plate cylinder 3 inches long and 

2 inches in diameter by closing the ends with glass plates cemented on with 
glue and treacle. Within was the glass plate -to be experimented on, of 
similar dimensions, so as to be nearly a fit. A hole in the cylindrical wall 
allowed the liquid to be poured in and out. Although the plate looked 
good and had been well wiped, I was unable to reproduce the old effects; 
or, for a time, even to satisfy myself that I could attain the right com¬ 
position of the liquid. Afterwards a clue was found in the spectra formed 
by the edges of the plate (acting as prisms) when the cell was slewed round. 
The subject of observation was a candle placed at a moderate distance. 
When the adjustment of indices is correct for any ray, the corresponding 
part of the spectrum is seen in the same‘direction as is the undispersed 
candle-flame by rays which have passed outside the plate. Either spectrum 
may be used, but the best for the purpose is that formed by the edge nearer 
the eye. There was now no difficulty in adjusting the index for the yellow 
ray, and the old effects ought to have manifested themselves; but they did 
not. The reflected image showed little deficiency in the yellow, although 
the incidence was nearly grazing, while at moderate angles it was fairly 
bright and without colour. This considerable departure from Fresnel’s laws 
could only be attributed to a not very thin superficial modification of the 
glass rendering it optically different from the interior. 

In order to allow of the more easy removal and replacement of the plate 
under examination, an altered arrangement was introduced, in which the 
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aperture, at the top of the cell extended over the whole length. The general 
dimensions being the same as before, the body of the cell was formed by 
bending round a rectangular piece of tin-plate A (fig. 1-) and securing the 
ends, to which the glass faces B were to be 
cemented, by enveloping copper wire. The 
plate U could then be removed for cleaning 
or polishing without breaking a joint. In 
emptying the. cell it is necessary to employ a 
large funnel, as the liquid pours badly. 

The plate, tried behaved much as the 
one just spoken of. In the reflected light, 
whether at moderate angles or nearly grazing, 
the yellow-green ray of equal index did not 
appear to bo missing. A lino or rather band 
of polish, by putty-powder applied with the 
finger, showed a great alteration. Near 
grazing there was now a dark band in the 
spectrum of the reflected light as formerly described, and the effect was 
intensified when the polish affected both faces. In the transmitter 1 light 
the spectrum was shorn of blue and green, the limit coming down a.s grazing 
is approached—a consequence of the total reflexion of certain rays which 
tlien sets in. But at incidences far removed from grazing the place of equal 
index in the spectrum of the reflected light showed little weakening. A 
few days’ standing (after polishing) in the air did not appear to ul ter the 
behaviour materially. On the same plate other bands were treated with 
hydrofluoric acid—commercial acid diluted to one-third. This seemed more 
effective than the putty-powder. At about 15" off grazing, the Bpeetrum 
of the reflected light still showed some weakening in the ray of equal index. 

In the cell with parallel faces it is not possible to reduce the angle of 
incidence (reckoned from the normal) sufficiently, a circumstance which led 
me to revert to the GO 0 bottle-prism. A strip of glass half an inch wide 
could be inserted through the neck, and this width suffices for the obser¬ 
vation of the reflected light. But I experienced some trouble in finding the 
light until I had made a calculation of the angles concerned. Supposing 
the plane of the reflecting surface to be parallel to the base of the prism, let 
us call the angle of incidence upon it x> and let 0, </> be the angles which 
the. ray makes with the normal to the faces, externally and internally, 
measured in each case towards the refracting angle of the prism. Then 
X — 60° — <£, </> = sin -1 (| sin 0). 

The smallest % occurs when 0 — 90°, in which case % = 18° 10’. This value 
cannot be actually attained, since the emergence would be grazing. If 
X = 90°, giving grazing reflexion, 0 = - 48° 36'. Again, if 0 = 0, = GO"; 


Pig. l. 
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in which K, fi arc the electric and magnetic constants for the first medium, 
K y , fMy for the second*. The relation between 8 and 8 X is 

K lt uj : Kfj. = sin? 8 : sin 2 0y .(C) 


It is evident that mere absence of refraction will not secure the evanescence 1 
of reflexion for both polarizations, unless we assume both fxy — fx and K x = K. 
In the usual theory fx x is supposed equal to /x in all cases. (A) then identifies 
itself with Fresnel’s sine-formula, and (B) with the tangent-formula, and 
both vanish when K x = K corresponding to no refraction. Further, (B) 
vanishes at the Brewsterian angle, even though there be refraction. A slight 
departure from these laws would easily be accounted for by a difference 
between jx x and fx, such as in fact occurs in some degree (diamagnetism). 
But the effect of such a departure is not to interfere with the complete; 
evanescence of (B), but merely to displace the angle at which it occurs from 
the Brewsterian value. If /x x jfx== 1 + h, where h is small, calculation shows 
that the angle of complete polarization is changed by the amount 


88 = - 


hn 3 

(??:- + i) (?i a -1) 5 


.(D) 


n being the refractive index. The failure of the diamond and dense glass to 
polarize completely at some angle of incidence is not to be explained in 
this way. 

As I formerly suggested, the anomalies may perhaps be connected with 
the fact that one at least of the media is dispersive. A good deal depends 
upon the cause of the dispersion. In the case of a stretched string, vibrating 
transversely and endowed with a moderate amount of stiffness, the boundary 
conditions would certainly be such as would entail a reflexion in spite of 
equal velocity of wave-propagation. All optical dispersion is now supposed 
to be of the same nature as what used to be called anomalous dispersion, 
i.e. to be due to resonances lying beyond the visible range. In the simplest 
form of this theory, as given by Maxwell f and Sellmeier, the resonating 
bodies take their motion from those parts of the aether with which they are 
directly connected, but they do not influence one another. In such a case 
the boundary conditions involve merely the continuity of the displacement 
and its first derivative, and no complication ensues. When there is no 
refraction, there is also no reflexion. By introducing a mutual reaction 
between the resonators, and probably in other ways, it would be possible 
to modify the situation in such a manner that the boundary conditions 
would involve higher derivatives, as in the case of the stiff string, and thus 
to allow reflexion in spite of equality of wave-velocities for a given ray. 


* “On the Electromagnetic Theory of Light,” Phil. Mag. Vol. xn. p. 81 (1881) • Scientific 
Papers, Vol. i. p. 521. 

| Cambridge Calendar for 1869. See Phil. Mag. Vol. xlviii. p. 151 (1899); Scientific 
Papers, Vol. iv. p. 418. 
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and if ^ = 45°, # = 22° 5T. We can thus deal with all kinds of reflexion 
from ^ = 90° down to nearly 18°, and this suffices for the purpose. 

The strip employed was of plate glass and was ground upon the back 
surface. The front reflecting face was treated for about 30 s with hydro¬ 
fluoric acid. It was now easy to trace the effects all the way from grazing 
incidence down to an incidence of 45° or less. The ray of equal index was in 
the yellow-green, as was apparent at once from the spectrum of the reflected 
light near grazing. There was a very dark hand in this region, and total 
reflexion reaching nearly down to it from the blue end. The light was from 
a paraffin flame, at a distance of about two feet, seen edgeways. As grazing 
incidence is departed from, the flame continues at first to show a purple 
colour, and the spectrum shows a weakened, but not totally absent, green. 
As the angle of incidence % still further decreases, the reflected light weakens 
both in intensity and colour. When ^ = 45°, or thereabouts, the light was 
weak and the colour imperceptible. After two further treatments with 
hydrofluoric acid and immediate examination, the light seemed further 
diminished, but it remained bright enough to allow the absence of colour 
to be ascertained, especially when the lamp was temporarily brought nearer. 
An ordinary candle-flame at the same (2 feet) distance was easily visible. 

In order to allow the use of the stopper, the strip was removed from the 
bottle-prism when the observations were concluded, and it stood for four 
days exposed to the atmosphere. On re-examination it seemed that the 
reflexion at % = 45° had sensibly increased, a conclusion confirmed by a fresh 
treatment with hydrofluoric acid. 

It remains to consider the theoretical bearing of the two anomalies which 
manifest themselves (i) at the polarizing angle, and (ii) at other angles when 
both media have the same index, at any rate for a particular ray. Evidently 
the cause may lie in a skin due either to contamination or to the inevitable 
differences which must occur in the neighbourhood of the surface of a solid 
or fluid body. Such a skin would explain both anomalies and is certainly a 
part of the true explanation, but it remains doubtful whether it accounts for 
everything. Under these circumstances it seems worth while to inquire what 
would be the effect, of less simple boundary conditions than those which lead 
to Fresnel’s formula. 

On the electromagnetic theory, if d, 6 X are respectively the angles of 
incidence and refraction, the ratio of the reflected to the incident vibration is, 
for the two principal polarizations, 

tan #i/tan 6 — 

tan 6 x j tan 6 + fij^ ..' ' 


.(B) 


and 


tan (9j/tan 6 — K/K 1 
tan tfi/tan 6 4- KjK x ’ 
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P.S. Jan. 15.—Some later observations upon a surface of fused quartz 
are of interest. The plate, prepared by Messrs Hilger, was \ inch square, 
and tile surfaces were inclined at a few degrees so as to separate the reflexions. 
From these surfaces the reflexion at the polarizing angle sensibly disappears. 
The image of the paraffin flame could be quenched by the operation of the 
polarizing nicol alone. When the quarter wave-plate and analysing nicol 
were introduced, a! and a could, not be distinguished, the difference probably 
not exceeding ‘05'', i.e. 3 minutes of angle. 

In order to examine the reflexion when the quartz was in contact with a 
liquid of equal index, I had to mix alcohol with the benzole. The behaviour 
was then much the same as with glass of which the surface had been renewed 
by hydrofluoric acid. No precise measures could be taken, but the reflexion 
at 45" incidence seemed less than from the glass, though still easily visible. 
In spite of repeated trials with intermediate cleanings, it was difficult to feel 
sure that tin; residual effect might not be due to foreign matter, the more as 
differences could sometimes be detected between various parts of the surface*. 
Even if the surface could be regarded as clean on immersion, there is no 
certainty that a capillary film of some sort might not be deposited upon 
it from the liquid. The cause of the small residual reflexion must remain 
for this present an open question. 

* At the top of the plate, where it was attached to a handle, a slight invasion of gelatine 
(used eb a cement) gave rise to a copious reflexion; but this iilrn was easily visible in the air. 
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THE PRINCIPLE OF REFLECTION IN SPECTROSCOPES. 

[. Nature , Vol. lxxxix. p. 167, 1912.] 

The application of a reflector to pass light back through a prism, or 
prisms, is usually ascribed to Littrow. Thus Kayser writes (Handbuch der 
Spectroscopie, Bd. i. p. 513), “Der Erste, der Ruckkehr der Strahlen zur 
Steigerung der Dispersion verwandte, war Littrow” (0. v. Littrow, Wien. 
Ber. XLVii. ii. pp. 26-32, 1863). But this was certainly not the first use of 
the method. I learned it myself from Maxwell {Phil. Trans . Vol. CL. p. 78, 
1860), who says, “ The principle of reflecting light, so as to pass twice through 
the same prism, was employed by me in an instrument for combining colours 
made in 1856, and a reflecting instrument for observing the spectrum has 
been constructed by M. Porro.” 

I have not been able to find the reference to Porro; but it would seem 
that both Maxwell and Porro antedated Littrow. As to the advantages of 
the method there can be no doubt. 



ON THE SELF-INDUCTION OF ELECTRIC CURRENTS IN 
A THIN ANCHOR-RING. 


[Proceedings of the ltoyal Society, A, Vol. lxxxvi. pp. 562—571, 1912.] 

In their useful compendium of “ Formulae and Tables for the Calculation 
of Mutual and Solf-lnducbance* * * § / 5 Rosa and Cohen remark upon a small 
discrepancy in the formula) given by myselff and by M. Wien]; for the self- 
induction of a coil of circular cross-section over which the current is uniformly 
distributed. With omission of n, representative of the number of windings, 
my formula was 

L « 4«. [log y ~l+£ (log 8 * + g)] , .(1) 

where, p is the radius of the section and a that of the circular axis. The 
first two terms were given long before by Kirchhoff§. In place of the 
fourth term within the brackot, viz., + a *> Wien foulld “ '0083p 2 /a 2 . 

In either case a correction would be necessary in practice to take account of 
the space occupied by the insulation. Without, so far as I see, giving a 
reason, Rosa and Cohen express a preference for Wien’s number. The 
difference is of no great importance, but I have thought it worth while to 
repeat the calculation and I obtain the same result as in 1881. A con¬ 
firmation after 30 years, and without reference to notes, is perhaps almost as 
good as if it were independent. I propose to exhibit the main steps of the 
calculation and to make extension to some related problems. 

The, starting point is the expression given by Maxwell || for the mutual 
induction M between two neighbouring co-axial circuits. For the present 

* Bulk-tin of the. Bureau of Standards, Washington, 1908, Yol. hi. No. 1. 

•|- Boy. Soc. Proc. 1881, Yol. xxxn. p. 104; Scientific Papers, Vol. n. p. 15. 

Aim. d. Physik, 1894, Vol. liii. p. 984; it would appear that Wien did not know of my 
earlier calculation. 

§ Fogg. Ann. 1864, Vol. oxxi. p. 551. 

|| Electricity and Magnetism, § 705. 
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purpose this requires transformation, so as to express the inductance in 
terms of the situation of the elementary circuits relatively to the circular 
axis. In the figure, 0 is the centre of the circular axis, A the centre of 
a section B through the axis of symmetry, and the position of any point P 
of the section is given by polar coordinates relatively to A, viz., by PA (p) 
and by the angle PAC(fa. If p 1} fa- } p 2 , fa be the coordinates of two 
points of the section P lt P 2 , the mutual induction between the two circular 
circuits represented by P 1} P 2 is approximately 


pi COS fa + p 2 cos <j 
2a 


pi + p 2 2 + 2 pf sin 2 fa + 2pi sin 2 < 
16a 2 


2 p I p 2 cos (fa - fa) + 4p, p 2 sin fa sin fa] 1 8a 
16 a 2 ” j 10g T 

_ 2 _ Pi cos <f>i + p 2 cos (p 3 
2a 

- S + P g 3 ) ~ 4 (pi 3 s ^ n2 fa + Pi s i n2 fa) + 2 Pl p 2 cos (fa - fa) 


in which r, the distance between P 1 and P 2 , is given by 

r ~ = Pi + p 2 - 2 pip 2 cos (fa - fa) .(3) 

Further details will be found in Wien’s memoir; I do not repeat them 
because I am in complete agreement so far. 



For the problem of a current uniformly distributed we are to integrate 
(2) twice over the area of the section. Taking first the integrations with 
respect to <£ 1} fa, let us express 

1 f-h 7T r+n- M 

J _*£<**>. (*) 

of which we can also make another application. The integration of the 
terms which do not involve logr is elementary. For those which do 
involve log r we may conveniently replace fa by fa + <p, where <p = fa - fa } 
and take first the integration with respect to (f> , fa being constant. 
Subsequently we integrate with respect to fa. 

It is evident that the terms in (2) which involve the first power of p 
vanish in the integration. For a change of fa, fa into rr — fa, rr — fa 
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respectively reverses cos fa and cos fa, while it leaves r unaltered. The 
definite integrals required for the other terms are* 


1( >g(pi a + Pa 3 - 


2pip 2 cos fa) dfa — greater of 47r log p 2 and 47 r log p lt (5) 


r+Tr 

I cos riuf) log (pf + p,f — 2pj/3 2 cos fa) dfa 

- - ~ x smaller of and , .(6) 

to being an integer. Thus 

4ma IIH r <*fadfa= 4 ^J ^dfaj dfa log r= greater of log p 2 and log Pl . (7) 
So far as the more important terms in (4)—those which do not involve 


p as a factor—we have at once 

log (8a) — 2 — greater of log p 2 and log p a .(8) 

If.p 2 and p x are equal, this becomes 

log (8a Ip) - 2.(9) 

We have now to consider the terms of the second order in (2). The 
contribution which these make to (4) may be divided into two parts. The 
first, not arising from the terms in log r, is easily found to be 

^xJ-pegm+i] .(io) 


The difference between Wien’s number and mine arises from the inte¬ 
gration of the terms in log r, so that it is advisable to set out these somewhat 
in detail. Taking the terms in order, we have as in (7) 


q h-tt r+ir 

^ - , 2 J J lo grdfa dfa - greater of log p 2 and log p 1 . (11) 


In like manner 


j J sin- fa log r dfa dfa = £ [greater of log p 2 and log pi], .. ..(12) 

and ^ j j sin' 2 fa log r dfa dfa . has the same value. Also by (6), with to = 1, 

- 1 11 cos (fa - fai) log r dfaj'dfaz = - £ [smaller of'ps/pi and p x /p 2 ].... (13) 
4tt 2 J J 

Finally ^ j [ sin faj. sin fa 2 log r dfa 1 dfa 2 

= --- f + dfay sin f (sin fa cos fa + cos faj, sin fa) log rdfa 
47r a J J -ir 

= —l [smaller of p z /p 1 and pfa pi] .(14) 


Todhunter’s Int. Calc. §§ 287, 289. 
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Thus altogether the terms in (2) of the second order involving log r yield 
in (4) 

— ^g — y 2 ' [greater of log p 2 and log pi] — ^smaller of y and . ...(15) 

The complete value of (4) to this order of approximation is found by 
addition of (8), (10), and (15). 

By making p 2 and p x equal we obtain at once for the self-induction of a 
current limited to the circumference of an anchor-ring, and uniformly dis¬ 
tributed over that circumference, 


£ = 4,™ [(]. + £-,) log^—2].(16) 


p being the radius of the circular section. The value of L for this case, when 
p 2 is neglected, was virtually given by Maxwell *. 

When the current is uniformly distributed over the area of the section, 
we have to integrate again with respect to p± and p 2 between the limits 0 
and p in each case. For the more important terms we have from (8) 

— JJdpi dpi [log 8a — 2 - greater of log p 2 and log pi] 

= log 8a - 2 - Jd Pl 2 [log Pl 2 . pi 2 -1- p 2 (logp 2 -1) - p : 2 (logp x 2 - 1)] 

= log 8a - 2 - log p + ~ = log 1 .(17) 

A similar operation performed upon (10) gives 

- s i§^ g.as) 

In like manner, the first part of (15) yields 

For the second part we have 

“ q^T 4 I f dppdpi [smaller of pi, pi] = -~nr 2 ; 


thus altogether from (15) 


-£i0°gp+i) .(i9) 


The terms of the second order are accordingly, by addition of (18) and 

(19), 

£( lo Zj + s) .<»» 


Electricity and Magnetism, §§ 692, 706. 
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To this are to be added the leading terms (17); whence, introducing 47 ra, 
we get finally the expression for L already stated in (1). 

It must be clearly understood that the above result, and the corresponding 
one for a hollow anchor-ring, depend upon the assumption of a uniform 
distribution of current, such as is approximated to when the coil consists 
of a great number of windings of wire insulated from one another. If the 
conductor be solid and the currents due to induction, the distribution will, 
in general, not be uniform. Under this head Wien considers the case where 
the currents are due to the variation of a homogeneous magnetic field, 
parallel to the axis of symmetry, and where the distribution of currents is 
governed by resistance, as will happen in practice when the variations are 
slow enough. In an elementary circuit the electromotive force varies as the 
square of the radius and the resistance as the first power. Assuming as 
before that the whole current is unity, we have merely to introduce into (4) 
the factors 

(a + p, cos fa) (a + p 2 cos fa) 

- a* ’ . (21) 

M 12 retaining the value given in (2). 

The leading term in (21) is unity, and this, when carried into (14), will 
reproduce the former result. The term of the first order in p in (21) is 
(pi cos fa + p 2 cos fa)/a, and this must be combined with the terms -of order 
p° and p 1 in (2). The former, however, contributes nothing to the integral. 
The latter yield in (4) 

{log 8a -1 - greater of log p l and log p 2 } + smaIIer a - -—. (22) 


The term of the second order in (21), viz., pip 2 /a 2 . cos fa cos fa, needs to 
be combined only with the leading term in (2). It yields in (4) 


smaller of p : 2 and p 2 
4a 2 


,(23) 


If pj and p 2 are equal ( p), the additional terms expressed by (22), (23) 
become 


2a 2 


log - 


.(24) 


If (24), multiplied by 4?ra, be added to (16), we shall obtain the self- 
induction for a shell (of uniform infinitesimal thickness) in the form of an 
anchor-ring, the currents being excited in the manner supposed. The 
result is 


£ = 4tto |(l + log - 2 j . 


(25) 
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We now proceed to consider the solid ring. By (22), (23) the terms, 
additional to those previously obtained on the supposition that the current 
was uniformly distributed, are 

1 fi 7 07 o Tsmaller of pi and pi 
-&—- 

+ !log 8a -1 - greater of log p, and log /3.,j] . ... (26) 

The first part of this is p 2 /6a 2 , and the second is £— (log 8a — 1 — log p 4- £}. 
The additional terms are accordingly 

. £{ l0g 7'sl. (27) 

These multiplied by 47ra are to be added to (1). We thus obtain 

L = 4,m [log y - J + ff 'og ~] .W 

for the self-induction of the solid ring when currents are slowly generated 
in it by uniform magnetic forces parallel to the axis of symmetry. In 
Wien’s result for this case there appears an additional term within the bracket 
equal to — 0092 p 2 /a 2 . 

A more interesting problem is that which arises when the alternations in 
the magnetic field are rapid instead of slow. Ultimately the distribution of 
current becomes independent of resistance, and is determined by induction 
alone. A leading feature is that the currents are superficial, although the 
ring itself may be solid. They remain, of course, symmetrical with respect 
to the straight axis, and to the plane which contains the circular axis. 

The magnetic field may be supposed to be due to a current x x in a circuit 
at a distance, and the whole energy of the field may be represented by 

, T = \M xl xi + \M^xi + %M ss %i + ... + M 12 x x x 2 + M 13 x x x 3 + ... 

+ M 23 x 2 x 3 + ..., .(29) 

x„, x 3 , etc., being currents in other circuits where no independent electro¬ 
motive force acts. If x x be regarded as given, the corresponding values 
of x 2 , x s ,... are to be found by making T a minimum. Thus 

M l2 x x + + M 32 x 3 + ... = 0, | 

M x3 w x + M 23 x 2 + M 33 x 3 + ... = 0,1 

and so on, are the equations by which x 2 , etc., are to be found in terms of x 1 . 
What we require is the corresponding value of T', formed from T by 
omission of the terms containing x x . 

The method here sketched is general. It is not necessary that x 2 , etc., 
be currents in particular circuits. They may be regarded as generalized 
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coordinates, or rather velocities, by which the kinetic energy of the system 
is defined. 


For the present application we suppose that the distribution of current 
round the circumference of the section is represented by 


{a 0 -I- a x cos <j) y + a 2 cos 2$!+...} - 1 , 


.(31) 


so that the total current is a 0 . The doubled energy, so far as it depends 
upon the interaction of the ring currents, is 


JL 

4tt 2 


//(. 


+ cos 0 X -1- a 2 cos 20! + ...) (a 0 + 




cos 0 2 + ...) (32) 


where M J2 has the value given in (2), simplified by making p x and p 2 both 
equal to p. To this has to be added the double energy arising from the 
interaction of the ring currents with the primary current. For each element 
of the ring currents (31) we have to introduce a factor 'proportional to the 
area of the circuit, viz., ir (a + p cos 0 Z ) 2 . This part of the double energy may 
thus be taken to be 


h (a + p cos eh,) 2 1 


that is 27 tH {(a 2 + \pr) a 0 4- apa-x + ip 2 a 2 }, .(33) 

a 3 , etc., not appearing. The sum of (33) and (32) is to be made a minimum 
by variation of the a’s. 


We have now to evaluate (32). The coefficient of a„ 2 is the quantity 
already expressed in (16). For the other terms it is not necessary to go 
further than the first power of p in (2). We get 


~ 21- + i («i 2 + K* +W + •••) 


47rtt [« 0 2 jlogy (l + 2 

+ i ( log 7 -+1 (2a ° + “*> + o ( “‘+“»)+o ^• 

.(34) 

Differentiating the sum of (33), (34), with respect to a 0 , a 1} etc., in turn, 
we find 

H (a? + ip 2 ) + 4saa 0 jlogy (l + - 2j + pa x (log j - 1) = 0, (35) 

h p+“>+ i ( log 7 “ §) + xl = 0> .:. (36) 

Up 2 + 2 aa 2 + p ^ + -g- 3 ^ = 9.(37) 
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The leading term is, of coarse, a„. .Relatively to this, a-i is of order p, or a of 
order p 2 , and so on. Accordingly, ce, a.„ etc., may he omitted entirely from 
(84), which is only expected to he accurate up to inclusive. Also, in a v 
only tin 1 leading term need he retained. 


The rat io of cr, 
(8(5). We get 


is to he found hy elimination of 11 between (35), 


Substituting this in (34), we find as the eoo.iliciont of self-induction 




\ approximate value 


, in terms of 11 is 


. closer approximation can 1 


id hy elimination of between (35), (3(5). 


In (30) (he currents are. supposed to he induced hy the variation (in time) 
of an unlimited uniform magnetic: field. A problem, simpler from the 
theoretical point of view, arises if we suppose the: uniform field to lie limited 
to a cylindrical space co-axial with the ring, and of diameter less than the 
smallest diameter of the ring {'la — Ip). Such a field may he supposed to In¬ 
due to a cylindrical current sheet, the length of the cylinder being infinite. 
The ring currents to be investigated are those arising from the* instantaneous 
abolition of the current sheet and its conductor. 

If irb* be the urea of the cylinder, (33) is replaced simply by 


11 1 d§\ b 2 (a„ + a, cos <jf>j + ...) =* lrrllb 2 a 0 . 


The expression (34) remains unaltered and tlu: equations replacing (85), 
(3(1) arc thus 

, (, . P a \ J . ft .1\ A 


im + 4«a„ {log (l + U) - + pa, (log 1 


■0, ....(42) 


The introduction of (43) into (34) gives for the coefficient of self-induction 
in this case— 

/. = 47r« [log (i + £) - 2 - £ (log * - i)].(44) 

It will be observed that the sign of aja n is different in (38) and (43). 
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The peculiarity* of the problem last considered is that tlu* primary eum-nt 
occasions no magnetic force at. the surface of the ring. The cousetpn-nces 
were set out. 40 years ago by Maxwell in a passage* whose significance v\as 
very slowly appreciated. “ In the ease of a current sheet of no resistance, 
the surface integral of magnetic induction remains constant at every |*»i nt. of 
the current .sheet. 

“If, therefore, by the motion of magnets or variations of currents in the 
neighbourhood, the magnetic field is in any way altered, elect rie currents will 
he set up in the current, sheet,such that, their magnetic etfeet.combined with 
that, of (he magnets or current h in the field, will maintain tin* normal 
component of magnetic induction at every point of the sheet unehanged. If 
at first, there is no magnetic action, and m> currents in the sheet, then tin* 
normal component of magnetic induction will always In- z<-m at men, point 
of the sheet. 

"The sheet, may therefore lie regarded as impervious to magnetic in¬ 
duction, ami the lines of magnetic induction will be deflected by tin- sheet 
exactly in the same way as the lines of flow of an elect rie current m an 
infinite and uniform conducting mass would be deflect ed by the inti-*duHson 
of a sheet of the satm* form made of a substance of infinite i.-sem-iuro, 

“If the sheet forms a closed or an infinite surface, no magic Ur act bam 
which may take place mi one side of the sheet will produce any magnetic 
etfeet on the other side." 

All that Maxwell says of a current, sheet is, of course, applicable to tin* 
surface of a perfectly conducting solid, such us our anchor nng may be 
supposed to be. The currents left, in the ring after the a Unlitam of the 
primary current must be such that the magnetic force due to them is tehullg 

tangential to the surface of the ring. I baler this condition j ,]/, .<{$. must 

he independent of <£ n and we. might have investigated tin* problem ii|»m this 
basis. 

In Maxwell’s notation a, $, 7 denote the eomjmuents •<! magnetic force, 
and the. whole energy of the field T is given by 

T = ^ + $ 3 + 7 M dstlyth - .............(4.1} 

Moreover a 0) the total current,, multiplied by 4rr in etpml to the “circuit!ion ” 
of magnetic force round the ring. In this form our result admits of imne* 
diate application to the hydrodynamieal problem of the eireulatioii of 

* Electricity and Maynctitm, $ (tit, 055. Coni j wire my “ Act»u»t it'«i Utwoutiwii*,,'’ Vhii 
May. 1BS2, Vol. xm. p. Bill; Scientific I'tiyer*, Vol. n, p. IJ0. 
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incompressible frictionless fluid round a solid having the form of the ring; for 
the components of velocity u, v, w are subject to precisely the same conditions 
as are a, j3, y. If the density be unity, the kinetic energy T of the motion 
has the expression 

T=~ x (circulation) 2 , .(46) 

07T 

L having the value given in (44). 

P.8. March 4.—Sir W. D. Niven, who in 1881 verified some other results 
for self-induction—those numbered (11), (12) in the paper referred to—has 
been good enough to confirm the formulae (1), (28) of the present communi¬ 
cation, in which I differ from M. Wien. 




TKK'AL VIHHA'PIONS ON A T1IIX AX(U10II-HIN(J. 


[1‘rm'et'diinj.s nf the Htu/nl Snrirti/, A, Vol. LX XX VII. pp, lSUi -202, 1012.] 


Ai/njnt‘(in much at tenfion has been bestowed upon I ho interesting 
subject of electric oHcillafioUH, there are comparatively few examples in 
which definite mafheumticul solutions have been gained. These problems 
arc much simplified when conductors arc supposed to be perfect, but even 
then the difficulties usually remain formidable. Apart from cases when* 
the propagation may be regarded as being in one dimension*, we have; 
Sir «b Thomson's solutions for electrical vibrations upon a conducting sphere 
or cylinder^. But those vibrations have so lit tie persistence as hardly to 
deserve their name, A more instmeti\e example is afforded by a conductor 
in the form of a circular ring, whose circular section is supposed small. 
There is then in the neighbourhood of the conductor a considerable store of 
energy which is more or less entrapped, and so allows of vibrations of 
reasonable jH'rsist.euce. This problem was very ably treated by Porkiingfou* 
in 181)7, but with deficient explanations^. Moreover, Poekiingfon limits his 
detailed conclusions to one particular mode of free vibration. I think I 
shall he doing a service in calling attention to this investigation, and in 
exhibiting the result for the radiation of vibrations in the higher modes. 
But I flo not attempt a complete, re-statement of flu* argument. 

Poeklmgton starts from Hertz's formula* for an elementary vibrator at 
the origin of coordinates £, ?/, 




dm 


Q 


dm 

dr) </£' 




</ 2 II 

d? 


+ a 2 ll, 


•U) 


where 


11 » 6' ,ap e^/p, 


.(*> 


* Phil. Man. 1H'I7, Vol. xr.m. p. 12/5; IH07, Vol. xuv. p. JUU; Scientific Pnper*, V»l. iv. 
lip. 270, 027. 

t Recent Renrurcltet, 1SW0, $3 001, 012, 11010. Thoro in al«o Atrahiuu’s solution fur tlu; 
ellipsoid. J 

t (’nmh. Proceeding*, IH‘,17, Vol. is. p. 024. 

§ Com punt W. M-K. Orr, Phil. Mag. 1U03. Vol. vi. p. 007. 
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in which P, Q, R denote the components of electromotive intensity, rjp is 
the period of the disturbance, and 27 r/a the wave-length corresponding 
in free {ether to this period. At a great distance p from the source, we have 
from (1) 


P, Q, R 


a- e iap 
P 


K 

p 2 ’ 


p 1 '- 


l 



( 3 ) 


The resultant is perpendicular to p, and in the plane containing p and £". 
Its nuignitude is 


are 1 * 

P 


sin %) 


.(4) 


whore % ^ fhu angle between p and 


The required solution is obtained by a distribution of elementary vibrators 
of this kind along the circular axis of the ring, the axis of the vibrator 
being everywhere tangential to the axis of the ring and the coefficient of 
intensity proportional to cos m<£', where m is an integer and defines a 
point upon the axis. The calculation proceeds in terms of semi-polar 
coordinates z, -nr, cf>, the axis of symmetry being that of z, and the origin 
being at the centre of the circular axis. The radius of the circular axis is a, 
and the radius of the circular section is e, e being very small relatively to a. 
The condition to be satisfied is that at every point of the surface of the 
ring, where («r — af -1- z 2 = e-, the tangential component of (P , Q, R) shall 
vanish. It is not satisfied absolutely by the above specification; but 
Pocklington shows that to the order of approximation required the speci¬ 
fication suffices, provided a be suitably chosen. The equation determining 
a expresses the evanescence of that tangential component which is parallel 
to the circular axis, and it takes the form 

J d<f> ll 0 cos (w 2 — a a a“ cos </>) = 0, .(5) 

"US(l J0] 

where II 0 = - /r - - . „. . .(6) 

V [e- + 4>rxra sm- ^cf>] v J 


In (5) wo are to retain the large term, arising in the integral when <£ 
is small, and the finite term, but we may reject small quantities. Thus 
Pocklington finds 

/ ,jr (a 2 a a cos <£ — in 2 ) cos nuf> d<$> 

Jo V[e 2 + 4tt 2 sin 2 

P ( e 2iaa aiiiM _ 1 ) (<x 2 a 2 cog _ m a) cog m< p ^ 

+ Jo 2a sin^ ~ ’ . ' 

the condition being to this order of approximation the same at all points of 
a cross-section. 
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The first integral in (7) may be evaluated fur any (integral) value of m. 
Writing ^ = \)/, we have. 

f ^ (/f-a 2 c< is 2^ — m‘ 2 ) cos 2 d^jr 
J o G \7[V J /4(?, U -1- sin 2 .^ ' 

The large part of the integral arises from small values of \jr. We divide 
the range of integration into two parts, the first from 0 to ^ where -\jr, 
though small, is large compared with e/2u, and the second from yfr to £ tt . 
For the first part we. may replace cos 2^, cos 2?u-v/r by unity, and sin 2 ^ by 
yf/‘ J , We thus obtain 

ayt? — nd. ....f a 2 u 2 — ?/t 2 „ . , , |X /A . 

a hg + V(€"/‘hc + = - —— (log 4«/e + log f). ...(9.) 


Thus to a first approximation aa=±m. In the second part of the 
range of integration wo may neglect <? 2 /4a u in comparison with sin 2 ^, thus 
obtaining 


[1* (o"a‘ J cos 2 yjr ~ wi 2 ) cos 2 myfr dty 
J $ a sin -v/r 


.( 10 ) 


The numerator may be expressed us a sum of terms such as cos 2,1 and 
for ouch of these the integral may be evaluated by taking cos^ = ^, in 
virtue of 


/ 


dz 
- L 


j + ■& hig 


1-z 
1 + z 


Accordingly 

ft" cos 2 ' 1 yfr d^jr __ 
J 4 , sin ^ 


. cos 8 ylf 
cos yr— 


'■f 


— log tan ^ 


-i-A- 


JL _ 

‘ 2n -l' 


log 


..( 11 ) 


when small quantities are neglected. For example, 

i„ g rr ^—* - i« g **. 

4, sin yjr b r J* smf 

The sum of the. coefficients in the series of terms (analogous to cos 2 ^) 
which represents the numerator of ( 10 ) is necessarily o. 2 a 2 - ?h 9 , since this is 
the value of the numerator itself when *- 0 . The particular value of 
yfr chosen for the division of the range of integration thus disappears from 
the sum of ( 9 ) and ( 10 ), as of course it ought to do. 

When in — 1, corresponding to the gravest mode of vibration specially 
considered by Poeklington, the numerator in ( 10 ) is 

4 a a a a cos 4 yfr - ( 4 « a a a + 2 ) cos 2 ifr + a 2 a 2 + 1 , 
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and the value of the integral is accordingly 

a [ 2 " ^ log ‘ 

To this is to be added from (9) 

a'-a 2 — 1 fi 4a , .1 

—— ° S 7 + '°g f j ■ 

making altogether for the value of (8) 

I [(,^-1) 10^ + 2-^].(12) 

The second integral in (7) contributes only finite terms, but it is important 
as determining the imaginary part of a and thus the rate of dissipation. 
We may write it 

f* d ^ e —. —• {cos (2m + 2) ^ -f-cos (2m — 2) ^ — 2 cos 2??!^},...(! 3) 

2a 1 o T smf 1 

where o? — 4a a a 2 = 4m a approximately. 

Pocklington shows that the imaginary part of (13) can be expressed by 
means of Bessel’s functions. We may take 

2 (*' df coa 2nf = J m (») + i K m (a).(14)* 

7T J o 

r ^7r pix sin ^ 1 n /rr f 

whence I d-^r cos 2v\fr -- . -=— {J„ n (x) + i K, m (x)} dx .(15) 

J o sin. y' * J o 

Accordingly, (13) may be replaced by 

”pL F dx (/,„« («) - 2 (x) + (») + i (AS™* - 2K, m + A r „„_,)). (1G) 

4a ./ o 


Now f / m-w - 2«7 2wl + / )m _9 = 4}J"n m , 

rx 

so that dx {e/"sjm +2 2<7" + «. T nn—il == 4*7" = 2*/ 2Hi „).i.(17) 

. 0 

The imaginary part of (13) is thus simply 

■?!<,,.»(*)} .(18) 


A corresponding theory for the K functions does not appear to have been 
developed. 

When m= 1, our equation becomes 
/a? 2 , \ , 8a iir , r . , r . x z 

(■4 - q iog 7 -=- -j f' 7 ' (®> - v (®»+3 - 2 

f i,r , , cos (x sin aM — 1 / •, r, r. . a . s 

-j 0 d f ' 2sinV (1 — 2cos 2^jr H- cos 4>\[r ), .(19) 

* Compare Theory of Sound, § 302. 


f Gray and Mathews, Bessel’s Functions, p. 13. 
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and on the right we may replace os by its first approximate value. Beferring 
to ( 2 ) we see that the negative sign must be chosen for a and os, so that 
os = — 2 . The imaginary term on the right is thus 

|Vi (2)--4(0] = 0-70336i. 

For the real term Pocklington calculates 0-485, so that, L being written 
for log ( 8 a/e), 

' _ « = i{l + (0-243 + 0-35 2i)/L] . (20) 

“ Hence the period of the oscillation is equal to the time required for a 
free wave to traverse a distance equal to the circumference of the circle 
multiplied by 1 — 0‘ 243 fL, and the ratio of the amplitudes of consecutive 


vibrations is 1 : e _2 ‘ 21 / i or 1 — 2'21/L” 

For the general value of m (19) is replaced by 

(a-a 2 - m 2 ) L - {J , m ~i (2m) - J 2m+l (2m)} + R, . ( 21 ) 

where R is a real finite number, and finally 

~ ^ 2m 2 L 4 L ^ 2m ~ 1 (2m)}J.(22) 

The ratio of the amplitudes of successive vibrations is thus 

1 : 1 — 7 ; 2 [J j m _! (2m) — J 2m+1 (2m)\/2L, .(23) 


in which the values of J» M -\ ( 2 m) — ( 2 m) can be taken from the tables 

(see Gray and Mathews). We have as far as m equal to 12 : 


VI 

^2m— 1 fi nl ) - J-2m+l (2 ,a ) 

! 

«4*.-i( 2 »0 -./ an+ i (2m) 

1 

0-448 

7 

i 0-136 

2 

0-298 

! 8 

0-125 

j 3 

0-232 

9 

i 0-116 | 

4 

0-194 

10 

0-108 ; 


0-169 

11 

0-102 I 

6 

0-150 ! 

12 

; 0-096 


It appears that the damping during a single vibration diminishes as m 
increases, viz., the greater the number of subdivisions of the circumference. 

An approximate expression for the tabulated quantity when m is large 
may be at once derived from a formula due to Nicholson* who shows that 


Phil. Mag. 1908, Vol. xvi. pp. 276. 277. 
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when n and z are large and nearly equal, J n (a) is related to Airy’s integral. 
In fact, 

(z) = - ^ [ cos jw 3 + (n — z) ^ wj dw 



so that J 2m _, (2 in) - J n _ m+l (2m) = (j^ .(25) 

If we apply this formula to m = 10, we get 0111 as compared with the 
tabular 0108*. 

It follows from (25) that the damping in each vibration diminishes 
without limit as m increases. On the other hand, the damping in a given 
time varies as m% and increases indefinitely, if slowly, with m. 


We proceed to examine more in detail the character at a great distance of 
the vibration radiated from the ring. For this purpose We choose axes of 
x and y in the plane of the ring, and the coordinates (x, y, z) of any point 
may also be expressed as r sin 6 cos </>, r sin 6 sin r cos 6 . The contribution 
of an element ad<f> at <f>' is given by (4). The direction cosines of this 
element are sin <f>, — cos <£', 0; and those of the disturbance due to it are 
taken to be l, m, n. The direction of this disturbance is perpendicular to r 
and in the plane containing r and the element of arc a clef) 1 . The first 
condition gives lx + my + nz = 0, and the second gives 

l . z cos cj>' + m.z sin <£' — n (x cos <f> + y sin </>') = (); 

so that 


l _ — m _ n 

(.z 2 + y l ) sin + xy cos <f>' (.z 2 + sc 2 ) cos </>' + xy sin </>' zy cos </>' — zx sin <// ‘ 

.(26) 

The sum of the squares of the denominators in (26) is 
r 2 [z 2 — (y sin </>' + x cos 0') 2 }. 

Also in (4) 

dn 2 x ~ 1 ( xsin $'~y cos ft? ^ ^ cos ^ + V sin f ) a . _ ^ 

and thus 


r 2 . I sin x = (z 2 + y 2 ) sin </>' + xy cos <£', 
— r 2 . m sin % = (a 2 + x 2 ) cos <f> + xy sin cj>', 
r 2 . n sin x~ Z V cos ¥ ~ zx sin 4>'- 


■(28) 


To these quantities the components P, Q, JR, due to the element ad<j>' are 
proportional. 


logior (3) =0-13166. 
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Before we can proceed to an integration there are two other factors to be 
regarded. The first relates to the intensity of the source situated at ad<p'. 
To represent this we must introduce cos me/)'. Again, there is the question 
of phase. In e iap we have 

p — r - a sin 6 cos (<£' — </>); 

and in the. denominator of (4) we may neglect the difference between p and r. 
Thus, as the components due to acl<f>', we have 

P= -...(29) 

with similar expressions for Q and R corresponding to the right-hand 
members of (28). The integrals to be considered may be temporarily 
denoted by S, G, where 

$,(7=1" def)' cos (sin <f>', cos </>'), .(30) 

£ being written for a a sin B. Here 

S = ^ I d(f> , e~ i ^ aos ^'~^ {sin (m + 1) </>' — sin (m — 1) <£'}, 


and in this, if we write for <f>' — <j>, 

sin (m + 1) <£>' = sin (m -f-1) yjr . cos (m +1) <£ + cos (m + 1) -v/r. sin (m +1) </>. 
We thus find 


S = © m+1 sin (m + l)<f> — © m _! sin (m — 1) </>, .(31) 

frr 

where © M = I d\fr cos ?i\fr .(32) 

J o 

In like manner, 

G — © m+1 cos (m + !)</> + © Wl _i cos (m — 1)0.(33) 


Now ® n = d^fr cos n^jr (cos (£ cos yjr) — i sin (£cos </>)}. 

J 0 


When n is even, the imaginary part vanishes, and 

. 'rrJn(K) 


® n = : 


cos \nir . 

On the other hand, when n is odd, the real part vanishes, and 

(S) . = _ 

71 • sin hn-TT 


..(34) 


..(35) 


Thus, when m is even, m + 1 and m — 1 are both odd and S and G are 
both pure imaginaries. But when m is odd, S and G are both real. 

As functions of direction we may take P, Q, R to be proportional to 

S z2 + y2 | C xy + & $ ay Q z Jl_g z ® 

r 2 r 2 ’ r- ’ r- r 2 ’ 
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[395 

\Vh* th» r in Kt* »*«!«! <>r ii. rh*- :hr--*.* e*imj>"iH'Hts arc in the same phase. 
< hi the stiiii' -eal,- tile inmn-iry >4 di-t urbane.*, repr«~..*med by i >J 4- (p 4- R 2 , 
is in terms «,f 0, 6 

cus- 0 t X- — fsjn- 0 <(.’ cs $ ~e A? sin <£>f.(30) 

an expressiMij whose sign -Imuld b** ehungod wh«-n m is t-vt-n. Introducing the 
values of <' and S in n*rms ..f H tb >m <-‘11t. <33t, we find that P 1 4- Q- + R- 
is pn-jH<rti<*nal to 

B„^ t 2 + H,i-i c**s 2„r<f>' + sin- 6 iW s . 

.(37) 

From this it appear.- that l‘<*r directions lying in the plane of* the ring 
(Cos 0 = 0) the radiation vanishes with c<>s m<b. The expression (37) may also 
be written 

B m _, 2 + + 2B„ 1 „ 1 H Ji ,_. cos 2iu<b - 4 sin 2 6 (— H w _.) 2 (1 — cos 2//<<£), 

.(33) 

or, in terms of ,/*s. by (34), (35), 

77 2 [./ wl ^f + — 2J M ^. l J M ^ 1 e<*s 2m<f> — 4sin 2 6 ( J m *i 4-) 2 (1 —cos 2m<f >)], 

.(39) 

and this whether m "be odd or even. The argument of the ./’s is an sin 0, 

Along the axis of symmetry (0 = 0) the expression -<39) should be 
independent of tf>. That this is so is verified when we remember that J n ( 0) 
vanishes except » = 0. The expression (39) thus vanishes altogether with 6 
unless m= 1, when it reduces to tt- simply*. In the neighbourhood of the 
axis the intensity is of the order 0- M ~-. 

In the plane of the ring (sin (9 = 1) the general expression reduces to 

-nr (J , J( +i — J f c* >s s nnfi, < *r 4 ir-,J m r - c< »s 2 m<f) .(40) 

It is of interest to consider also the mean value of (39) reckoned over 
angular space. The mean with respect to <£ is evidently 

7T 2 4* Jm—i" 4- 4 sin 2 0 (*/ JrtT j -f- >*J.(41) 

By a known formula in Bessels functions 

J m+ i (£*) 4- J m ~i (,* = -^r jm ( h) .(42) 

For the present purpose 

f 8 = a 2 a 2 sin 2 0 = in- sin s 0; 

and (41) becomes 

+ 2J* 2 (D].(43) 

* [June 20. Reciprocally, plane waves, travelling parallel to the axis of symmetry and 
incident upon the ring, excite none of the higher modes of vibration.) 
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To obtain the mean over angular space we have to multiply this by 
sin 8d8, and integrate from 0 to lvr. For this purpose we require 

I " ( in sin 8) sin 6<19, .(44) 


an integral which does not seem to have been evaluated. 

By a known expansion* we have 

Jo (2m sin 6 sin 4/8) = Jr," (m sin 6) + 2J 1 2 (msin 8) cos/3 + 2 J t r(m sin 8) cos 2/S 

+ . , 

whence 

'in 

I J 0 (2m sin 8 sin k/3)sin$d9 
. 0 

; Jir ‘l* 

= j Jj- ( m sin 8) sin 8d8 + 2 cos /S j Jr (in sin 8) sin 8d8 + . 

. u .o' 

•Jsr 

+ 2 cos j J n -(»L sin 8) sin 8d8 .(45) 


Xo\v+ for the integral on the left 


and thus 


l - r . ~ . Q • 1 / 3 . • sin( 2 m sin 4 /S) 

J„ 2 m sin 0sm4/3)sin 6d8 = - ; 

~ 2m sin h ft 


T „ ■ . ... , „ 1 i r ,0 .sm 2msmi/3) 

J n -(m sm 8) sm 8d8 — = - d/ 8 cos??/S—=:-=—~- 

27 -m 0 2m sin 4/5 


1 

7 rm 


i- 7 , -.i sm(2msm4 > ) 1 , . . , 

d<r cos 2mlr -=——— = w— | J 271 (x) dx, . 

sinf 2 »i.'c 


as in (15). Thus the mean value of (43) is 

~ I dx(x) + (x) - 2 J m (a:)} = ~J»m ( 2 m) 

~ //£ J 0 

= ^ (J^-! ( 2 m) - ifojn+i ( 2 m)}, . 

as before. 


..(46) 


..(«) 


In order to express fully the mean value of P 2 + Q 2 + P 2 at distance r, 
we have to introduce additional factors from (29). If a= — a 2 — ia 2 , 
e £or = e~* a > r eV 5 and these factors may be taken to be The 

occurrence of the factor where or, is positive, has a strange appearance; 
but, as Lamb has shown it is to be expected in such cases as the present, 
where the vibrations to be found at any time at a greater distance corre¬ 
spond to an earlier vibration at the nucleus. 


* Gray and Mathews, p. 28. 

f Enc. Brit. “Wave Theory of Light,” Equation (48), 1888; Scientific Papers, Vol. m. 
p. 98. 

% Proc. Math. Sac. 1900, Vol. xxxii. p. 208. 
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The calculations just effected afford an independent estimate of the 
dissipation. The rate at which energy is propagated outwards away from 
the sphere of great radius r, is 

diPj r jr . 0C " 77" ct* t t /io\ 

-— = v. 4t rr -.-;-.(48) 

at r- m 1 

or, since r (the period) = 27 ra/mV, the loss of energy in one complete 
vibration is given by 


~ \ J2111 —1 — J211 


With this we have to compare the total energy to be found within the 
sphere. The occurrence of the factor e- a '- r is a complication from which we 
may emancipate ourselves by choosing r great in comparison with a , but 
still small enough to justify the omission of e 2a - ,r , conditions which are 
reconcilable when e is sufficiently small. The mean value of P' + Q^ + Br at 
a small distance p from the circular axis is 2 m-/a?p-. This is to be multiplied 
by 27 ra. 2-rrpdp, and integrated from e to a value of p comparable with a, 
which need not be further specified. Thus 

r, 8mV 2 f dp 8mV 2 . ,^ N 

E=Z ~~aT J ~f == ~'T~ log6; .< 5 °) 

an cl - dE • T = 7 7-2 {( 2 »0 - J z>n +1 (2w) } (t . n 

Edt -loge ’.'' ' 

in agreement with (23). 








COLOURED PHOTOMETRY. 


[Philosophical Magazine, Vol. xxiv. pp. 301, 302, 1912.] 

In his recent paper on the Photometry of Lights of Different Colours* 
Mr H. Ives remarks:—“No satisfactory theory of the action of the flicker 
photometer can be said to exist. What does it actually measure ? We 
may assume the existence of a c luminosity sense ’ distinct from the colour 
sense. ...If, for instance, there exists a physiological process called into action 
both by coloured and uncoloured light, a measure of this would be a measure 
of a common property.” 

Very many years ago it occurred to me that the adjustment of the iris 
afforded just such a “physiological process”f. The iris contracts when the 
eye is exposed to a bright red or to a bright green light. There must 
therefore be some relative brightness of the two lights which tends equally 
to close the iris, and this may afford the measure required. The flicker 
adjustment is complete when the iris has no tendency to alter under the 
alternating illumination. 

This question was brought home to me very forcibly, when in 1875 
I fitted the whole area of the window of a small room with revolving 
sectors after the manner of Talbot. The intention was to observe, more 
conveniently than when the eye is at a small hole, the movements of 
vibrating bodies. The apparatus served this purpose well enough; but 
incidentally I was much struck with the remarkably disagreeable and 
even painful sensations experienced when at the beginning or end of 
operations the slits were revolving slowly so as to generate flashes at 
the rate of perhaps 3 or 4 per second. I soon learned in self-defence to 
keep my eyes closed during this phase; and I attributed the discomfort 
to a vain attempt on the part of the iris to adjust itself to fluctuating 
conditions. 

* Phil. Mag. Yol. xxiv. p. 178. 

t If my memory serves me, I have since read somewhere a similar suggestion, perhaps in 
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It is clear, I think, that we have here a common element in variously 
coloured lights, such as might serve as the basis of coloured photometry. 
I suppose that there would be no particular difficulty in observing the 
movements of an iris, and I would suggest that experiments be undertaken 
to ascertain whether in fact the flicker match coincides with quiescence 
of the iris. Should this prove to be the case, the view suggested would be 
amply confirmed; otherwise, it would be necessary to turn to some of the 
other possibilities discussed by Mr Ives. 

[1913. Mr H. C. Stevens {Phil. Mag. Vol. xxvi. p. 180, 1912), in con¬ 
nexion with the above suggestion, describes an experiment in which the 
musculus sphincter pupillae was paralysed with atropine, without changing 
“ in any observable particular ” the appearance of flicker. This observation 
may prove that an actual movement of the iris is not necessary to the 
sensation of flicker, but it can hardly be said that the iris has no tendency 
to alter because it is prevented from doing so by the paralysis of the 
muscle. There must be more than one step between the impression upon 
the retina which initiates a message to close the iris and the actual closing 
thereof. The flicker adjustment may, so far as appears, correspond to the 
absence of such messages.] 






3li7. 

1 >N Si )M K I li! 1 1 list ’KNT l-'Il.MS*. 
j Miitjtui nr, Vi*|, X\lV . pp. 7a l 7.7.7. I b l 2. j 

Thk experiments u«ivv {.«* hi* ilt-Nfiihi-il «»ii^iiiaii-d in an ambient al obsi-rva 
I inn. Siam* uj<l lantern plates, from w hirh tin* gelatine film**, hail he«-n 
rh-am-ii off u few yam In-fun* { pmhahly vvilli nilth* .n*hl ». being reipiiretl t*»r 
list-, tti-iv again jilafril in liiiult- nit ri*‘ a»*i<l tu riwnv eb-anlim-ss, f*mm 1 h»--t- 
plate*. a ga-. tlaim- burning u\»-r tin* •!i^lt was so, u teller!*-*i with ruhmr. m! 
whirls f hr i *.11 i »* - u;h m»f uhv bats. I Hi i-satuinaimu in iia\ itght a tin plate 
*« l * ■« i v > • I lu In* irnii-Nivut, hui *-u slight h that ! I * * ■ It'*! might «-a*4l\ 

« u-.tj.• attention. HuS when tin* plate was nmli r want* atnl suitably 
tlSummat>•»!, tiu- bnlhanyv was remarkably enhatn'e.l, I pm this <ju« *>!i**u 
>*! ilbtiuHsatinn aliuml everything flrpemin. 'Hit* wtmiuw shutter of **/n **f 
tin- i-nntm tu my labmatury has an a pertun- alum! -1 im-In-. s.ptan-. In ff'*nt 
**t ?1 uh f In limit uf water is jilu<v<! ami a I tin- buH*<nt ul i h»* *lmlt a pirn* *>f 
il.uk fu|i<nn-»l glass. In tin* water tin- plat«* mnb*r ■ ibsi-rvatn»n m tilt »'»/. so a- 
to ‘■••j»arat i- !It*- reflexions of tin* sky as given by tIn- plan- ami by tIn glass 
nmi< im ath. In tins way u <lark barkgrotuni is i tmmv'l. A? tIn- mum rs uml 
nig. fin- plat<- tin- n-llurtml light m whit**, tln-n follow tlark b.nnk ami 
at!i twanh* tin- ruiottrs which suggest. nth-xion tnun a thin plat<*. * Hi this 
v n-w tf m ni-'i-nsaty t u suppose t hat tin* irnlesrent film m ihium-st a? tin* 
i.nhu!«- ami think'-UH tuwanis f In * itif t-rinr. anil further, that fin* material 
millet if ut mg fit** him has an iinh-\ inf «*rnn*«liai «* bn \v i-«-n those ui tin* glass 
ami ut 1 hi- wafer. In this way tin* gnn-ial hi hav mur is tea*lily explaiin-il, 
fin- kni that tin* clours ur<* so h-elih* in air being attnlntteil 1 • * 1 In* smallm-ss 
■ 4 tIn- *>ptteal ilitV'-retin* In-tween tin* hint ami tin- glass nmlermath. lu fin- 
wat«T tin r«- wi.ul*! be a betier approach ?•* equality hel wr.-u tIn- reflexions at 
fin- outer ami tuner surf ares of tin* him. 

Ki miii the first 1 f.iruteil tin* upiniun that tit*- hints \u-iv <bn- t<> tin- um* of 
a mheafi substratum in tin* original prejiaiation. but as tin* history «»1 tin* 

* Hi ml t.1 fun* the Hnts«li A--erinti.Ut «t f>*U!'l* m 
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plates was unknown this eoujertmv could not, be satisfactorily continued. 
No ordinary vlounini' or wiping laid any effect; to ivmow tho iihns recourse 
must, bo had to hydrofluoric acid, or to u polishing operation, My fVi*-ru 1 
Prof. r l\ W. Richards, after treatino* one with sinmo aoids ami other clu-micals. 
pronounced it to be what chemists would rail “very insoluble.” The plates 
first encountered manifested tin Mm air) a brilliant yln^y surface, but 
afterwards 1 found others showing in the water nearly or quite as tpnul 
colours, but in the air presentiiipf a smoky appearance. 

Desirous of obiamino the colours as perfectly as possible, I mideavound 
to destroy the reflexion from the back surface of the plate, which would, 
1 supposed, dilute the colours due to the iridescent film. Hut a c>.atitiy of 
black sealing-wax, or marine ydm\ did not do so much ip«od as had been 
expected. Tin* most elVieicnt procedure was to orind the back of tie- plate, 
as is very easily done with carborundum. The colours seemed non to be as 
tpiod as such colours can e\ er be, {he black also beinp - well de\ eh >p< d. D-mbt less 
the success was due in yivat measure to the special localized charact. j o| t In* 
illumination, The stibsl it ut imi of strong brim* for water made no p> n*epi ible 
improvement. 

At this si not* I fmmd a dillieulfy in understanding fully t he behaviour of 
the un,Lp*ouud plates. In some places 1 he black would oeeusioualh be • *,„„p 
while in others it bad a washed out appearance, a difference not ennh 
accounted lbr. A dillieitlty hud already been experienced j ji deciding upon 
which side of* a plate the iiltu was, and bad been attributed to tin* extreme 
1 himiesH offbc plates, lbit a suspicion now arose that there were Silm*" upon 
Uuth sides, and this was soon confirmed. Tin- besi proof' wu> atfouled In 
primlin^ away half the area upon one side of the plate and tlie other ball of 
t he area upon I lie o( her side. Whichever face was uppermost, t be uiuqoitnd 
half witnessed the presence of a film by brilliant coloration. 

Attempts to produce silicate lib us on mw ylass were for some time an 
almost complete Failure, 1 used the formula yawn In Abney t Instrurt i,,u i,, 


Phntnift'ilphi/, lltli eilitioji. ji, IM-2): 

Albumen ... 1 part. 

Water . 20 parts 

Silicate of Soda solution of syrupy consistency i part. 


But whether the plates (coated upon otic side) were allowed to drain and dry 
in 1 he cold, or wen* iimn* quickly dried off over a spirit tlatm* or 1 m* f.»re a jin*. 
t.ho resulting ltltns washed away under tin* tap with tin* sliydtlo-a tiict nm *»i 
even with no friction at all. ()eeasionally, however, more adherent patches 
were observed, which could not. so easily be cleaned off. Althoitoh it did mu 
seem probable that the photographic film proper played any part, 1 tried 
without success a superposed rout- of gelatine. Iu view of tln-se failures 
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1 «<nh **'!!«}♦■ *>< iJi.il fit*- f-unia!mit •>} ,i | M nuan-ni Itlm was ihr w*<rk ««{ 

' 51,11 - u *d ''-‘Jar rhiiijst-.il friends wefe uf 1 St»* ".uu»- Mptlmm, Aivnrdiui'i\ 

- 4 3, .Uiuh< t •<! ju.il. s w-m* | (I. jurtil and s« ! «I ill \ labelled, 

htamuia'h-n .i* iiii»r\.t|s jir.<\. d !liaf time aeh d Suit sluwdy. After >i\ 
in. film- «| limn- h| ahl«* ( lull m-fliine w;b nblamed CMiujiai.ih|i' 

hj?!i : Is' .-hi u id* -*e. hi } tlai *•. If is jms t hal f lt« ■ d-nr.-d re.still nui'hl 
•■s.i,ta tsh, I*. ,ij' lit» 4> if 3ij !hi- wa\, luu flif jij’Msji.vi i-\jn-nuKTifim( under 
-fit’ll .*•h» m-t allunn,;, hm*klh an aeenienlai hIim-j\. tl j.iij ratin' f»< 
la) aid 111 "id* I 1“ ph'iejtl I In* ji[> 1 -jjitl.if 1»UI •■! lllji*- ill fill' itliNf-miUJ di-dt 
>t !• » di-tjt i Ml nili *.* and tt'i-tv s.iiu» ! llm ■ addl'd In ! In- wafer, and I fancied 
Shaf films h d ill flits acidified w at er dt*.w> d an ads, an! mp*. A -.p.-eial 
' vjh nuirn! i’«»nHnu*'d ?!te idea. Tw>. plate-., mated ‘imiiarh with silica? «• 
and durd 4 few It**tn*’> b-fhie. wi n- iiuini-td uni in Midinary la;* water, f h*• 
miJss-i in fh«* satin* water m««|**i *-1 \ acidified u it It infiti' and. A if«-i" s.iim* 

»1 ii»<«uV -making lln* first flint wasln d nil easily, but fin- srr-.nd had tutn-h 
^t«-4t. r !iul\ Their was h-»w it*i diHimlf v in pi- jiirm*; iiiur- capable >*i 
hIimwihl' .is y •i*>ii i'mIhiisn a-« fSmse .,{ fh*- ..l.S plat The best pmerdurr 
.<-« nr, f<i !» {.* dn MSt fhr plait-*- luf-u.* 4 fir-- aft. r 1 ‘m.ii tn,', -aifh mvt»fh 

fi 1 *« i« d slieat e •■-.jut t- -li Ill *il d- I I ■< «>hf am I ie* in* <*«! -an! ahl*- f litekne*.-., 

:* i it' ■' in ?'< a>->'‘<UHiiMdali* lit-- lajmllt \ •»! diymy !-> fin* ■.Iienylli J fn* 

* i e ‘ ■ *!i I! h> a? r li* i! ■ lupin) * d flit* *Iii I * ;• I It -<J f In- ali>*\ <• eti ‘*"! , lf n-n 
!<• .fM'ii.l. -1 U iii ft di\ 511 *■ plate-. mat, In* iiuiu- r < d i«>r -Mine Si**ui • in 

■ u-->‘-'n t dibit-d 111 ! If a-'l* 1 ’I’ln \ ah* f In it fif t-u > *pf 31 -ai I \auiniai 3 >*li, hut 
u * h- ■ ■ li*"’ 1 uhh- -i ai ilii’t *i 4 M.', ll ill-' i*.d«*Ul at-* -*Ui 5 ahh- fit-* pit?. - Hia) 

?» - a }<• «i h* d and tHotti-d hi diy *Hi>* Sul! -i* \<-}*tpni> u! i<] tin- «*m|..hi 

•??*'* J * ■ pm * , ilia? ? Si- lu-k n| ! In* piai-*-. hi- fi- if- d. In im »'\|»-rn in’*- 

r? mi Sin;; ,n■ ! Si- in *t i * •’•!! 11 s »li- n flic Indif ni;* t l.n Mtii'aliji-, 1ms an .-pa-pn 

• a! n; a* iii.u al'*M In- li*.-*i 1 u if li L'-it-d i*St‘>'i*f 'Hi- i -liupaiai h. - lallui-* -»l su»*h 

a. i“in* in **! fIn* «<!d plates via*, dm* t.» ih»- . ii-u- nn >.{' Him*, itpiii ii<<:Si 

■ ;»1> \ ail!s<i« ni I v Mpa-pn* ala*'*, r <j, * lam- >S «ifh e-.hal? >*r e,.pp..-j. ma\ 

I.' ‘hi • mpS-i\ I d ASte!' fSil* lillltH h;n<* >,I‘i‘id *.>>lm* iillli* -aih-i I|!i-*ufl) f *« I lie 

a*m- lit >4 if li arid, f h« y ma) he nthhed u;s*i>i?i-4y v. if h a r!nf h e\«n win!.* 
«• * , S<u f ..m **i htii, tthieh pi'**hahlv had h-*« u rul-li- d pn-ma!usvh. sSn-wed 

lah-'n* . 

lie Ufa- - < --! fIn* n-*w films an* n--f ijuif- a*. «d,i..sv as sin* l»«*si .if |h-* 

--hi *<!e I U>*» .<« Hie- iJi'ipieli* ills HI J lie all*. S*U? f ii* h* IS, J stjpp.**.,', n>» d-iuhf 
' ti *? dp V ah* all e-ini|I"*-*.*d >if '-iliea Uni I ;uil pU//Ird h> Ulld-T slalld IluW 

fie -41 plaf< *> weje maiiipnlnled. Tin- filin’*. i'.>\hoi}} sides witImur 

inf. 11 *:p?j-tii, and ai« ihiumr at all tIn* ft-nr e.mn rs fSian in fin* Snferiei. 

I h« »• it i .n-idmary d-a < 1-ipnnnt nt tin* eulnins m water as e»-mpared wills 
v. ha? < an S i* s* - n m an S«d iih* I * * evunme in f In* same w a \ «<sln-r f Stilt films 

♦ i-*p.--ah -I - n ,'lh-s A flint f-ia! .*} idhnim n 1 wiiln-ui siljeafei is im'-inspiemais 
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in air. As in photography it may be rendered insoluble by nitrate of silver 
acidified with acetic acid, and then exhibits good colours when examined 
under water with favourable illumination. Filtered gelatine, -with which 
a little bichromate has been mixed beforehand, may also be employed. In 
this case the dry film should be well exposed to light before washing. Ready¬ 
made varnishes also answer well, provided they are capable of withstanding 
the action of water, at least for a time. I have used amber in chloroform, 
a “ crystal ” (benzole) varnish such as is, or was, used by photographers, and 
bitumen dissolved in benzole. The last is soon disintegrated under water, 
but the crystal varnish gives very good films. The varnish as sold may 
probably require dilution in order that the film may be thin enough. 

Another varnish which gives interesting results is celluloid in pear-oil. 
All these films show little in air, but display beautiful colours in water when 
the reflexion from the back of the glass is got rid of as already described. The 
advantage from the water depends, of course, upon its mitigating the in¬ 
equality of the reflexion from the two sides of the film by diminishing the 
front reflexion. A similar result may be arrived at by another road if we 
can increase the back reflexion, with the further advantage of enhanced 
illumination. For this purpose we may use silvering. A glass is coated 
with a very thin silver film and then with celluloid varnish of suitable 
consistency. Magnificent colours are then seen without the aid of water, 
and the only difficulty is to hit off the right thickness for the silver. Other 
methods of obtaining similar displays are described in Wood’s Physical 
Optics (Macmillan, 1905, p. 142). 



















BKKATii KhH'KKS*. 


[ Xiiftur, Vo}. V , |i{». Hiti, >b‘!7 


Ai intervals during the past year 1 have fried a good timin' e\jH‘runeiits 
at ihr hup* of throwing further light tijtuu th<* origin of these figures, 
•sp-cmlly those tint* tu tin* passage of a small blow pipe ibuue, ut* of hut 
h*i jjmud, across the surface of a glass plate on which, before treatment, 
th»* hl'cilt h deposit s e\ eul\\ 'Hie «*\elj dejmsit consists of a limit it utic of 
small h-ir.es easily m-cii with a hand magnifier. In the track of tin* Hann* m* 
utlphmn* ten! tie- lenses arc larger, otten passing into Hat musses \\ hich on 
.•‘.ajieiaiieii, -h*.\\ the usual roh.ujs of thin plates, When the glass is seen 
t.-un-.f a .fuk ground, and c< so hel. 1 that regularly rejlectei! light does not 
'■< i"!l ?lc . \ e, fhe geliejal surface s|joWn bright, while the track of { lie flame 
o* .»> id f < b\ eoinji tn .on dark <>r black, If will lie convenient thus to speak 

• <i 'it- d. po ,j? as bright or dark descriptive words implying no doubtful 
In p -?,he a . *riie quest|,.u js what difference in the glass surface determines 

f ll* f A O kinds of deposit , 

In A then's \ aw t/Vac, /A/, S>>r, p, p f, ) NPP ; Xtttun\ dune lb, lPH k 
? In flame acts by t he deposit of numerous fin* - particles const it uf iug nuclei 

• aqueous condensation, and in like manner he attributes tin effect of 
sihphuic ioj it\drotbi**tic| acid to a water attracting residue lemaining 
m spit,- »«{ washing, On fin* oilier band, 1 was disposed to refer tin* dark 
de J *o .it So a gleater degree of freedom flout grease of ot InT W at f ru'ejlell j Jig 
contamination t X>iturt% Muv lib, IPII), supposing that a clean surface 
of giro, would «* \ e t \ w! i e 11 * attract moisture. It will be seen that tin* l w.» 
1. U'tt s Hie shal pH coiiti.isfed, 

Mv thot evp iiiii. uts were directed to improving fin* washing after hot 
s-ilpimi>■ or hmirofiin.nc neid. It soon appealed that rinsing and soaking 
pioiojjgi d eiri t went \ four hours failed to abolish tin* dark track; but 
piobibl) Mr Ait ken would not regard this as at all conclusive, If was 
loose to iin* point that dilute sulphuric acid { I 10} left in. truck. e\eii after 
imininiHU w.ishmc. Hatlnr to mv hurnnsc. I found that even strong 
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sulphuric acid (ails if employed cold. A feu drops \vm* poured upm 
a glass (*,~|>laf«• photographic front which (lie lihn had been !vmo\ ed i, am 
caused t.o form an elongated pool, say, half an inch wide. After maudim 
level for about, live minutes longer than the time required for tin- treatimm 
with hot. acid- -tin* plate was rapidly washed under the tap. soaked tor a fey 
minutes, and finally rinsed with distilled water, and dried over a spun lamp 
Hxa mined when cold by breathing, I lie plate showed, indeed, i he term <*f i h< 
pool, but, mainly by the darkness of the ruk/c. The interior wa\ perhaps, no 
quite indistinguishable from the ground mi wliieli the neid had imi a -ted 
hut, l,here was no appt'oaeh to darkness. 'Phis experiment max, 1 Mipp,^.i-, hi 
taken to prove that t lie act ion of the hot arid is m >t at 1i ilmtablo to a t* sidm 
remaining after I he washing, 

I have not, found any other treatment wliieli will produce a d.ok tiaef 
without the aid of heat. (’bromic atdd, <n/m/ rnjin, and stioiig potasl 

are alike ilielleet ive. These reagents do undoubtedly e\ ejve,t a el< aiiMtlg 
aefimi, so that the result is not entirely in fax mu - of the gieas.- tic oj \ as 
ordinarily understood. 

My son, I Ion. It. J. Strutt, tried for me an e\pi rimeut in w ideh put ,,j 
an ordinarily eleaued glass was exposed for three hours to a mi- am <«f 
strongly ozonised oxygen, the remainder being proieeted. < lit exammutam 
with the brent It, the difference between the proieeted and nupimerii-.i pin! *, 
was scarcely visible. 

If has been mentioned that- the edges of pools of strong r««!d Hidphiil ie 
acid and of many other reagents impress t lmnc-eh e-., even whnt tb> i<- m 
little or no ctfect, in the interior, To exhibit this uetjou at it-, b. -a it m well 
to employ a minimum of liquid; otherwise a creeping of tlm .-dg. dm mg i be 
time of contact may somewhat obscure it, 'fin- experiment Mieeeod ■ about 
equally well even when distilled water from a wash bottle m Mih-Uitut.-d tm 
powerful reagents. On tile grease theory the etfeet Iim\ be attnlmh d to f be 
cleansing action of a pure free surface, but other interpretations pj,,h>d4\ 
could be suggested. 

Very dark deposits, showing under suitable iibimmation ibe colour*. *4' 
tldn plates, may he obtained mi freshly blow n bulbs of soft gke.s. It m e.«n 
venieut, to fill the interior with water, to wliieli a little ink ma\ h<- added. 
Prom this observation no particular conclusion can be dedue. d, sums- t be 
surface, though doubtless very clean, has been exposed ?», the blow pipe 
flame. In my former cummuuieutioii, 1 mentioned that u<> sah-faet oj\ i, sidt 
was obtained when a glass plate was strongly heated uu t/ir htu-h bv a long 
Bunsen burner; but I urn now able to bring forward a ncu,- mhv. *.h1uI 
experiment. 

A test-tube of thin glass, about ,| inch hi diameter, was eh-aimd inf. i uallv 
until it gave an even bright deposit. Tim breath m inf joduced through 
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fii*.' • <i di< i diameter, previously wanned slightly with tin* hand, The 
«■!»••« d • nd * <1 f h> 5 ‘the \\ ,h l is#'!i la ;U id in a t»as ilaiur ursp'd with a h it it. 
hhm jh|» unfit tii. i. w,-rr ns^ijh *.f iftrijiimt soft mint'. After ennliiu', tin 1 

hi * a! is d« | h if dinvi, I d III! ej'est ini' frit! utes, I »* **»t htun^lll nllt h\ transmitted 
h^ii! tmd*•! .i maymti.'i*. Tin* jL*tvuler part of th** length showed. as before, 
ill' m-nat tijj. <i. vv A-i flji* e|..*'« »{ i-lid Has appl'nuehed I la* dt'nps heratue 
yiadualU 1,184.5, until at ah**»it an isjrh frmn I In- <nd 1 1 »< - \ disappeared, 
Ir.suij^ f if 41 a-*'. i''«5rin| with a it* iti h uniform It! >ti, < hi< advantage of t hr 
t id" t h.it «a ajKti.n luji ».j d. w, >»ii**.- ii.ruii'd, j** s|.as, unh'ss pnuunt nl hy 
stji't mu ’ tlt.ai^h ! h« Ul"Ut It t ilhr, As t h<* film r\ Upmal rd, t hr eulniU'.s »»t t inn 
«* l« s<s II I#y i.-ih-t’tf d Hylit, Star.- it is eertuiu .that t hr llaum had im 
ai'frsH ! 11 5 hi till ri mil ‘airfare, jt serins pr*<V id that dark drjmsits iMIl hr 
mIiJhuh d * at sin tai'i •* treated hy heat alone, 

Ill s.iiiic I'rsjH-l’tH it t tthr of ! it tit i'luss, open at huth rtids, is |||n|V n »n • 
M im-nt thutt tin* test -tuln*. it is easier to rlran, find im auxiliary tnhr is 
r« ijuiird tu uifr<«htrr «<t almtmrt moisture, I have ir-ed mi.* id It it) im 
dmmrt.i, Heated huntily tivrr a simple spirit flume {.. a print .Jo./7 
Wh/nia/. It < \iuhjlfd siltlihtr rlfei't s. This raw r\prj iuirlit iaa\ hr lvr..m 
n»rtnl» d t.* ammr tnt> n-strd in tIn* stihjeet. 

i iii«-*d fit* flunks that I lutxraluay. frit as a difheuin ts 1 hr r.miparatn*• 

P> ! lii.iu. nt'r < d i hr da: k t lai't flu Ikit plates t h«V 1 UU\ ■nnitr JU s*.tnr 

d> ,‘ir. i uhlan,' li\ fh<• linger. with suhsr«jurnf nti-un' and wiping. 1‘iurfh 
r t!H ' ii‘ I a a I Vi .M, I>« hniis a plate hark In Its * ►! 1 j 11 : t i r.tudj! i«*H Is (*> nth 
it with ■ ‘ ipt tt lf.-r l’.!{t I WII this dors imt fully Stieend with fhr test f uh.^ 
pinhahh <<!! .e'emiii! <d th' i.-.s .-|freti\r mhhtlli( and U ipill^ lirai the rJusi 1 1 
> ml, I’. i' wha? rvart 1\ is mvuhrd in ndddii^ and wipiu< * I \i nt tir.-d 1 .. 
s; h. }..jr that pMssihly grease mas p. nrfrate th<- s^lnss snnirwhut, 

Ft-au •>urh a -.it Mai inn it luti^iif imt i-.'mily hr lvntmi-il, «*r, nil th«* nt her hand, 

in?i.*dur. d 

d h> «< 1, uinth'-r Inrm nf i-spriimnit lmiu whhdt I had Imp' d fu reap 
dr. j ,)\ . I. ’ 111I'iir mterinr nf U mass nf raittU <t hr H||pp.,N.-»| fn hr 

4!< .v-\, shat a -an Jan- ftrsfds nhiaillrd hy hart me simuld hi- rS.-alt. and 
41;.' th, d.uk d< pnsu t tm* ddlirnlU is t Imt t hr eharart. r nt t hr deposit *<n 
fLe tie .nd u rii Jam is im! su rasil\ judu' d. My first trial mi a pirrr ..f 
pt.d ■ ,tn thtrk, hmkrn into two pt.-ers with a hamnirr. i»;a\ r 

ale-ueilnik •> stilts t tu pal t <d rurh U'\V -airfare the hl’ralh Was drpnsjfi-d in 
'Fn l uuum < apaid* >.f "■helving enlmijs, hut nil aiinflu r jiart file wafer 
:n.r *-,• •, w» s. .i.. i.I.-.lU Hualler, and the d.-pusit muld srare.-ly hr rlusstfir«I as 
hl.r'L Th. hi e k and less hl.U'k ]»tl t s nf ! If I \vn sij! taees W.-jV I llnsr W’hifdl 
Is el h> > U *•»«},! UMpajs h. Infr iiaeluie, That tliefr shmtld hr a H'*d| limrked 
dith I* I.e. ill this j' s|»er! hrtw.m p!U'ts hn?h ilisjilr a ratluT small pirrr nf 
j-•* »<iv '>mpjisur^, I have n>d n^utu iiirl with this annmaly; hut 

it 
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further trials on thick glass have revealed deposits which may he considered 
dark, though I was not always satisfied that they were so dark as those 
obtained oil flat surfaces with the blow-pipe, or hot sulphuric; acid, Similar 
experiments with similar results may be made upon the edges of ordinary 
glass plates (such as are used in photography), out with a diamond. The 
breath deposit is best held pretty dost; to a candle-flame, and is examined 
with a magnifier. 

In conclusion, I may refer to two other related matters in which my 
experience differs from that of Mr Aitkon. He mentions that with an 
alcohol flame lit' “could only succeed in getting very slight indications of 
any action.” I do not at all understand this, as I have nearly always used an 
alcohol flame (with a mouth blow-pipe) and got black deposits. Thinking 
that perhaps the. alcohol which I. generally use. was contaminated, I replaced 
it by pure, alcohol, hut without any perceptible difference in the results. 

Again, 1 had instanced tin; visibility of a gas flame through a dewed 
plate, as proving that part of the surface was uncovered, i have improved 
the experiment by using a curved tube, through which to blow upon a glass 
plate already in position between the flame, and the. eye. I have not been 
able to find that the flame becomes invisible, (with a well-defined outline) at 
any stage of flu; deposition of dew. Mr Aitkon mentions results pointing in 
the opposite direction. Doubtless, tins highly localized light of the flame is 
favourable, 

[If)ill. Mr Aifken returned to the. subject in a further communication 
to Nature, Yol. xc. p. (Ill), 101:2, to which tins reader should refer.l 














REMARKS CONVKRNINd KorRIER'S THEOREM AS APPLIED 
TO PIIVHK’AL PROBLEMS. 


I I’lttinsupltit'itl Mittjttziiti 1 , Vol. XXIV. pp. Nt>4—tSOU, 1 b 1 2. j 

l ,, nt'Uli;H , .s lheoivm is iif great importance in mathematical physics, lml 
iHUiculi ii-s muhc! imrs arise in practical applications which seem to have (.heir 
origin in iln* aim al- leu great a precisiun. !*’<>j* example, in a series ui 
ehsei’sa!ions extending ever time we may lie interest ed in what eccurs during 
secuiid’' i»r years, hut we are net- concerned with and have ne materials fin 
a reunite ant itpiily nr a distant future; and yet these reunite times deter¬ 
mine whetln-r ur net a period precisely defined shall he present. On tin 
other hand, there may he no clearly marked limits of time indicated hy the 
circumstances of the case, such a* would suggest the other form of KourierV 
theorem where everything is ultimately periodic. Neither of tin* usual forms 
of the theorem is exactly suitable. Some method of taking oil* (he edge 
as it were, appears to he culled for. 

'Flu* considerations which follow, arising out. of a physical problem, have 
cleared up my own ideas, and they may perhaps he useful to other physicists, 

A train of waves of length X, represented by 

^ </.!.»<.* * £U t ..( 1 ) 

tdvaneuH with velocity c in the negative direction. If the medium is 
ibsolutely uniform, it. is propagated without disturbance; but if the medium 
is subject to .small variations, a reflexion in general msucs as the waves pass 
my place ,/*. Such reflexion reacts upon the original waves; but. if we 
mppose the variations of the medium to In* extremely small, we may neglect 
lln* reaction and calculate the aggregate reflexion as if the primary waves 
were undisturbed. The partial reflexion which fakes place at. a* is repre¬ 
sented hv 
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in which the first factor expresses total reflexion supposed to originate at 
x = 0, $(x)dx expresses the actual reflecting power at x, and the last factor 
gives the alteration of phase incurred in traversing the distance 2x. The 
aggregate reflexion follows on integration with respect to x; with omission 


of the first factor it may be taken to be 

C + iS, .(3) 

r+co i'+co 

where 0= (f> (v) cos uvclv, 8 = fi(v)shi uvdv, .(4) 


with u = 47 t/X. When <p is given, the reflexion is thus determined by (3). 
It is, of course, a function of X or u. 

In the converse problem we regard (3)—the reflexion—as given for all 
values of u and we seek thence to determine the form of ^ as a function 
of x. By Fourier’s theorem we have at once 

6 (x) = — [ du {Gco&ux + 8 sin ux] .(5) 

v J o 

It will be seen that we require to know G and 8 separately. A knowledge 
of the intensity merely, viz. G 2 + 8-, does not suffice. 

Although the general theory, above sketched, is simple enough, questions 
arise as soon as we try to introduce the approximations necessary in practice. 
For example, in the optical application we could find by observation the 
values of C and 8 for a finite range only of u, limited indeed in eye obser¬ 
vations to less than an octave. If we limit the integration in (5) to corre¬ 
spond with actual knowledge of G and 8, the integral may not go far towards 
determining </>. It may happen, however, that we have some independent 
knowledge of the form of <£. For example, we may know that the medium 
is composed of strata each uniform in itself, so that within each vanishes. 
Further, we may know that there are only two kinds of strata, occurring 
alternately. The value of Jcfjdx at each transition is then numerically the 
same but affected with signs alternately opposite. This is the case of 
chlorate of potash crystals in which-occur repeated twinnings*. Information 
of this kind may supplement the deficiency of (5) taken by itself. If it be 
for high values only of u that C and S are not known, the curve for <jj first 
obtained maybe subjected to any alteration which leaves J<f>dx, taken over 
any small range, undisturbed, a consideration which assists materially where 
(f> is known to be discontinuous. 

If observation indicates a large C or 8 for any particular value of u, we 
infer of course from (5) a correspondingly important periodic term in </>. 
If the large value of G or 8 is limited to a very small range of u, the 
periodicity of <f> extends to a large range of x; otherwise the interference of 

* Phil. Mag. Yol. xxvi. p. 256 (1888); Scientific Papers, Yol. m. p. 204. 
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components with somewhat different values of it may limit tin* periodicity 
to a comparatively small range. (kmvorsely, a prolonged periodicity is 
nssueiated with an approach to discontinuity in the values of 0 or 

r I'he coinpleie curve representing </> (,r) will in general include features of 
various lengths reckoned along .r, and a feature of any particular length is 
associated with values of a grouped round a corresponding centre. For some, 
purposes we may wish to smooth the curve by eliminating small features. 
One way of effecting this is to substitute everywhere for $ (,r) the mean of 
tile \ allies of (f> (>) in the neighbourhood uf.r, viz. 


1 


</> (.r )<h' 


((>) 


the range (hi) of integration being chosen suitably. Wit.h use of (51 we find 
for Mi) 

1 /■“■ 1 " , . , If' sin mt ... ,, . , ,w. 

, I (h{,r)(lx~- I ttit /Vns / 1 / 4 -iSsniN/,, .(7) 

'hi ■ x a rr: o if a 

differing from the right-hand member of (5) merely by the introduction of 
the faetoi- sin tot : no. The effect of this faeior under the integral sign is to 
diminish the importance of values of u which exceed tt/u and gradually to 
annul tie- influence of still larger values. If we are content to speak very 
roughly, we may say that the process of averaging on the left is equivalent to 
the omission in Fourier’s integral of the values of a which exceed nrj'lu, 

We may imagine the process of averaging to he repeated once or more 
times upon (tl). At each step a new lac!or sin mt :• mt is introduced under 
the integral sign. After a number of such operations the integral becomes 
praet ically independent, of all values of a ibr which no is imf small. 

In (li) the average is taken in the simples! way with respect to ,r, so that 
every part, of the range 'In contributes equally (jig. 1 ). Other and perhaps 


Kitf. 1. •-!. Ok. T 

better methods of smoothing may he proposed in which a preponderance is 
given !" the central parts. For example we may take (tig. 2) 

' [ (a - £) l<h (s' + %) + (}) (./■ — £)’> <1$ .1^1 

a a J u 

From <r>) we find that (H) is equivalent to 

2 f x , 1 — cos tut ... , . , /(n 

({a Fees n,r + ,S sill HJ'\ .(:>) 

7 rJo n'oi'* 
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reducing to (5) again when a is made infinitely small. In comparison with 
(7) the higher values of ua are eliminated more rapidly. Other kinds of 
averaging over a finite range may be proposed. On the same lines as above 
the formula next in order is (fig. 3) 

1 /*“ , sin au — au cos au , n , a ■ i j rxtw 

= - du ---{(7 cos ux + S sin ux\ dx. .. .(10) 

ttJo ice 3 u s 

In the above processes for smoothing the curve representing (x), ordinates 
which lie at distances exceeding a from the point under consideration are 
without influence. This may or may not be an advantage. A formula in 
which the integration extends to infinity is 

-i— [ + <b(x+ £) dP = ~ I dite' u ' a * M [G cos ux + S sin ux] .(11) 

(l \J r !T J _ 7TJo 

In this case the values of ua which exceed 2 make contributions to the 
integral whose importance very rapidly diminishes. 

The intention of the operation of smoothing is to remove from the curve 
features whose length is small. For some purposes we may desire on the 
contrary to eliminate features of great length, as for example in considering 
the record of an instrument whose zero is liable to slow variation from some 
extraneous cause. In this case (to take the simplest formula) we may sub¬ 
tract from (j> (x )—the uncorrected record—the average over a length b 
relatively large, so obtaining 

<£ (x) ~ 2 £ J ditjl - [C'cosita? + /Ssini6a;}. ...(12) 

Here, if ub is much less than it, the corresponding part of the range of 
integration is approximately cancelled and features of great length are 
eliminated. 

There are cases where this operation and that of smoothing may be com¬ 
bined advantageously. Thus if we take 

2 rx+a 2 rx+b 

2~ a Jx-a ^ ^ dx ~ 2 b J x _ b ^ ^ dx 

1 [°° , (sin ua sinM&l , a • •> 

= - du\— - 7 —) \ G cos ux + S sm ux\, . ...(13) 

7Tj o ( ua ub) \ / 

we eliminate at the same time the features whose length is small compared 
with a and those whose length is large compared with b. The same method 
may be applied to the other formulae (9), (10), (11). 

A related question is one proposed by Stokes*, to which it would be 
interesting to have had Stokes’ own answer. What is in common and what 
* Smith’s Prize Examination, Peb. 1, 1882; Math, and Phys. Papers, Yol. v. p. 867. 
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is the difference between 0 ancl S in the two cases (i) where (x) fluctuates 
between — oo and + co and (ii) where the fluctuations are nearly the same 
as in (i) between finite limits + a but outside those limits tends to zero ? 
When x is numerically great, cos ux and sin ux fluctuate rapidly with u ; and 
inspection of (5) shows that <56 (x) is then small, unless G or 8 are themselves 
rapidly variable as functions of u. Case (i) therefore involves an approach to 
discontinuity in the forms of G or 8. If we eliminate these discontinuities, 
or rapid variations, by a smoothing process, we shall annul </> (x) at great 
distances and at the same time retain the former values near the origin. The 
smoothing may be effected (as before) by taking 


1_ 

2a 


/; 


t+ft 

Odu, 

a 


1 [ u + a 

"2 aJtc-a 


8 du 


in place of C and S simply. G then becomes 


f +co 7 . , . sm av 

avcb ( v) cos uv -, 

J -a, av 

<j> (v) being replaced by 0 ( v) sin av — av. The effect of the added factor 
disappears when av is small, but when av is large, it tends to annul the 
corresponding part of the integral. The new form for cfs (x) is thus the same 
as the old one near the origin but tends to vanish at great distances on either 
side. Case (ii) is thus deducible from case (i) by the application of a 
smoothing process to C and S, whereby fluctuations of small length are 
removed. 

We may sum up by saying that a smoothing of annuls G and S for 
large values of u, while a smoothing of G and S (as functions of u) annuls cf> (x) 
for values of x which are numerically great. 
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SUE LA RESISTANCE DES SPHERES DANS L’AIR 
EN MOUVEMENT. 

['Comptes Rendus, t. clvi. p. 109, 1913.] 


Dans les Comptes rendus du 30 decembre 1912, M. Eiffel donne des 
resultats tres interessants pour la resistance rencontree, h vitesse variable, 
par trois spheres de 16’2, 24'4 et 33 cm. de diametre. Dans la premiere 
figure, ces resultats sont exprimes par les valeurs d’un coefficient K, egal a 
R/SV 2 , ou R est la resistance totale, S la surface diametrale et Fla vitesse. 
En chaque cas, il y a une vitesse critique, et M. Eiffel fait remtirquer que la 
loi de similitude n’est pas toujours vraie; en effet, les trois spheres donnent 
des vitesses critiques tout a fait diffdrentes. 

D’apres la loi de similitude dynamique, pr6cis(ie par Stokes* et Reynolds 
pour les liquides visqueux, K est une fonction d’une seule variable v/VL, ou 
v est la viscosite cinemcitique, constante pour un liquide donnd, et L est la 
dimension lin6aire, proportionnelle a SK Ainsi les vitesses critiques ne doivent 
pas etre les memes dans les trois cas, mais inversement proportionnelles a L. 
En verite, si nous changeons l’echelle des vitesses suivant cette loi, nous 
trouvons les courbes de M. Eiffel presque identiques, au moins que ces 
vitesses ne sont pas tres petites. 

Je ne sais si les hearts r&iduels sont reels ou non. La theorie simple 
admet que les spheres sont polies, sinon que les inegalites sont proportionnelles 
aux diametres, que la compressibility de l’air est negligeable et que la viscosite 
cinematique est absolument constante. Si les resultats de lexperience ne 
sont pas completement daccord avec la theorie, on devra examiner ces 
hypotheses de plus pres. 

J’ai traite d’autre part et plus en detail de la question dont il s’agit icif. 

# [Camft. Trans. 1850; Math, and Phys. Papers, Yol. in. p. 17.] 
t Voir Scientific Papers, t. v. 1910, pp. 582—584. 
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consider the present and a few analogous problems. Some considerations of 
a more general character are prefixed. 

If P, Q, R be components of electromotive intensity, a, b, c those of 
magnetisation, Maxwell’s general circuital relations* for the dielectric give 

da _ dQ dR ^ ^ 

dt dz dy 


and two similar equations, and 

dP _ (dc_ _ db\ 
dt ~ \dy dz ) 5 

also with two similar equations, V being the velocity of propagation. 
(1) and (2) we may derive 

da | db dc _ n dP _^dQ ^ dR _ n # 

dx + dy + dz ’ dx + dy dz 5 


•(2) 

From 

.(3) 


and, further, that — F 2 V 2 ^ (P, Q, R, a, b, c) = 0, .(4) 

where V 2 = d"jdx 2 + d^jdy- + d 2 / dz 2 .(5) 


At any point upon the surface of a conductor, regarded as perfect, the 
condition to be satisfied is that the vector (P, Q, R) be there normal. In 
what follows we shall have to deal only with simple vibrations in which all 
the quantities are proportional to e ipt , so that djdt may be replaced by ip. 


It may be convenient to commence with some cases where the waves are 
in two dimensions (oc, z) only, supposing that a, c, Q vanish, while b, P, R 
are independent of y. From (1) and (2) we have 


p db 

dx 


+s Zz~°- 


At the surface of a conductor P, Q are proportional to the direction 
cosines of the normal (A); so that the surface condition may be expressed 
simply by 



*- 0 . . 

dn 

.(6) 

which, with 

+© + *■)»-<>.. 

.(7) 


suffices to determine b. In (7) k = p/V. It will be seen that equations (6), 
(7) are identical with those which apply in two dimensions to aerial 
vibrations executed in spaces bounded by fixed walls, b then denoting 
velocity-potential. When 6 is known, the remaining functions follow at 
once. 

* Phil. Trans. 1868 ; Maxwell’s Scientific Papers , Vol. xi. p. 128. 
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The wave in AB is to be regarded as propagated onwards round the 
corner at A rather than as reflected. As was to be anticipated, the reflected 
wave F' is smaller, the smaller.is AB. It will be understood that the 
validity of these results depends upon the assumption that the region round 
A through which the waves are irregular has dimensions which are negligible 
in comparison with X. 

An even simpler example is sketched in fig. 3, where for the present the 




- 

t 

O < 

B 

B 

A 

C 





Fig. s. 


various lines represent planes or cylindrical surfaces perpendicular to the 
paper. One bounding plane G is unbroken. The other boundary consists 
mainly of two planes with a transition at A B, which, however, may be of 
any form so long as it is effected within a distance much less than X. With 
a notation similar to that used before, f CA may denote the incident positive 
wave and F the reflected wave, while that propagated onwards in OB is f C}l . 
We obtain in like manner 


„ 2 a a x/ 

f 0B CB + GA^ 0A! . 

.(10) 

j f' 

CB + CA J CA . 

.(11) 


When AB vanishes we have, of course, f 0B = f' cdl F‘— 0. A little later 
we shall consider the problem of fig. 3 when the various surfaces are of 
revolution round the axis of z. 

Leaving the two-dimensional examples, we find that the same general 
method is applicable, always under the condition that the region occupied 
by irregular waves has dimensions which are small in comparison with X. 
Within this region a simplified form of the general equations avails, and 
thus the difficulty is turned. 

An increase in X means a decrease in p. When this goes far enough, 
it justifies the omission of d/dt in equations (1), (2), (3), (4). Thus P, Q, R 
become the derivatives of a simple potential function </>, which itself satisfies 
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T’tft . (l . that !•», sli«-»“l«'rtrir |Mrrs-» »4»-y lln* l.iwh «»f rlfftruhtHtirs. Similarly 
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between r 2 the radius of the inner and r that of the outer conductor is, with 
omission of e ipt , 

H 2 e~ ikz log (r'/r 2 ), 

z having the value proper to the section. On the negative side the corre¬ 
sponding integral is 

(Hj e-~ ikz + K-t e ikz ) log (r'/Q, 

r 2 being the radius of the inner conductor at that place. But when we 
consider the intermediate region, where electrostatical laws prevail, we 
recognize that these two integrals must be equal; and further that the 
exponentials may be identified with unity. Accordingly, the first relation is 

(#i + IQ log (r'/n) = H 2 log (r'/r 2 ) .(17) 

In like manner the magnetic force in (14), (16) is purely circumferential. 
And the circulations at the two sections are as 17) — K l and H 2 . But since 
these circulations, representing electric currents which may be treated as 
steady, are equal, we have as the second relation— 

.(18) 

The two relations (17), (18)' determine the wave propagated onwards /A 
and that reflected Ki in terms of the incident wave If r 2 = r 1} we have 
of course, H 2 = K x = 0. 

If we suppose r 1} r 2 , r' all great and nearly equal and expand the 
logarithms, we fall back on the solution for the two-dimensional case 
already given. 

In the above the radius of the outer sheath is supposed uniform through¬ 
out. If in the neighbourhood of the origin the radius of the sheath changes 
from r/ to r 2 , while (as before) that of the inner conductor changes from to 
r 2 , we have instead of (17), 

(-Hi + Hi) log (Q/Q = H 2 log (r 2 y?v), .(19) 

while (18) remains undisturbed. 

In (19) the logarithmic functions are proportional to the reciprocals of 
the electric capacities of the system on the two sides, reckoned in each case 
per unit of length. From the general theory given in the paper referred 
to we may infer that this substitution suffices to liberate us from the 
restriction to symmetry round the axis hitherto imposed. The more general 
functions which then replace logr on the two sides must be chosen with 
such coefficients as will make the circulations of magnetic force equal. The 
generalization here indicated applies equally in the other problems of this 
paper. 
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rngulai ,.ii tin- 1,-jj in t *j vv*- may ivtain (13). (14), anti tor tin* 

n-gulm wav* s 5.is 5 h« tight in ( 7/ «»' i«*tain (15). (I 15). But now in addition 
f«U ih«- i. 4 »sl,u w.n »-h i »!i I Is*- Ii-ti m AH, Wo hav«* 

A-,-".,.. £.;£.»)|„ K ,.,20) 

. it- .£'")'**'•. 121 * 

i'ii'rf .-islit jmiis «»»• uo« i.'.|inr."d )•» dotorunii'* A',, //,, A', in tonus of 
//„ \\« -Tall fit,- s.idii laloit in n|*d«*r, viz, | //A, |*lvl, i>V 

i_, (i i« »}*»»iu« h As m (17). tin- «•!«nri«’ furr* giw 

t //. * KA l»U r ' * A*, Jog fj U : log '/ , .( 22 ) 


Th 

■ » l«.|S!i«-tir fui’.-H \ >€-1*1 two « 

•ijtiai tons, wlm*h may h»* r**dardi d ns 


,’-s|jj 4 tSs.si? t!o- * urt« tits air t|l«* 

H.um* « *n lln* two std«*s 

along Jitt, and 

that. • 

? Ss«- mvi i>.n it at a n‘*t,;h^ 

;d>|i* ilnt.mi*.* from tin* 

iliHtilati-d olid, 

?li. i* 

l's 5i>< «'<|||- nt HI J J, dims 




//: Ad 

A //,.... 

..l*2H> 

f*V 

*»i« i ■„?’„! i and t »'I i 




h\ 1-v: • 

1, ■ loo r t 

......(24) 


//■ ~ i*S4 - 





< > h*d >\ 

> > l‘«o t\ 


If 

s\ r 6 hut liftin', h\ t» n«h 

i to vanish, wild** //, and 

■ - AT ajiprourh 

HtsiS | . 

Ad‘»tn. d th«* tadti an* ail dr**itl, (‘24l, (25) rodtiro to 



v; » r ' *\ H s *••• - A\ ** f ' r \ .........ridi 

/Is r, ' i, n ” 

US all* ad\ lound m tH|, f !*). 

Th. ^*m<- nirtfiod n}»{*imn with hut liftl** variation to tin* tunn* general 

11 )»ls»-r* ttiivis h**i with oia* uiir and hIh nth 1#*, . t\ I div id«* ho iih to 
j *<»*•* af-ng «* *.oral wuv*. anti Hlunth* i/%, #■./)» { *\ r/s, «*tt\. always under tin* 
**.i>*n that tin ttliol*- n-)»ioii of modularity in negligible in rntupaiison 
with i!i* u,.»i.<* length* Tin* various wir< *> and “heath* am, of murne, 
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PROPAGATION OF ELECTRIC WAVES ALONG CONDUCTORS [37l 

onwards along the second, third, and other wires by II,, etc. The 
equations are— 

(Hj + K x ) log ~-~U 2 log ^- = I[ S log — =., .(27) 

H x -K x = IL = E,= . 

It is hardly necessary to detail obvious particular cases. 

The success of the method used in these problems depends upon the 
assumption of a great wave-length. This, of course, constitutes a limitation; 
but it has the advantage of eliminating the irregular motion at the junctions’ 
In the two-dimensional examples it might be possible to pursue the approxi¬ 
mation by determining the character of the irregular waves, at least to 
a certain extent, somewhat as in the question of the correction for the open 
end of an organ pipe. 1 







THE t *<HU(K<Tin\ Tu TIIK LKXflTII OF TKRMIXATKh RODS 
IX ELHi TRIt'AL RRnRLKMS. 


I i*hji uxofih Hit I Mttifil :tm\ Vm|, \XV, j»jt. 1 II, IffJ,*1 j 

1\ ,1 short iKi|«-r ’■ < Hi flu* Klrt’l rind Yilmitmus a shut iatmf with thin 
t omitictmg lb*!*"* I rjpfrinouivil to *h«ov that tin* »Iiff**tv5it*»* 
l»»-iunit ili«- liiill iv.it.- k-ugth «4 th«* i^uu-st \ ihiaitutt ami tin* length ( /f»4' 
tin* 1**1 tuf uiuhaiH wi'iiMiu t«ml** tu vanish i«laln«*lv when thr motion in 
tnliiri *| without Irniit, »ii ujijM.Mtiuii in thr i |jruj'\ ul Munionnhi vvhirh umkrs 
A *2 Aif i. t'ft4*-r*tanihtig that fin* argument then* jmf Ionian) m nut run* 
Hi«S«*r*'<S ruiirlu^nI Sia\i* in«*«l tu Ural, iln* ijurstiun jm»r<- rigoromlv, Imt 
sin- tit fin* %\n\ an* ialln*r iormitlahle, Ami this if* not surprising 

in % it'* ul «li»* iliM‘unhtmiln*H ptr»onie<i «t sin* itlge* u|n*r«* tin* flat vmh 
itn« t tin ryliwit iml surface, 

Tin* pi<44* mi awnum* » »hu{>r suuph r in mitur rt*Hj«*t’ta if wi* nupjame that 
the r*«tl uf length t ami nuliu* a Httrroutuletl by it rylimlriral coaxial c«n» 
<hu*tttig ('mu* «*f rittliti* b extruding to infinity in Ugh dirrrtioim. Om* 

lutwifitage h Ilial tin* vibration* arr now iK’nmim'itihj tmtmUtinni^ fur no 
wave* ran rwajM* tu infinity along thr wring that i is »4ti»i«*«*tl grrut 

n»injMir»*i| ititSi li*f*. Tin* grntlttfwt of I wriirrs also tin* iml<|>emh*m‘r of tin* 
two tilth, **» that tin* whole corm*tioi* to thr length, whnlrv«*r it is, may la* 
regard* 4 n* nin|4y thr 4«nsl»lr of that 4ur to thr rial of n rod infinitely 
long* 

At. an interior uode of an infinitely h»ng r««l tin* electric force*. giving riw 
t«o* may supjtom*f to |»»t**ntia| energy. atr a maximum. while thr mugnrtir 
furrt s representing kitirtir energy an* evanescent. The end of a terminated 
r«*d rurn*5*|M»mls, approximately at any rate, to a node. Thr complications 

* n,t. VmI %m. t*. 105 S, Vo|. v. j.. Mm. 

f |*A»# V«f, tun |f. i'M (lH87j; V«4. m. j*. 27*1. Tl»*» conductors an* 

«H|«fM*»fr4 l»> W 
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due to the end thus tell mainly upon the electric forces*, and the problem is 
reduced to the electrostatical one of finding the capacity of the terminated 
rod as enclosed in the infinite cylindrical case at potential zero. But this 
simplified form of the problem still presents difficulties. 

Taking cylindrical coordinates z, r, we identify the axis of symmetry with 
that of z, supposing also that the origin of z coincides with the flat end of the 
interior conducting rod which extends from — oo to 0. The enclosing case on 
the other hand extends from — oo to + oo . At a distance from the end on 
the negative side the potential V, which is supposed to be unity on the rod 
and zero on the case, has the form 


_ lo ff h / r 

°“lo gb/a’ ••• 

and the capacity per unit length is 1/(21 ogbja). 


( 1 ) 


On the plane z = 0 the value of V from r = 0 to r = a is unity. If we 
knew also the value of V from r = a to r — b, we could treat separately the 
problems arising on the positive and negative sides. On the positive side 
we could express the solution by means of the functions appropriate to the 
complete cylinder r < b, and on the negative side by those appropriate to the 
annual cylindrical space b >r> a. If we assume an arbitrary value for V 
over the part in question of the plane z — 0 , the criterion of its suitability 
may be taken to be the equality of the resulting values of dVfdz on the two 
sides. 


We may begin by supposing that ( 1 ) holds good on the negative side 
throughout; and we have then to form for the positive side a function which 
shall agree with this at z = 0. The general expression for a function which 
shall vanish when r = b and when e = + oo, and also satisfy Laplace’s 
equation, is 

A x J g (k x r) e~ k ' z + A 2 J Q (k 2 r) e~ 1: * z + ..., .(2) 

where k x , k 2 , &c. are the roots of J 0 (kb) = 0; and this is to be identified 
when z- 0 with ( 1 ) from a to b and with unity from 0 to a. The coefficients 
A are to be found in the usual manner by multiplication with J 0 (k n r) and 
integration over the area of the circle r = b. To this end we require 

J 5 ( kr) r dr = — ^J 0 ' (ka), .( 3 ) 

[ a Jo (^r) rdr = ~~{bJ 0 f (kb) - aj' (ka)}, .( 4 ) 

J ^ log rJ D (kr) r dr = -- k {b log bj' (kb) - a log aj' (ka)} - ~ J 0 (ka). ...(5) 


Compare the analogous acoustical questions in Theory 0 / Sound, §§ 265, 317. 
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Thus altogether 


f : c h [ * * A I *./„■ ( hr) r t/r - \ h ! A ( kb). 

A-log/i a 


K*»r */.,'• wi- may writ** ,/f; i 


i that, if in (2) we lake* 
2 ./,, (hi 1 

hlt 3 ./^ (kb) lug b a ’ 


(«) 

(7) 


we shall have a timet inn which satisfies tin* necessary eondit inns, and at. z 0 
u-Htsiu« M the value 1 from U to ti nud Unit expressed in {l) from it to b. Hat 
thi- \ allies »*f ilY ds an* not th«‘ sunn* «m tin- two sides, 


It we fail tin* value, ho determined on the posit ive uh well as upon the 
ttegal He Mile, I",., We may denote j hi* t rue value of I by V„ }- V‘. Mile (’Utl- 
(htioHH tor V will then he the Natisfaetion of l*a place* eipmtion thrmtghout 
the ilieleetlie {eXerpl at Z Of tlmt ott the negative side it make I" 0 both 
when i- >i and when r h, tuul vanish at « '*- • f , and «*n the jmsitive side 
V' 0 when t h and when ; + ve , and that when ; 0 V’ aHHtime the 

Hinite \ able on the t Wo sides between II and b Hlld oil the Jmhit ive aide t he 
value zero to*m 0 to tt, A further eondition for the exact, solution in that 
tIV tiz. »<r tl V,. d: i tiV th, shall be the same on the t wo sides from r u to 


r ft when 


Xow whali’Vei may be in other ivspeel* tin* ehururier of K on the negative 
Hide, It van la* expressed by the Melius 

V »U4ih n r)t^ i if,4^b ; nr h - f +.t*> 

where tfi [h,a, &r. are the normal IbuetionH appropriate to tin- symmetrical 
v ibrni ion* of an annular uteitdiraite of radii »* and h, so t lmt <pi fir} vanishes 
for r ti, r * /», In the usual notation we may write 


4> (hr) 

with the further rendition 


«/ t! (hr) y„ilm 
»/ B {Ini ) Vjfm I* 


.{HI 


r tt (/m)«/a/du~ o.. 

determining the values of h, The fnnetioii <f> satisfies the name differentia! 
equation as do ./„ and r„, 

('misielering for the present only one term of tin* series (K), we have to 
Hud for tin* positive side a funetiuu wldeli shall satisfy the other necessary 
conditions mid when » * t) make V’ ”*> 0 from tl to u, and 1 s ~ // [hr) from 
u to h. Ah Iw’ltire, Mtieh a function may !«• expressed by 


r* - Ay*)f *•» + nj n a' v r)e ^ 4-......4 11 > 

and the only remaining question is to find the coefficients H. Kor this 
purpose We require to evaluate 


f <b {hr) J 0 UiT) rth\ 
Jh 


10 -2 
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From the differential equation satisfied by J 0 and </> we get 
7 , f b r /7 , , „ , 7 f , dJ,~\ b f b d4>d 


k- [ Jo (Jcr) cj> (hr) r dr = - [ r. <p. 
h 2 J 6 J 0 ( hr ) </> (hr) rdr = ~[r.J 0 .^J 


f b d4 dJo dr 
j a dr dr ’ 

( b d$dJo d 

] a dr dr rdr> 


(k 2 — h 2 ) Jo ( hr) <p (hr) r dr 


r,r -r _ r ~ ( 
0 dr dr 


= - haJ 0 (ka) <// (Aa), .(12) 

since here cf) (ha) = (p (hb) = 0, and also J 0 (Icb)= 0. Thus in (11), corre¬ 
sponding to a single term of (8), 

D _ 2haHJ 0 (ka) <$' (ha) 

. (h 2 -k 2 )b 2 J( 2 (kb) . 

The exact solution demands the inclusion in (8) of all the admissible values 
of h, with addition of (1) which in fact corresponds to a zero value of h. 
And each value of h contributes a part to each of the infinite series of 
coefficients B, needed to express the solution on the positive side. 

But although an exact solution would involve the whole series of values 
of h, approximate methods may be founded upon the use of a limited number 
of them. I have used this principle in calculations relating to the potential 
from 1870 onwards*. A potential V, given over a closed surface, makes 

b ISi {(0 + + (is)] * d y .( 14 ) 

reckoned over the whole included volume, a minimum. If an expression 
for V, involving a finite or infinite number of coefficients, is proposed which 
satisfies the surface condition and is such that it necessarily includes the true 
form of V, we may approximate to the value of (14), making it a minimum 
by variation of the coefficients, even though only a limited number be 
included. Every fresh coefficient that is included renders the approximation 
closer, and as near an approach as we please to the truth may be arrived at 
by continuing the process. The true value of (14) is equal by Green’s 
theorem to 

, M r -I ds ’ .a*) 

the integration being over the surface, so that at all stages of the approxi¬ 
mation the calculated value of (14) exceeds the true value of (15). In the 
application to a condenser , whose armatures are at potentials 0 and 1, 

* Phil. Tram. Vol. clxi. p. 77 (1870) ; Scientific Papers , Vol. i. p. 33. Phil. Mag. Vol. xuv. 
p. 328 (1872); Scientific Papers, Vol. x. p. 140. Compare also Phil. Mag. Vol. xlvii. p. 566 
(1899), Vol. xxix. p. 225 (1911). 









TKH.MINWTKI) Hulls {X KU;<TUU‘AL t’UOW.KMS 


!!»14j 


I4H 


{l.*j represents flu* nt parity. A euienlnti««n of capacity founded upon uu 
approximate \aim* u| I in (14) is thus always an oxen‘Htimat e. 

In lIn* ju* «.-nt ease we may substitute < 1> for (14), if \\v consider the 
j><* hji iv«• and negative sides separately, sine.* if is only at z—i) that hipluoe's 
oi|is,4(iuji tails in rr.viv.* satisfaction. The complete expression for 1" on the 
risdif git on hy combination o{ (2) and (It), and tho surface of integration 
‘*.a,«pos«*d of the cylindrical wall r h from : - U toe /: ,and of t.he plum* 
' ^ lr*»m r 0 to r (> *, I In* cylindrical w all cojit rilatfcs nothing, since J r 

xum-Ie-s ul..ng it. At z (I 


¥ It) JAh'l - «/ r d: , £/•(.! f //) ./„i/,r) ; 

Hftd (la) \ H »'* ./;■ ikh\ . {UU 


Uit ila* left thecomplofe value of !' includes (1} and (H). Then* fin* lion* two 
C\ htidnc.d surfaces, hut /* *• h contributes nothing lor tin- sumo r**ason as 
h< fo|. (In r a we have I' « { and 


r/r 1 

dr a log h a 


)Lh!t$<hu)v h ‘\ 


so that thin part of the surface, extending to a great distance ja-/, eontri- 
hu («*h io (la) 


SI.*/.,,' 1171 

Tlu n* remains to he considered tin* annular area ul ;* 0. Over t his 

<' , V//£,/„.,. (IH 

log h a 

dVid: <»- 'OJtff <f>Uir) .....c lit) 


Tin* integral* required arc 

| ${hv) rdr « — h ‘ * lhh\ ~ n </»' (An) , .4*20) 

■ h 

I log r $ (hr) r dr - — A 1 \b log h# (AA) ™ a logn $' [hn)\, ..,(21) 

| (hr)] 1 r dr § h 9 {Id*) / — [<f> </*«).■*; .. ..(‘22) 

and we get for this jmrt of the Kurfkcc 

(ha) 4* }£A// a [6 J \$> (AA), : — a* [tflha )]*], .,,.. 420 ) 

Thus for the whole surface on the* left 

05) - n ^ r6;</ + \ZhlP{h<4>'Hhh)-~<d<l> , >{ha)} .(24) 

* The urn-tee at s~ t » may evidently be diwtiffitrdM. 
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the simplification arising from the fact that (1) is practically a member of the 
series <f>. 

The calculated capacity, an overestimate unless all the coefficients H are 
correctly assigned, is given by addition of (16) and (24). The first approxi¬ 
mation is obtained by omitting all the quantities H, so that the B ’s vanish also. 
The additional capacity, derived entirely from (16), is then £6 2 2M 2 Ji 2 (/c6), or 
on introduction of the value of A, 


b ^ J 0 2 (lea) 
lo gb/a^te&JfJkb) 


.(25) 


the summation extending to all the roots of J 0 (leb) = 0. Or if we express 
the result in terms of the correction 81 to the length (for one end), we have 


a,_26 _ ^ Jq 2 (lea) _ 

log b/a & 2 6 3 Ji 2 (kb) 5 


.(26) 


as the first approximation to 81 and an overestimate. 

The series in (26) converges sufficiently. J 0 "(ka) is less than unity. The 
mth root of J 0 (x) = 0 is x = (m — ^)rrr approximately, and (x) = 2/vx, so 
that when m is great 

1 -_8..(27) 

x 3 J 1 - (x) IT (4to — l) 2 

The values of the reciprocals of x 3 J 1 3 (x) for the earlier roots can be calculated 
from the tables* and for the higher roots from (27). I find 


ra 

X 

± J\ ( x) 

a -8 - B 2 (a) 

1 . 

2-4048 

'51915 

•2668 

2 . 

5-5201 

•34027 

•0513 

3 . 

8-6537 

•27145 

•0209 

4 . 

11-7915 

'23245 

•0113 

5 . 

14-9309 

•20655 

•0070 


The next five values are '0048, '0035, '0026, '0021, '0017. Thus for any 
value of a the series in (26) is 


•2668 Jo 2 (2'405 a/b) + *0513 J 0 2 (5520 ct/b) + ... ; .(28) 

it can be calculated without difficulty when ajb is given. When a/b is very 
small, the J’s in (28) may be omitted, and we have simply to sum the numbers 
in the fourth column of the table and its continuation. The first ten roots 
give ‘3720. The remainder I estimate at ‘015, making in all '387. Thus in 
this case 


81 = 


-7745 
log b/a' 


.(29) 


* Gray and Mathews, Bessel’s Functions, pp. 244, 247. 
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It in particularly t«* he n«»titunl that, although (2ft) is an overestimate, it. 
vanishes w Iit’U u tt-iMI h to zero. 

Tin- next step in Ili«* approximation is thi> inclusion of //, rorrespiaiding 
to tin- first riHtf A, «.f tf) {hh) (). Fur n given A\ H luis only ujii 1 term, 
expressed b\ (12) when we write A,, H t for//,//, in (Hi) when we expand 
(.1 } H\\ w*- ulitain three series of which the first involving A' : is that already 
dealt with. If does not dejiend nf»»n //,. (’oiiHtant- faetorK being omitted, 

the second series de{H-tals U)H»fl 

V JJikn) 

~ kih?~k'>\J % *a-U)' ... 

and tie* thtrd ti jm» i* 

V .. . Cl, 

the miiuiimttotiH including all admissible values of A*. In (24> we have under 
merely tlie single term rorresj winding to //,, k t . The sum of t 10) and (24) 
is h quadratic expression in // t ,uud is to be made a tuinimum by variation of 
that quantify. 

The application of tht« process to the ease of a very Htuall lends to a 
rather curious result, It is known ( Tht-atif u/Stmnil, § 212 a ) that A’, 3 and //,* 
are then nearly ei|ttnl, so that the first terms of tilth and (*11) are relatively 
large, and require a njieria! evaluation. For this purpose v.e must revert to 
110) in which, since hu is small. 

I*., (An) ^ log Art J„ (An) F 2./- lint ), ..... ...{22) 

mi that neaily enough 

t , t t it, 11 y*Ah!>) r„tA/.) 

a-hu.a-h K , /m “ lllK< , ( ■ 

,l, “ I k - h ~bj,mu V k« . t:Wi 

Thus, wh»-n a in small enough, the first terma of (HO) and (21) dominate the 
others, and we may take simply 

A log kid , rtl , 

(20) - ~ . , , , , ...(24 

2A*, 3 1 B (A*,h)./j (A*,//) 

«- . 

Also </>' (Ayi) - - . * . , <£' (A*j/d - } ’ *......(20) 

Ay* log Ay i ^ log Ayr 

Using these, we find from (10) and (24) 

h v i . //, , m 

lug* h a A J A S ./, 8 (A*A) A•,*/» log h!a . ( k, h )./, (A*, A} 4A', IV ( k x h) 

i /. // 2 

. * i h x ii % loro t, h\ _ /. a 


./„ { hh) (h — kl /».// ( kh ) 


2 lug h;it 4 log 3 Ay t 
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as the expression for the capacity which is to be made a minimnm. Com¬ 
paring the terms in H*, we see that the two last, corresponding to the 
negative side, vanish in comparison with the other in virtue of the large 
denominator log 2 k\a. Hence approximately 


and (37) becomes 


2r 0 (hb) 

k-J) log bja . Ji (kxb) 


.(38) 


_^_, _&_ 5 - 1 _ .. ( 39 ) 

2 log b/a log 2 bja k s b 3 J i 2 (kb) log 2 b/a ki s b 3 J l a (kj)) 

when made a minimum by variation of H l . Thus the effect of the correction 
depending on the introduction of H 1 is simply to wipe out the initial term 
of the series which represents the first approximation to the correction. 

After this it may be expected that the remaining terms of the first 
approximation to the correction will also disappear. On examination this 
conjecture will be found to be verified. Under each value of k in (16) only 
that part of B is important for which h has the particular value which is 
nearly equal to k. Thus each new H annuls the corresponding member of 
the series in (39), so that the continuation of the process leaves us with the 
first term of (39) isolated. The inference is that the correction to the 
capacity vanishes in comparison with b 4- log 2 bja, or that SI vanishes in com¬ 
parison with b 4- log b/a. It would seem that SI is of the order b 4- log 2 bja, 
but it would not be easy to find the numerical coefficient by the present 
method. 


In any case the correction SI to the length of the rod vanishes in the 
electrostatical problem when the radius of the rod is diminished without 
limit—a conclusion which I extend to the vibrational problem specified in 
the earlier portion of this paper. 





uX ntXTuKMAL liKl'KKSKXTATJt >N FROM A MKrilANIt’Al, 

Ft HAT oF V 1 KW, 


{ f’htln'fujJt,,„i! Mit'tu. un , \ 11 j. \\v. J)J>. UH.h 70'J. HUT) 


I\ W hat !** railed f?»ii|«*riis;tS tvpiesejllulloit I!»»* coordinate** of olio {mint ,r,ff 

tti a Mr with iimsi- «.f tli«- *’**rr»^jn*a«lin|4 {mint g, rf by tin* 


vvin i« f «i. h 4U <uIntrat \ liUM-ti<*n. In the* 1 rauTonnat ion angles remain 

unaltered. <t!8*i rut ivHjMiiHiut’j mrnuti HHu il figure** an* Hiuiilar, though nut in 
general situated 11 «»• attribute i<* £, ?; \alue*. in anthiuet iml 

pr**<i*n «ifh th»« ■liiiiii' small common difference, tin* nitiiplt* sijiian* net¬ 
work »s represented by two sets of nini"» crowing one another at right angles 
wi a*» to |«iKi h hat are ss!f ttnafrh f«{tiarrj» when tin* original common differ¬ 
ence t*. made auiuii JUfb- For example, ns a HjMH’till ruse of ( 1 f, if 

*■ f fi; s® cHtj» (£ +* tV/). ..,...C‘2| 

,r rwin £ t**ml* tj, y -* c (Htt< £ ttitih t) ; 
ntjtf tin* curves eofTcsjjotiding t-o »/ *®constant an* 


‘««rn*H|H*tniinj<( to taut an* 


n «**? of 8*i»nf*K‘al ellipse** and hy|»*rl>oln,H, 


It in usual to refer j\ y and |» y to Hejmmte planes and, iim far ns I have 
wen, in* trtimiiutn front tin* oin* jKisition to the otht*r in contemplated. 
Hut of counto then* i» nothing to forbid tht* two w*t» of coordinates being 
taken in the saute plane and measured on the name axes. We tuny then 
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regard the angular points of the network as moving from the one position 
to the other. 

Some fifteen or twenty years ago I had a model made for me illustrative 
of these relations. The curves have their material embodiment in wires of 
hard steel. At the angular points the wires traverse small and rather thick 
brass disks, bored suitably so as to impose the required perpendicularity, the 



Fig. l. 

two sets of wires being as nearly as may be in the same plane. But some¬ 
thing more is required in order to secure that the rectangular element of 
the network shall be square. To this end a third set of wires (shown dotted 
in fig. 1 ) was introduced, traversing the corner pieces through borings 
making 45° with the previous ones. The model answered its jourpose to a 
certain extent, but the manipulation was not convenient on account of the 
friction entailed as the wires slip through the closely-fitting comer pieces. 
Possibly with the aid of rollers an improved construction might be arrived at. 

The material existence of the corner pieces in the model suggests the 
consideration of a continuous two-dimensional medium, say a lamina, whose 
deformation shall represent the transformation. The lamina must be of 
such a character as absolutely to preclude shearing. On the other hand, it 
must admit of expansion and contraction equal in all (two-dimensional) 
directions, and if the deformation is to persist without the aid of applied 
forces, such expansion must be unresisted. 

Since the deformation is now regarded as taking place continuously, / in 
(1) must be supposed to be a function of the time t as well as of £ 4- i v . We 
may write • 

x + iy=f(t,% + vn) .( 5 ) 

The component velocities u, v of the particle which at time t occupies the 
position w, y are given by dxjdt, dy/dt, so that 

U + iv = % + ir) ^ 


.( 6 ) 
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I !»■! tt fi*ii {“*» and {fit £ + it/ may he eliminated ; it t /<• then become* u 
fuill’t ion of i and of .r +• |i/, *a\* 

u + ##• ™ /’{/, a- i <//)...,(7) 

Tin- « ijuuS n»u wit h vvhifh we started in nf wlmt is ended in Hydro- 

• lyiiHinjr;* fin* l#Hgrnngiau lvj«-. \W follow tin* motion of net individual 
pujiieh-. i *ii tin* other lmnd, {71 is *<f flu* Kulemn tyj«*. expressing tin* 
\eluritn~* !«< In* found at any t ina- at a sjieeitied plan**. Keeping t fixed, 
ir. taking. an j| u.'iv, mi instantaneous \iew of tin- system, w«* see that it, i\ 

as gum b\ 11 I, satisfy 

(</ 3 dr 1 i d dip i|«, r) i 0, ..t H) 

• ■»pml which hold also f«.|* th«- brutaliujml motion nf an incompressible 
Injunl. 

It in *.f interest !<» t'iiutjtiitv tin* present unit mu with that <»f a highly 
\in**.ai** two dimensional fluid, for which the eipmtion* an-* 


Un 


dp 

dO 

(d u d J n 

in ' 

■ pX ■ 


dr ' 

‘ ft \d.i ‘ f dtp 

lir 


dp 

dd 

,'«/’*■ do* 

In ' 

-■ pY' 


dp 1 

• i ./ r 

it 

du f 

dv 



V 

d.r ' 

' dp' 




If itn- pnssuie in independent of density and if the merlin terms an* 
neglected, t he*** rtjiiiit mils art* satisfied plot, }«l»*d that 

pX i p d0 d.r - 0. pY f p'd$ dp e* < I. 

In th>- case nf feitl viscous fluids, tlu-n* is reason tu think that p" ■■ \p. 
Impressed funis an* then mjuiivd *o long as tin* fluid is moving. The 
*nj»j*o*iimji that p is constant being already a large dejmrtutv from the raw 
»»f nature, we may jierhuji* us well *upj»ose p ■» 0. and then n»* impressed 
lw*tlily |« ir«’es up" railed fur either at rest « *r in inutiuu. 

If we Http}tone that the ni«itiu|i in (7} is stmidn m the hydrodyimndral 
Hi*nse, it 4* i> must he indi‘}H*n«lent of t. that the elimination of £ a- n; 
lH*twt*en (fit and (ti» must carry with if the elimination of i. This mpht-es 
that df dt in (lit 1 m* it function of j. and not otherwise of ( and £ + iy ; and it 
follows that t.7| must 1m* of the form 

.r 4- ip fl\ \t f Fj £ -! irj )‘, ...d* t 

« Klokti*. i .i ml>, Tutn* ImSCI; Mathfimluat . (H .I /%**<•»</ Paptn. Vn}. tv. |>. It. It tW« m»l 
*rvtn U* U |p*tiPrAUv k rum a that the laws *<f it/a»iuinit mmihrity for finfo* ««.- 

formulRtid ttt itail ntwiiMir. ItO .veart* later. 
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where F v F 2 denote arbitrary functions. Another form of T9) is 

F s (x + iy) = t + F. 2 (? + iy) .(1°) 

For an individual particle F.,(g + iy) is constant, say a + ib. The equation 
of the stream-line followed by this particle is obtained by equating to ib the 


imaginary part of F s (x + iy). 

As an example of (9), suppose that 

so + iy = c sin {it + £ + iy], .(11) 

so that x — c sin |. cosh (y + 1), y = c cos £. sinh (y + t), .(12) 


whence on elimination of t we obtain (4) as the equation of the stream-lines. 

It is scarcely necessary to remark that the law of flow along the stream¬ 
lines is entirely different from that with which we are familiar in the flow of 
incompressible liquids. In the latter case the motion is rapid at any place 
where neighbouring stream-lines approach one another closely. Here, on the 
contrary, the motion is exceptionally slow at such a place. 







t»N TIIK APPROXIMATE SoMTloN (>F ('KItTAIN PROBLEMS 
RELATIXtl TO THE IBfTKXTIAL. II. 

i t'hduHaphunt Mtitjmine. Y«»l. \\v\. pp. tti.A HU ft.} 

Till. pi« <« ut |«iprr umy 1« ngntdrd an Mipph-im-ufary to on** with tin* 
H 4 UP- till* jmhbMitM a I*«n K r vihilr ji^o*. In tw.* if R*. 

jn*i*-iiii i il mid ’At, mu fuwtiniiM, anil if tr.*/» f abm^ tin* lint* >j » (), 

«r ilia | I .ilk** 

ifti.r •%/* * / .... ..<|) 


/ u fuiu’t i« >ii «.! .<• (nr mbit ran. Tln-w inlm-H wtiLfy ibo g«*inTal 

condition* f,»i i.|i«* |Kiti-ntmi tuid stream fuucituitH. and wIkmi »/ms I) amk** 
dip tU 4? m 0 , 

i‘#l«i 4 ii«»u ri) nmy l*u ragardml iw drirrmifutiu flu* of flow (niiv out* 

*4 i%lsi*'h umy 1«- mippoHrd to Ih- tilt* imuudury) in trritis of f. ('uitvorHolv, if 
It L* k?i**nn m n function of x itwd tjr U* mumUnt <any unity), wi* 

umy find/ by approximation. Thu* 

/. 1 et * ( l \ ^ f ^ 1 »/h] y ti* i% 

>J (» d.A \tj) IH» dx 3 | ^ dx s \y/j I*2fl d,t* iff)' * ' 

umy mm input lion* tu invrsttgrti*- tin* htnnm-lim* for whirh ^ 

Ini** a vain*- nii« rmodiato bat wv»<rt 0 mul 1. If t) driiotr tin* ronvHpntidmK 

Viltil*- of y, wo t*» rliudiuitf/' 


1) « fij 4 ; { , {ytf - w*) - f vm iyn y - Vfh 


9 fVtw, Id,ml ,SW. Yi.t, vil. j», ?3 flK?0j ; Seientijie Vaprrt, Vol. l, j*. *2?’J» 
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or by use of (3) 


„ = * v +tjr -*)*_ /i\, f(r- 1 )(3^- 1) jil (l 

^ J 6 dx 2 \y) 36 (da 1 - \y 

, y 4, (^ 3 ~ L 2 AM_ 3/ (i (^ B -f) ( l ) 


36 doc 2 (y dx 2 \y 


120 dx 1 \yt 


.(4) 


The evanescence of ^ when y— 0 may arise from this axis being itself a 
boundary, or from the second boundary being a symmetrical curve situated 
upon the other side of the axis. In the former paper expressions for the 
“ resistance ” and “ conductivity ” were developed. 

We will now suppose that \!r = 0 along a circle of radius a, in substitution 
for the axis of x. Taking polar coordinates a -f- r and 9, we have as the 
general equation 

.«, 


Assuming ty = R 1 r + R 2 r 2 -f R 3 r' + ..., . 

where R l3 R. 2) &c., are functions of 6, we find on substitution in (5 ) 

2a 2 R 2 + a JR = 0, j 

6ct?R 3 + 6uJL + R, + R" = 0;) . 


so that 


T 2a ba 2 


is the form corresponding to (2) above. 
If yfr = 1, (8) yields 


p ~ 1 , _L r ~ 7,2 d 2 

1 r 2a 12a 2 ^ ba 2 d& 2 vr/ ’ 


expressing R 1 as a function of 6, when r is known as such. To interpolate a 
curve for which p takes the place of r, we have to eliminate R l between 

Rr 2 (2R 1 ^R l ")r 2 
Mi " -—+ ——, 


xfr = R t p - 


^ ( 2 R, - R,")p- 


7? 9 P P " 

Thus p = rf - -■+ ( pr - - rp*) + 1 _ rp ^ 

and by successive approximation with use of (9) 

| r 3 yjr (\fr — 1 ) (-^ — 2) /1\ 

P Y+ a 1.2 '1.2.3 + u* 6 d& \r) ' (10) 
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The significance of the first three terms is brought out if we suppose that 
r is constant (a), so that the last term vanishes. In this case the exact 
solution is 

.(11) 

whence 

P-/' a + ° V 1-^.“ I ^ (jr - 1) (jr - 2) a 3 

a V a J r a 1.2 a- 1.2.3 a 3+ . K ' 

in agreement with (10). 

In the above investigation ^ is supposed to be zero exactly upon the 
circle of radius a. If the circle whose centre is taken as origin of coordinates 
be merely the circle of curvature of the curve ^ = 0 at the point (0 = 0) 
under consideration, ^ will not vanish exactly upon it, but only when r has 
the approximate value c6 3 , c being a constant. In (6) an initial term R 0 
must be introduced, whose approximate value is — c&R^ But since i? 0 " 
vanishes with 6 , equation (7) and its consequences remain undisturbed and 
(10) is still available as a formula of interpolation. In all these cases, the 
success of the approximation depends of course upon the degree of slowness 
with which y , or r , varies. 

Another form of the problem arises when what is given is not a pair of 
neighbouring curves along each of which ( e.g .) the stream-function is con¬ 
stant, but one such curve together with the variation of potential along it. 
It is then required to construct a neighbouring stream-line and to determine 
the distribution of potential upon it, from which again a fresh departure may 
be made if desired. For this purpose we regard the rectangular coordinates 
x , y as functions of £ (potential) and y (stream-function), so that 

x 4- iy —f (£ + it]), .(13) 

in which we are supposed to know /(£) corresponding to y = 0, i.e., x and y 
are there known functions of Take a point on y = 0, at which without 
loss of generality £ may be supposed also to vanish, and form the expressions 
for x and y in the neighbourhood. From 

x 4- iy = A Q + iB 0 + ( A 1 + iBi) (tj 4- iy) 4- ( A 2 + i£ 2 ) (% 4- iy) 2 + ..., 
we derive x = A 0 + — B 4 y 4- A 2 (£ 2 — y 2 ) — 2j B 2 ^y 

+ ^s(P-3^)-J5 8 (3^-^) 

4- A 4 (f - 6£V 4- y 4 ) - 4<B 4 (^ 3 y - %y 3 ) + ..., 
y = B* + B 1 % + Aw + 2 A 2 %y 4- B 2 (f> - y 2 ) 

4- A z (3f 2 ?? - y 3 ) 4- B 3 (p - 3%y 2 ) 

4- 4 A 4 (% 3 y - %y 3 ) 4- B 4 (£ 4 ~ (^ 2 y 2 4- y 4 ) 4- .•. • 
x = A n + Ajl; 4- A 2 % 2 4- A 3 £ 3 4- A 4 £ 4 4- ..., 
y = Bo + B£ 4- B 2 P 4- B,P + B 4 ? 4-.... 


When y — 0, 
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Since x and y are known as functions of £ when r\ = 0, these equations 
determine the A *s and the B y s, and the general values of x and y follow. 


When £=0, but ?? undergoes an increment, 

x = A 0 — Btf — -d. 2 7 ? 2 + + A±rf - ..., .(14) 

y = B 0 + Atf - B 2 t]' 2 — A~r) 3 + , .(15) 

in which we may suppose rj = 1 . 


The A’s and j3’s are readily determined if we know the values of and y 
for 7) — 0 and for equidistant values of £, say f = 0, £= ± 1 , £ = ± 2 . Thus, if 
the values of # be called # 0 , x_ 1} x 1} x 2 , x_ 2 , we find 


A 0 —x 0 , and 

, 2 1 / \ A SCe - 

A i = g (#i - a?_i) - w ~ #-2), = - * 

. 2 (x 1 + x _! — 2x 0 ) ^2 4- ^-2 — 2^r 0 

~ ““ 3 24 


— 

12 



^ _ x 2 4- x_ 2 — 2x 0 x l 4 - — 2 ^ 0 

A ±~ 24 6 • 

The B's are deduced from the A* s by merely writing y for x throughout. 
Thus from (14) when £ = 0 , 77 = 1, 

5 1 

# = #0 — g (#L + #-i - 2tf 0 ) + ^9 (#2 + «-2 “ 2 ^o) 

-1 (2/1 - y -0 +1 (2/2 - y-2).(16) 

5 1 

Similarly y = y,--(y l + y _, - 2y 0 ) + ^(y 2 + y- s ~ %o) 


5 . .1 

4 - - 7 . { x x — #_i) - y (# 2 — #-2)- 


(17) 


By these formulae a point is found upon a new stream-line (77 = 1 ) cor¬ 
responding to a given value of £. And there would be no difficulty in 
carrying the approximation further if desired. 

As an example of the kind of problem to which these results might be 
applied, suppose that by observation or otherwise we know the form of the 
upper stream-line constituting part of the free surface when liquid falls 
steadily over a two-dimensional weir. Since the velocity is known at every 
point of the free surface, we are in a position to determine £ along this 
stream-line, and thus to apply the formulae so as to find interior stream-lines 
in succession. 


Again (with interchange of f and 77 ) we could find what forms are 
admissible for the second coating of a two-dimensional condenser, in order 
that the charge upon the first coating, given in size and shape, may have a 
given value at every point. 

[Sept 1916. As another example permanent wave-forms may be noticed.] 







ON THE PAXSALF OF WAVFS THKonJII FINK SLITS 
IN THIN OPA^FF S( TFFNS. 


[ Pruartlintjs of the Rui/al tinciefi/. A, Vol. lxXXIX. pp. 1 P4 21b, 

In' «'» former paper* 1 gave* solutions applicable* to tin* passage of light 
through very narrow .slits in infiniloly thin perfectly opa<pie semens, lor tlu* 
two principal eases where fin* polarisation is <*i11 n*r parallel or perpendicular 
to the length <»f the slit. It appeared that it the width ('2i>) of the slit is 
very small in comparison with the wa vedengt h (A ), t here is a much more 
free passage when the electric vector is perpendicular to the slit than when 
it is parallel to tin* slit, so t hat. unpolarised light incident upon the screen 
will, after passage, appear polarised in the former manner. This conclusion 
is in accordance with < he observations of Fixeau mU upon t he very narrowest 
slits. Fi/.eau found, however, that somewhat wider slits (scratches upon 
silvered glass) gave fhc opposite polarisation ; and I have lone- wished to 
extend tin* (*a leu la t ions to slits of width comparable with A. 'Flic subject, 
has also a practical interest in connection with observations upon tlu* 
Zeeman effect *. 

The analysis appropriate t,o problems of this sort would appear to be* by 
use* of e*llipfie coordinates; hut I have* not seen my way to a solution on 
these lines, which would, in any case 1 , be rat her complicate^!. In default of 
such a solution, I have 1 fallen hack upon the* approximate 1 methods of my 
form<*r paper. Apart from the* infe*nde*d application, some* of the* problems 
which present timmselves have an interest of their own. If will Ik* conve¬ 
nient to repeat the general argument, almost in the words formerly e*mploy<*d 

“On the Passage of Wave's through Apertures in Plane* Screens and Allied Problems," 
Phil. Map. 1*97, Vol. xi,m. p. 23U; Scientific Papers, Vol. iv. p. 2H3. 

t Amt a Irs tie Chimic , IHIil, Vol. rxm. p. 3 Ha ; Maseart’s Trait r d'Optiquc, § 04 a. See* also 
Phil. Map. 1007, Vol. xiv. p. 330; Scientific Papers, Vol. v. p. 417. 
t Zeeman, Amsterdam Proceedings, October, 1312. 
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Plane waves of simple type impinge upon a parallel screen. The screen 
is supposed to be infinitely thin and to be perforated by some kind of 
aperture. Ultimately, one or both dimensions of the aperture will be 
regarded as small, or, at any rate, as not large, in comparison with the wave¬ 
length (X ); and the investigation commences by adapting to the present 
purpose known solutions concerning the flow of incompressible fluids. 

The functions that we require may be regarded as velocity-potentials </>, 


satisfying 

d 2 cf)/dt 2 = FV 2 <£, .(1) 

where V 2 = d 2 /dx 2 + d 2 /dy 2 + d 2 /dz 2 , 

and V is the velocity of propagation. If we assume that the vibration is 
everywhere proportional to e !nt , (1) becomes 

(V 2 + Jc 2 ) <fi = 0, .(2) 

where h = n/V== 2 tt/X .(3) 

It will conduce to brevity if we suppress the factor e int . On this under¬ 
standing the equation of waves travelling parallel to x in the positive 


direction, and accordingly incident upon the negative side of the screen 
situated at x — 0, is 

= e~ ikx .(4) 

When the solution is complete, the factor e int is to be restored, and the 
imaginary part of the solution is to be rejected. The realised expression 
for the incident waves will therefore be 

<fi = cos (nt — kx) .(5) 

There are two cases to be considered corresponding to two alternative 
boundary conditions. In the first (i) d<f>/dn = 0 over the unperforated part 
of the screen, and in the second (ii) <fi = 0. In case (i) dn is drawn outwards 
normally, and if we take the axis of z parallel to the length of the slit, </> will 
represent the magnetic component parallel to z, usually denoted by c, so that 
this case refers to vibrations for which the electric vector is perpendicular to 
the slit. In the second case (ii) </> is to be identified with the component 
parallel to z of the electric vector R, which vanishes upon the walls, re¬ 
garded as perfectly conducting. We proceed with the further consideration 
of case (i). 

If the screen be complete, the reflected waves under condition (i) have 
the expression <fi=e ikx . Let us divide the actual solution into two parts, 
X and the first, the solution which would obtain were the screen complete; 
the second, the alteration required to take account of the aperture; and let 
us distinguish by the suffixes m and p the values applicable upon the 
negative ( minus ), and upon the positive side of the screen. In the present 
case we have 

Xm = e -ikx + eikx } Xp = 0 


( 6 ) 
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This ^-solution makes d^Jchi — Q, d^ p jdn =0 over the whole plane = 0, 
and over the same plane % ni = 2, ^ = 0. 

For tho supplementary solution, distinguished in like manner upon the 
two sides, we have 

/' /' p — ikt' I* f p — ilcT 

= J I 'K. —r dS, fp=\! 'L -~dS, .(7) 


where r denotes the distance of the point at which \/r is to be estimated from 
the dement dS of the aperture, and the integration is extended over the 
whole of the area of aperture. Whatever functions of position may 

be, these values on the two sides satisfy (2), and (as is evident from 
symmetry) they make d^Jdn, dyfr p /dn vanish over the wall, viz., the im¬ 
perforated part of tho screen, so that the required condition over the wall 
for the complete solution is already satisfied. It remains to consider the 
further conditions that cj> and dcf>jdx shall be continuous across the aperture. 
These conditions require 1 , that on the aperture 

2 -I- = -*fr p , d\fr m Jd;v = d^p/dx .(8)* 

The second is satisfied if ; so that 

f,, = f | V m e y : dS, = - ff ^ dS, . (9) 

making the values of yfr ltl , yfr p equal and opposite at all corresponding points, 
viz., points which are images of one another in the plane a; = 0. In order 
further to satisfy the first condition, it suffices that over the area of aperture 

= ** = i, .00) 

and the remainder of the problem consists in so determining 'TA that this 
shall be the case. 


It should be remarked that X F in (9) is closely connected with the normal 
velocity at d$. In general, 

d^jr f d fe~' krs 


[[v— (?—)dS.(11) 

x JJ dx \ r J 


dx 

At a point (x) infinitely close to the surface, only the neighbouring 
elements contribute to the integral, and the factor e~ ikr may be omitted. 
Thus 


d'xjr 

dx 



J x • 


• ; 


or 


'F = - 


1 dyjr 
27r dn " 


...( 12 ) 


dyfr/dn being the normal velocity at the point of the surface in question. 


* The use of dx implies that the variation is in a fixed direction, while dn may be supposed 
to be drawn outwards from the screen in both cases. 
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In the original paper these results were applied to an aperture, especially 
of elliptical form, whose dimensions are small in comparison with X. For 
our present purpose we may pass this over and 'proceed at once to consider 
the case where the aperture is an infinitely long slit with parallel edges, 
whose width is small, or at the most comparable with X. 


The velocity-potential of a point-source, viz., e~ ikr jr, is now to be replaced 
by that of a linear source, and this, in general, is much more complicated. 
If we denote it by D (hr), r being the distance from the line of the point 
where the potential is required, the expressions are* 



l 2 

1.8 ikr 


P.3 2 

1 . 2 . ( 8 ikr) 2 





k 2 r 2 

+ -H7" 


2' 2 .4 


~S 2 + 


7b 6 r 6 


2 2 .4 2 .6 2 


.(13) 


where 7 is Euler’s constant (0*577215), and 

= 1 + ^ + -y- + ... + 1/m.(14) 

Of these the first is “semi-convergent” and is applicable when kr is large; 
the second is fully convergent and gives the form of the function when kr 
is moderate. The function D may be regarded as being derived from 
Q—Hzr 1 r by integration over an infinitely long and infinitely narrow strip of 
the surface S. 

As the present problem is only a particular case, equations ( 6 ) and ( 10 ) 
remain valid, while (9) may be written in the form 

fan = (kr) dy , fa = — f% n D (kr) dy, .(15) 

the integrations extending over the width of the slit from y — - b to 
y = 4- b. It remains to determine so that on the aperture fa n = — 1 , 

fa = + 1. 

At a sufficient distance from the slit, supposed for the moment to be very 
narrow, D (kr) may be removed from under the integral sign and also be 
replaced by its limiting form given in (13). Thus 

f e- ikr f%»ctz/. .( 16 ) 

If the slit be not very narrow, the partial waves arising at different parts 
of the width will arrive in various phases, of which due account must be 
taken. The disturbance is no longer circularly symmetrical as in (16). But 
if, as is usual in observations with the microscope, we restrict ourselves to 


See Theory of Sound , § 341. 
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the direction of original propagation, equality of phase obtains, and (16) 
remains applicable even in the case of a wide slit. It only remains to 
determine as a function of y, so that for all points upon the aperture 

j + \ n D(kr)dy = -l, .(17) 


where, since hr is supposed moderate throughout, the second form in (13) 
may be employed. 

Before proceeding further it may be well to exhibit the solution, as 
formerly given, for the case of a very narrow slit. Interpreting <f> as the 
velocity-potential of aerial vibrations and having regard to the known 
solution for the flow of incompressible fluid through a slit in an infinite 
plane wall, we may infer that ' v k m will be of the form A ( b 2 — y 2 )“£, where A 
is some constant. Thus (17) becomes 


A 


(•7 + log \ih) 7 r + 


■+& logr. dy ~ 

J -& V(6 2 - y 2 )_ 




(18) 


In this equation the first part is obviously independent of the position of 
the point chosen, and if the form of '\P m has been rightly taken the second 
integral must also be independent of it. If its coordinate be rj, lying 
between + b, 

f +i logr. dy _ [V log ( v -y)dy f b log (y - y) dy 

j-i’jiv-f) j_r vc&’-j?) Jr, */(?-?) .^ ' 

must be independent of tj. To this we shall presently return; but merely to 
determine A in (18) it suffices to consider the particular case of 77 = 0. Here 


f +b W T m dy 

J-b V(6 2 - y 2 ) 


= 2 /o = 2 /o l0g ^ C0S d J dd = ' rr lo & (£&)• 


r+b 

Thus A(y +1 og^ikb) ir = — 1 , and ^mdy — mrA ; 


so that (16) becomes 


- e ~~ ihr f—\* 

y + log ifcb) \2ikr) 


( 20 ) 


From this, yfr p is derived by simply prefixing a negative sign. 

The realised solution is obtained from ( 20 ) by omitting the imaginary 
part after introduction of the suppressed factor e int . If the imaginary part 
of log (l%kb) be neglected, the result is 

, { ir cos (nt-hr-iir) /cm 

* m ~\2kr) 7 + log kb) ’ . { } 

corresponding to % m — 2 cos nt cos kx .( 22 ) 

Perhaps the most remarkable feature of the solution is the very limited 
dependence of the transmitted vibration on the width (26) of the aperture. 
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We will now verify that (19) is independent of the special value of 77 . 
Writing y = b cos 8, r) = b cos a, we have 

| 2 ? ~ ; ^ — | l°g (£&) dd + J log 2 (cos 9 — cos a) d6 

+ [ log 2 (cos a - cos 9) dd = rr log (^b) 


+ | log |2 sin - j d9 4 - | log |2 sin d9 + j' log |2 sin d9 

nrr+la fka 

= 7 r log + 2 I log (2 sin <p) dcj> + 2 l log (2 sin <£) d<f> 

J 1[CL J 0 

rlrr — ba 

-f 2 | log (2 sin <£) <i<£ 


0 


= 7 r log ^b -f 2 log (2 sin <j>)d<j> + 2 log (2 sin <£) d<f> 


fh 7r ~h a 

+ 2 | log (2 sin </>) dcj^ 


= 7 r log ^5 + 4 log (2 sin <£) d<f >, 

. 0 


as we see by changing <£ into 7 r — <56 in the second integral. Since a has 
disappeared, the original integral is independent of 77 . In fact* 

fin- 

log (2 sm <p) d(j> = 0 , 

J 0 


and we have 


+ 6 Jog r # 

-b V (& 3 - 2 / 3 ) 


= 7T log 


(23) 


as in the particular case of 77 = 0 . 

The required condition (17) can thus be satisfied by the proposed form of 
Tq provided that kb be small enough. When kb is greater, the resulting 
value of ^ in (15) will no longer be constant over the aperture, but we may 
find what the actual value is as a function of 77 by carrying out the integration 
with inclusion of more terms in the series representing D . As a preliminary, 
it will be convenient to discuss certain definite integrals which present 
themselves. The first of the series, which has already occurred, we will call 
h 0) so that 

K = [“ log (2 sin 6) d6 = f log (2 cos 8) d8 = \ f" log (2 sin 26) dd 
J 0 J 0 Jo 


= 1 


log (2 sin (j>)d<f)=z^ 
0 


r 2' 7r 

log (2 sin <f>) d</> = 
0 


See below. 
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Accordingly, h Q = 0. More generally we set, n being an even integer, 

i o 

or, on integration by parts, 


h n = [“ sin™ 8 log (2 sin 8) d8, .(24) 

Jo 


h n = I cos 8 {(n — 1) sin™ -2 8 cos 8 log (2 sin 8) -I- sin™ -2 8 cos 8} d8 
J o 

= (n — 1) (h n _ 2 — h n ) + f (sin™ -2 8 — sin™ 8) dd. 

J o 


Thus 


]} n — 


1 , 1 n — 3, n — 5 ... 1 7r 

-hn -2 + • 


n “ ' n 2 n — 2, n — 4 ... 2 2 ’ 
by which the integrals h n can be calculated in turn. Thus 
h 2 = tt/8, 

,31 1 7T_7r3.1 / 1 1 

4 4 2 + 4 2 ‘2’2 2 4.2 1.2 + 3.4 


.(25) 




5.3.17 T f 1 1_\ 1 3.It r 
6.4.22 U.2 + 3.4/ + 6 2 4'. 2 2 


77 5 . 3.1 ( 1 


2 6.4.2 U.2 3.4 


+ 


o)- 


Similarly 


77 7.5.3.1 / 1 


+ ; 


1 


1 _L 

”1" I, Ct 


and so on. 


8 2 8.6.4.2 \1.2 3.4 5.6 7.8/’ 

It may be remarked that the series within brackets, being equal to 

approaches ultimately the limit log 2. A tabulation of the earlier members 
of the series of integrals will be convenient:— 


TABLE I. 

2/2' 0 /7T = 0 

2Vtt = 1/4 = 0-25 

2A 4 /t7 =7/32 = 0-21875 

2/2-0/77 =37/192 =0T9271 

2A 8 /t7 =533/3072 =017350 

2A 10 /tt = 1627/10240 = 0-15889 

2/2-12/77 = 18107/122880 = 014736 

2A m /t7 =.= 013798 

2 Aie/ 77 =.= 013018 

2A w /t7 =.= 012356 

2/120/77= ..=011784 


The last four have been calculated in, sequence by means of (.25). 
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In (24) we may, of course, replace sin 9 by cos 6 throughout. If both 
sin 9 and cos 9 occur, as in 


fhir 

sin™ 0 cos’™ 01og (2 sin 0) d9, .(26) 

Jo * 


where n and m are even, we may express cos m 0 by means of sin 9, and so 
reduce (26) to integrals of the form (24). The particular case where m — n 
is worthy of notice. Here 


' i 77 f ^ 7r 

sin™ 0 cos™ 0 log (2 sin 0)d0= sin™ 0 cos™ 0 log (2 cos 0) d9 

.o J o 


. f^sm n 20 /0 . 7/] 

A J log (2 sm 2 0)d0 = 


hn_ 

9n+i * 


.(27) 


A comparison of the two treatments gives a relation between the integrals /?. 
Thus, if n = 4, 

/? 4 — 2/z 6 + h 8 = /z- 4 /2 5 . 

We now proceed to the calculation of the left-hand member of (17) with 
T 7 = (6‘ 2 — y 2 )~*, or, as it may be written, 

dy 


, Hcr\ ~r ft \ k 2 r~ & 4 r 4 a & 6 r 6 
V(& 2 - I/ 2 ) l\ y + ° g Tj ^ + 2 2 .4 2S ' 2 + 2°-. 4-. 6 2 S * ~ ' 

The leading term has already been found to be 

ikb 


l , %kb\ 
rrr[y + \og—j . 

In (28) r is equal to ± (y — v )• Taking, as before, 
y=b cos 9 , 7j = b cos a, 


.(28) 


.(29) 


we have 


d0 


. o 


( %kb 1 

1 7 + log — + log ± 2 (cos 0 — cos a) j J 0 {kb (cos 0 — cos a)} 


+ 


k 2 b 2 { cos 0 —cos a) 2 & 4 6 4 (cos 9 — cos a) 4 3 , & 6 6 6 (cos 0 — cos a) 6 11 
’ ‘“6" 


92 


2 2 .4 2 


• 2 ~ r 


2 2 .4 2 . i 


.(30) 


As regards the terms which do not involve log (cos 0 — cos a), we have to 
deal merely with 

(cos 0 — cos a)™ d0, .(31) 


where n is an even integer, which, on expansion of the binomial and 
integration by a known formula, becomes 


w — l.n — 3.w—. 5...1 n .n — In — 3 ,n — 5...1 

+ -t-t;-~- 3 -sr cos 2 a 


n.n — 2 .n — 4 ... 2 


1.2 n — 2 . n — 4 ...2 


+ ‘ 


n.n — Y .n — 2.n — 3 n — 5 .n — 7 ... 1 


1.2.3.4 


n — 4.— 6 ... 2 


cos 4 «+...+ cos™ a 


. ...(32) 
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Thus, it n = 2, \vu i»vf it [ k 4- cos'* 5 a ]. If//=4, 


2. i 4. 21 I 

I w> 4- j nos-a 4- uos 1 a I , and so on. 


Thu uouHiuiunt of (21 ), or (’12), in (20) is 

k H b n 

. 4“ ... u 


(- U> 


ikh f 

7 -4-Ion* — 


22 ) 


At. tlu* uontm of (In* apurtnru whom tj = 0, uos a --- 0, (22) ivducos t.o its 
first form. At tin* ud«n\s when* cos a -- 4 I, \vu may obtain a simplur form 
dirout ly from (21 ). dims 


(21 


j (I t Costf)' 1 </()- '2“v 


iii - 1 . in — :> ... I 'In - I ,'2n 


■2„ .:in 


For uxamplu, if n (i, 
(24) - 


//.//- I . // — 2 ... 1 
.(24) 


1 i . 0.7.5.2 . 1 2217r 

0 ,2.4.2.2.1 10 * 

Wo havu also in (20) to uniisidor (// own) 


(10 (cos 0 ~~ cos a ) H Iol;' | J 2 (cos 0 — uos a)\ 


dd sin" ^ 

a . 

d - « 

1 


d4 < 

x . a — d) 

S1U -2 j' 

Mil 

-j 1 

(><»' 

( 

l sin 

2 


0 - 1 - 

a . d 

- a 

, | 


tf-l-a . 

4- | dd sin 

. u 

n 

2 

sin" 

2 

h\4 ' 

t 

4 sin 

2 ' M “ 2 

. on- 

r t . 

d a . 

( 


(1.4. 

a) 

dd sin" 

sin 

H 0 1 


2 sin 

2 

1 

-}• j (10 sin 

J 0 

2 

a . 0 

sin" 

T' 

l,,K l 

2 sin 

a - 

21 

f* 

d 4 * 

a . d 

• - CC . 

j 

2 sin 

B-a) 

4* I dd sin 

./ a 

f % 1 rr * J a 

2 

sin" 

• 2 1 

lotf | 

■2 | 


dp sin' 1 p sin 71 (<p — a) l<>o’ (2 sin p) 


4-2 


’ h rr • it 


dp sin" <56sin " (p 4 - a) lo^( 2 sin <fi) 


<I(f) sin" <£ [sin" (0 — a) 4 - sin" (</> 4- a)] lotr (2 sin <£) 

> 

j'i* i 

-{* 2 I dpxm n pH\n n (p — a) log (2 sin <£) 

• ^ 

— 2 dpm\ n pm\ n (p 4- a) log (2 sin <£) 

rh* 

= 2 I d<p sin" p [sin" (p — a) + sin" (p 4- a)} In# (2 sin <£),_ (25 ) 

0 
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since the last two integrals cancel, as appears when we write it — ^ for <f> } 
n being even. 

In (35) 

^ sin 71 (<fi + cl) + \ sin™ (0 — a) = sin™ <fi cos™ cl 

n . n — 1 . , , , . 

- —sm ,l_L <p cos 2 (p sm- a cos 71 "- a 

JL . Z 

^ ^ j ^ . . 2 22 — ^ 

H — 1 — Y 2 3 4 --sin™~ 4 <£ cos 4 ^ sin 4 a cos™" 4 a + ... + cos™<£sin™a, (36) 

and thus the result may be expressed by means of the integrals h. Thus 
if n = 2, 

(35) = 41 d<f> sin 2 0 {sin 2 0 cos 2 a + cos 2 </> sin 2 a} log (2 sin <f>) 


- 4 {(cos 2 a — sin 2 a) k 4 -f sin 2 a h 2 ] .(37) 


If n = 4, 


(35) = 4 d6 sin 4 </> {'sin 4 <j> cos 4 a + 6 sin 2 <p cos 2 <£ sin 2 a cos 2 a 
J o 

+ cos 4 <£ sin 4 a} log (2 sin <£) 

= 4 {(cos 4 a — 6 sin 2 a cos 2 a + sin 4 a) h 8 

+ (6 sin 2 a cos 2 a — 2 sin 4 a) A 6 -f sin 4 a A 4 }.(38) 

If n = 6, 

(35) = 4 {(cos 6 a — 15 cos 4 a sin 2 a + 15 cos 2 a sin 4 a — sin 6 ' a) h 12 
+ (15 cos 4 a sin 2 a — 30 cos 2 a sin 4 a + 3 sin 6 a) A 10 
-f (15 cos 2 a sin 4 a — 3 sin 6 a) h 8 4- sin 6 a h G ] .(39) 

It is worthy of remark that if we neglect the small differences between 
the h !s in (39), it reduces to 4 cos 6 a h 12) and similarly in other cases. 

When n is much higher than 6, the general expressions corresponding to 
(37), (38), (39) become complicated. If, however, cos a be either 0, or ± 1, 
(36) reduces to a single term, viz., cos™<£ or sin™<£. Thus at the centre 
(cos cl = 0) from either of its forms 

(35) = 2"™. 2 h n .(40) 

On the other hand, at the edges (cos a = + 1) 

(35) = 4 [" d<p sin 2 ™ cf> log (2 sin 0) = 4A 2n .(41) 

J o 

In (30), the object of our quest, the integral (35) occurs with the coefficient 
, % i 2 n k n b n , 


2 2 .4 2 .6 2 ... n 2 ' 
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Tims, expanded in powers of kb, (28) or (80) becomes 

, //.7a tt/’ ’//*■ ! ( , ikb } , 

77 1 7 : {< \4 4 | 17 + l‘»K ± (i 4 <*<>*“«} 

2\2// 1 . 2 :: .2A . 

-I (c<>s- a — sm" a) + ' sin - a 

7f 7T 


t rk l h l 

2-.4* 
2 ’ 1 . 2 //, 


f , . //A 8 ) (8 , ) 

•7 -{■• loo ^ — %> j- -j ^ 4 ~ o cos- a -f cos ,; aj 
(cos 1 a — (> cos- a sin* a •■}■ sin 1 a) 


2\2// ( . . . 2\2//, . 

\ (Onis” a sin 5 a — 2 sin 1 a) 4- sin 1 a 

rr 7 r 


rrk u h u 
2 v . 4". rr 

2 " • 2 //,. 
nr 

2 . 2/o t) 


j . tkh III I i) 4o , 1 o ) 

- 7 4- loi( . — - A. 1 u <‘(>s-a4- . cos 1 a 4-cos'* a,- 

( * 4 (> I | 1(> 8 2 j 

(cos ,; a - locos 1 a sin" a •{- locos* a sin 1 a — sin ,: a) 

( 1 o <‘os J a sim a — 80 cos" r x sin 1 a 4 8 sin ,: a ) 

.(48 ) 


2 V . 2/e, , v . 2". 2//„ . * 

} ( 1 o cos" a sura - 8 sni'a) f sm ’>« 

7r * 7T 


At the contn* of tin* aperture (cos a -0), in virtue of (40), a simpler 
rni is available. We have 


4” 


7 4- h\4' 

//•/< 

a 

)- 

7 rk-lr 

Ot: 

I , . ikb 

2 (7+l'« ( - 

\ <0 

- ij+: 

tt/*’ 1 // 1 j 

' 2”. 4- | 

8 . 
yl< . 

2(7-1- 1( S 

ikb 21 2 A," 

4 1; 7r 


7rk u h 

H 

0 . 

8. I 

. ikb 11, 


' 2". 4* . 

, (r 

() . 

4.2'-r H ‘« 4 " (W 

i , 

1 4 - 

7r 

Trli'ii' 


W , 5 . 

•A . 1 / . ikb 25’.. 

2-’. 4*. 

0" . 

8" 

8.0. 

4 “2(7 + J‘*K 4 

-12/ 


.... (44) 


Similarly at. the edoes, by (84), (41), we have 

8.1/ . , ikb A . 


. ikb\ irk'Hf 

y + I,, « j. - •>= 


7rW»‘ 

2". 4“ 


7r/S/d 

’ 2 a .4-.0 a 


8.1/ . /AV> A 

2. I v + “7 

7.5.:}. l / , ikb :i\ v 2, 

4.:{.2.l( 7+1 ° K 4 ~ 2/ + 7 

.5.4.3.2.1 (’' + 1 " K 4 - ,i) + 2 ' ,r 


l l 

0. 


4- ... . (45) 
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For the general value of a , (43) is perhaps best expressed in terms of cos a, 
equal to rjjb. With introduction of the values of A, we have 

/ . ikb\ 7rk 2 b 2 f / , ikb\ ( , 1\ 1 0 1 

* [V + >°g -j) ~ -jjr- [y + lo g - 4 -J ( cos a + 2) + 2 C0S ' “ “ 4 

-jrfcb 1 f/ . / _ „ 3\ 7 5 „ 11 

+ 2^ K 7+ 0g vj V C ° S a + 3c ° S "“ + 8/ + 12 C0S a_ 4 COS ' a ~32 


2 3 .4 : 

vteb* 

2 3 . 4 -. 6 3 

37 


7 . ikb 

(^7 + log T 


15 


45 


cos 6 ct + -— cos 4 a + — cos- a 4 - 


8 


16 


) 


23 


+ ^ cos" a — cos 4 a — 


159 


• cos 4 a - 


73 


•(46) 


60 ' 8 “ 32 ~ 192_ 

These expressions are the values of 

\ +b D (hr) dy 

l-bW^r 

for the various values of 

We now suppose that kb — 1 . The values for other particular cases, such 
as kb = -J, may then easily be deduced. For cos a = 0, from (44) we have 


.(47) 


7T [ 7 + !°g - 


i-2d+ 1 3 - J 


5.3.1 


2-2 1 2 s .4*4.2 2 2 .4‘ 2 . 6 - 6 .4 .2 


4- ... 


4- 7 r 


1 11 1 


73 


since 


11 

2 s 4 2 2 .4 2 32 ' 2*74®:6 2 192 

= 7 r(y + logjj) [1 - 0-12500 + 0-00586 + 0-00013] 

+ 77 [0 06250 - 0-00537 + 0-00016] 

= 77 (y + log|) x 0 88073 + 77 x 0-05729 

= 77 [-0-65528 + 1-3834 i] . 

7 = 0-577215, log 2 = 0-693147, log i = \m. 


.(48) 


In like manner, if kb — we get still with cos a = 0 , 


77 ( 7 + log|) [1 - 0-03125 + 0-00037] + 77 [0-01562 - 0*00033] 

= 77 [- 1-4405 + 1-5223 i] .(49) 

If kb = 2, we have 

77 (y + Jog^) [1 - 0-5 + 0-0938 - 0-0087 + 0-0005] 

+ 7 r [0-25 - 0 0859 + 0-0102 - 0-0006] 

= 77 [+0-1058 +0-9199 f], 


(50) 
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I i' kh - i and cos a ~ ± I, we have from (4;*)) 


! 

• i * \ 


l o i :;r> 

I 201 



7 : 1-K.p 

1 - 

.j. _ . 

2- 2 2-. 4" X 2-. 

4“. 0“ id 




f 2* 

1 O-Kl;') 

1 

10. 17.04:$') 



'. 4Mi a .,S 5 12S ' 2- 

. 4 V . Or . K“. 

10- 10.0. I2S + " 


1 i 1 

07 

i 7:!o;; 

;hs4>,s4 

170-04 


2'*' f f 2-*. * 

F’!m; 

•i-'.-r.fr ooo 1 2 

l, .4-Jr..S y 

_ 2-.4-.li-.S-. 10- + 

ir | 

v o- o.yj 

|i- 

n-:$7‘> o- o-ook:$">o - 

01)00200 

i-o-ooo:$4i -o-ooooi 


vr|o \ ooibTss - o-oo:i:i02 + o-ooo25.s 4- oooooi-21 
vr j U'UNlll *f- I’OTilS/']...(51) 

Similarly, if kh uv ha\e 

tt ( 7 i lny' ( ||! ■ 0 , 0!»:?7r> | 04)0427 ■ (H)OUlOj 

• 7r 10*0 1502 b o-ooooo - o-ooi)05| 

7r | ■ ■ ! -os i-2 I- I *4«io i /1.(52) 

And if kh 2, \s il h diminished accuracy, 

7,- j / * I..M, | 1 - |-*» ! llHM II |.l)l ! 0*087 - (HM2+ 0-001 I 

• j(l'2.7 4 - 0-21 I I- O'OOO - 0-012 + o-ooi j 

vr | -- (KJTs \ (r 1*22 / J.......(50) 

A•* an inmniediat e \aim* <>f a \m* will select cos" a L Fur kh - I, 
from (Hh 

7,-^7 i i'-iFjjll <*•-.') i 0-o;!:!2o - 0-00222 4- ...] 

t 7,-|0 • • 0-012,Si; }■ 0-001.’>22 ! ... I 


T* |04) 1.42 } 1 '220N 11 .......(A4) 

AK< *, \\ lion kh . I , 

TT I - I-4122 f I *475! >/ J. ..(55) 

When kh 2, only a mu eh value is afforded by (40), viz., 

7r J • - O' 1 0 4 - O'd 1 t |...{50) 


Tin- arrompanyiny (able exhibits (he various numerical results, the factoi 
77 Heine omit ted. 

TAiiLK II. 


kh 


kh 


kh ,, 2 


H 

e« a 
I'O.H'd I 


i-nu.Vf i -nl'22 / 
1-U2R • I'iT.va / 
i -;*sj2 }. i • mui / 


oat.VursT i -as:u f 
~n*U4:ni 4- i -22KH / 

04;;>,14I 4* I 'U7UK / 


+<Nur>s-H»*ni!w / 
~ mir> T-uan / 

- (CRTS 4 -0*422 i 
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As we have seen already, the tabulated quantity when kb is very small 
takes the form 7 -f log (ikb/fy, or log kb— 0*8091 + l*5708i, whatever may be the 
value of o. In this case the condition (17) can be completely satisfied with 
' 5 r = A (b 2 — y 2 )~*> A being chosen suitably. When kb is finite, (17) can no 
longer be satisfied for all values of a. But when kb = J, or even when kb = 1, 
the tabulated number does not vary greatly with a and we may consider (17) 


to be approximately satisfied if we make in the first case 

77* (- 1-4123 + 1*4759 %) A = - 1 , .(57) 

and in the second, 

7T (- 0*6432 + 1*2268 i) A = - 1 .(58) 

The value of applicable to a point at a distance directly in front of the 
aperture, is then, as in (16), 

*—^(2.( 59 > 


In order to obtain a better approximation we require the aid of a second 
solution with a different form of When this is introduced, as an addition 
to the first solution and again with an arbitrary constant multiplier, it will 
enable us to satisfy (17) for two distinct values of a, that is of 97 , and thus 
with tolerable accuracy over the whole range from cosa = 0 to cosa = + 1 . 
Theoretically, of course, the process could be carried further so as to satisfy 
(17) for any number of assigned values of cos a. 

As the second solution we will take simply = 1 , so that the left-hand 
member of (17) is 

rb+y) rb—7) 

J D(kr)dr + J D(kr)dr .(60) 


If we omit k , which may always be restored by consideration of homo¬ 
geneity, we have 


(60) = (7 + log 


b 4 - 77 — 


0 + v ) 3 (b + v) n 

2*.3 2 2 .4 2 .5 


( b + Vf _(b + vf .0 , (b + t ]) 7 ci 

2 2 .3 2 2 .4 2 .5 2 2 2 .4 2 .6 2 .7 8 


+ (b + v) {log (b + v) - 1} - jl°g (b+ 7 })- |j 


(b +vf 

+ 2 2 .4 2 .5 


jlog (6 + *;)-gj-... 


+ the same expression with the sign of rj changed. 

The leading term in (60) is thus 

(7/~ 1 +.l°g 40 + (b + rj) log ( b 4- rj) -f - {6 — 7 ;) log ( b — rj). .. .(61) 
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At the centre of the aperture (rj = 0 ), 


(61) = 2b {7 — 1 + 
and at the edges (rj = + 6 ), 

(61) = 26{ry — 1 +logi 6 }. 


It may be remarked that in (61), the real part varies with rj, although the 
imaginary part is independent of that variable. 

The complete expression (60) naturally assumes specially simple forms at 
the centre and edges of the aperture. Thus, when rj — 0 , 


(60)26 = ^7 +log- 


6 2 ¥ 
2 2 .3 + 2 2 .4 2 .5 


6 3 /, 1\ 6 4 /, 1 1\ b e / 11 1\ 

_1+ 2 i T3V 1 + 3) 2 2 .4 2 .oV 1 + 2 + 5j + 2 2 .4 2 .6 2 .7 W + 2 + 3 + 7 j 

.(62) 

and, similarly, when r\ — + 6, 

(60)-26 = ( 7 + logi6)[l- ( ^| + 2^- 5 -... . 

(26 f( 1\ (26)* / 1 1\ (26)« / 1 11) 

1 + 2 3 .3 V 1 + :i) 2 2 . 4 2 .5 W + 2 + 5/ + 2 2 .4 2 .6 2 .7 W + 2 + 3 + 7 ) 

.(63) 

To restore k we have merely to write kb for 6 in the right-hand members 
of (62), (63). 

The calculation is straightforward. For the same values as before of kb 
and of cos 2 a, equal to t? 76 2 , we get for (60) +- 26 

TABLE III. 



7cfc = i 

kb = 1 

<N 

II 

^5 

0 

-1*7649+ 1-53841 

— 1 *0007 +1 *4447 i 

— 0*2167+1*1198 i 

i 

-1-4510+1*4912 i 

— 0*6740 +1'2771 i 

— 0*1079 + 0*7166 i 

1 

-1-0007+1-4447 z 

- 0*2217 + 1*1198 i \ 

+ 0-1394+0-4024 i 


We now proceed to combine the two solutions, so as to secure a better 
satisfaction of (17) over the width of the aperture. For this purpose we 
determine A and B in 

¥ = A(b*-y*)~i +B, .(64) 

so that (17) may be exactly satisfied at the centre and edges (rj = 0 , 
v = + 6 ). The departure from (17) when rfjb- = % can then be found. If 
for any value of kb and p — 0 the first tabular (complex) number is p and 
the second q, and for p= ±b the first is r and the second s, the equations of 
condition from (17) are 


7 tA .p + 2bB -q = — 1, 


• 7 tA . r + 2bB . s = — 1 . 


.(65) 
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When A and B are found, we have in (16) 


dy = ttA + 2bB. 
J -a 


From (65) we get 

IT A — 


q — $ 


so that 


ps — qr 

r+b 

J T' dy — 
Thus for kb = 1 we have 


265 = 


-P 


ps — qr' 

q + r — $ —p 
ps — qr 


( 66 ) 

(67) 


p — — 065528 + 1*3834 i, 
r = -0-63141+ T0798 i, 

whence 

7rA =s= + 0*60008 + 0-51828 i, 


q *=-1-0007 + 1-4447 i, 

« = -0-2217 + 1-1198 i, 

26.B = - 0-2652 + 0-1073 i, 


and (67) = + 0*3349 + 06256 i. 

The above values of nrA and 2 bB are derived according to (17) from the 
values at the centre and edges of the aperture. The success of the method 
may be judged by substitution of the values for ^ 2 /6 2 = Using these in 
(17) we get — 0*9801 — 0*0082 % for what should be — 1, a very fair approxi¬ 
mation. 


In like manner, for kb — 2 

(67) = + 0*259 + 1*2415 i ; 
and for kb = * (67) = + 0‘3378 + 0*3526 i. 

As appears from (16), when k is given, the modulus of (67) may be 
taken to represent the amplitude of disturbance at a distant point imme¬ 
diately in front, and it is this with which we are mainly concerned. The 
following table gives the values of Mod. and Mod. 2 for several values of kb. 
The first three have been calculated from the simple formula, see (20). 


TABLE IV. 


kb 

Mod. 2 

Mod. 

o-oi 

0-0174 

0-1320 

0*05 

0-0590 

0*2429 

0*25 

0-1372 i 

0-3704 

0*50 

0-2384 I 

0-4883 

1*00 

0-5035 

0-7096 

2*00 

1-608 

1-268 


The results are applicable to the problem of aerial waves, or shallow water 
waves, transmitted through a slit in a thin fixed wall, and to electric 
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(luminous) waves transmitted by a similar slit in a thin perfectly opaque 
screen, provided that the electric vector is perpendicular to the length of 
the slit. 

In curve A, fig. 1, the value of the modulus from the third column of 
Table IV is plotted against kb. 




■MjMMjHHjjjj 

■ 

7 







■ 

Sb 





0 0-5 1-0 1-5 2*0 2-5 


Fig. 1. 


When kb is large, the limiting form of (67) may be deduced from a 
formula, analogous to (12), connecting M' and d<f>/dn. As in (II), 



in which, when ./* is very small, we may take 1) =» log r. Thus 

</* _ \jr r n 


dun 


L.rr.-t 

n J .. * •+* y J 


tair 


1 

= ti-'K or 7 . ...(68) 

. w t r aa 


Now, when kb is large, d-tyjdn tends, except close to the edges, to assume 
the value ik\ and ultimately 

r+b 9ikh 

(67) - ......(69) 

J -1> 7T 

of which the modulus is 2kb/w simply, i.e. 01)37 kb. 


We now pass on to consider case (ii), where the boundary condition to be 
satisfied over the wall is $ = 0. Separating from <f> the solution (x) which 
would obtain were the wall imperforated, we have 

*„*(>, ....(70) 

giving over the whole plane (x = 0), 

Xm = Xp= q > dx m /dx = -2ik, dxpldx - 0. 


R. VI. 


12 







178 


ON THE PASSAGE OF WAVES THROUGH 


[375 


n r' 


The supplementary solutions \fr, equal to <j£> — may be written 

■ J dx^*^ 9 . 0 ^) 

where are functions of y , and the integrations are over the aperture. 

D as a function of r is given by (13), and r, denoting the distance between 
dy and the point (x, rj), at which ^ m , yjr p are estimated, is equal to 
+ (y — ^) 2 }. The form (71) secures that on the walls ^ = ^ = 0, so 
that the condition of evanescence there, already satisfied by %, is not 
disturbed. It remains to satisfy over the aperture 


= i r p, — 2 ik + d^r m jdx = dyff p /dx .(72) 

The first of these is satisfied if so that \fr m and \Jr p are equal at 

any pair of corresponding points on the two sides. The values of dyjr m /dx, 
d\]r p /dx are then opposite, and the remaining condition is also satisfied if 


d^m/dx = ik, d^p/dx = — ik. 


(73) 


At a distance, and if the slit is very narrow, dDjdx may be removed from 
under the integral sign, so that 


in which 



.(74) 

(75) 


And even if kb be not small, (74) remains applicable if the distant point 
be directly in front of the slit, so that x = r. For such a point 


/ 7r \ & r+z> 

^=^( 21 fo) e ~ ikr l_*p d y- .(™) 

There is a simple relation, analogous to (68), between the value of 'l r p 
at any point ( 1 ?) of the aperture and that of ijr P at the same point. For in 
the application of (71) only those elements of the integral contribute which 
lie infinitely near the point where ifr p is to be estimated, and for these 
dDjdx = xjr'K . The evaluation is effected by considering in the first instance 
a point for which x is finite and afterwards passing to the limit. Thus 


fp = % 


xd .V ^ 

X* + (y- 7,y 7r p 


(77) 


It remains to find, if possible, a form for or f p , which shall make 
d'P'pjdx constant over the aperture, as required by (73). In my former 
paper, dealing with the case where kb is very small, it was shown that known 
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theorems relating to the flow of incompressible fluids lead to the desired 
conclusion. It appeared that (74), (75) give 


. lr?b~x 

*p = -~2V 


' 7r 

,2 ikr, 


h 

I 


(78) 


showing that when b is small the transmission falls off greatly, much more 
than in case (i), see (20). The realised solution from (78) is 


f P = - 



i’O. 


,(79) 


corresponding to 


Xm — 2 sin nt sin kx. 


,( 80 ) 


The former method arrived at a result by assuming certain hydrodynamical 
theorems. For the present purpose we have to go further, and it will be 
appropriate actually to verify the constancy of d^fr/dx over the aperture as 
resulting from the assumed form of ' V F, when kb is small. In this case we 
may take D = logr, where r 2 = x* + (y - rjf. From (71), the suffix p being 


omitted, 


djr__ [+»<PD 
dx J _& dx 2 


Vdy; 


and herein 


dx 2 drf 


^ (v const.). 
dy " 2 


Thus, on integration by parts, 


d^jr 

dx 


dy\ 


■/: 


+ b dDd'sr 


dy dy 


dy. 


,( 81 ) 


In (81) 


dD _ dD dr __ y — v 
dy dr dy (y — rj ) 2 4- x 2 J 


and so long as rj is not equal to + 6, it does not become infinite at the 
limits (y = ± b), even though x = 0. Thus, if '\E r vanish at the limits, the 
integrated terms in (81) disappear. We now assume for trial 

^ = V(6 2 -y 2 )> .(82) 

which satisfies the last-mentioned condition. Writing 


we have 


y == b cos 6 , y = b cos a, x' — x/b, 

d-\fr r 77 (cos 6 — cos a) 2 + cos a (cos 6 — cos a) ^ 
dx J o (cos d — cos a) 2 + x ' 2 


(83) 


Of the two parts of the integral on the right in (83) the first yields i r 
when x' = 0. For the second we have to consider 


* 71 

J 0 


cos 0 — cos a 
(cos 0 — cos a) 2 + a/ 2 


de 9 


(84) 
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in which cos d — cos a passes through zero within the range of integration. 
It will be shown that (84) vanishes ultimately when %' = 0. To this end 
the range of integration is divided into three parts: from 0 to where 
cq < a, from to a 2 , where a 2 > a, and lastly from a 2 to n r. In evaluating 
the first and third parts we may put ad = 0 at once. And if z ~ tan 

r dd __ 1 f | dz dz ) 

J cos d — cos ol ~ sin a J {tan + z tan \ol — z)' 

Sin a being omitted, the first and third parts together are thus 


, z +1 , 1 4* £i t 2 ' 

lo g— # + 1 °grrT + 1 °g; 


t 


1 Z - t ' t - tr ' 4 +• t’ 

where t — tan = tan %a l9 t 2 = tan \a 2 , and z is to be made infinite. 

It appears that the two parts taken together vanish, provided t 1} t 2 are so 
chosen that f = t 2 t 2 . 


It remains to consider the second part, viz., 


f a2 d6 (cos 6 — cos a) 

J ai (cos 6 — cos a) 2 + od 2 ? 


(85) 


in which we may suppose the range of integration oq — to be very small. 
Thus 


(85) = 


r 

J t. 


a 2 dd .2 sin-J- (d 4- a) sin J (a — d) 
4 sin 2 ■£■ (d + a) sin 2 -J- (a — d) + x' 2 


log 


sin 2 a (a 2 — a) 2 4- x- 


2 sin a 6 sin 2 a (a — Gq) 2 -f x 2 ’ 


and this also vanishes if a 2 — a = a — Oj, a condition consistent with the 
former to the required approximation. We infer that in (83) 


d^r 


.( 86 ) 


so that, with the aid of a suitable multiplier, (73) can be satisfied. Thus if 
'T' = A\/(b 2 — y 2 ), (73) gives A = ikjir, and the introduction of this into (74) 
gives (78). We have now to find what departure from (86) is entailed when 
kb is no longer very small. 

Since, in general, 

d 2 Djdcc 2 + d 2 Djdy 2 + lc 2 D = 0, 

we find, as in (81), 

.< 87 > 

and for the present'T' has the value defined in (82). The first term on the 
right of (87) may be treated in the same way as (28) of the former problem, 
the difference being that *d(b 2 ~y 2 ) occurs now in the numerator instead of 
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the denominator. In (30) we are to introduce under the integral sign the 
additional factor k s b- sin* 6. As regards the second term of (cS7) we have 


fd'V (ID _ [+ b y(i/ - v)j!t/ 1 dl) 

J dif dy ( y J V( 6 “ - y 2 ) r dr ’ 


. 1 dl) 


where in ^ ^ we are to replace r by 4 (y — 77 ). We then assumes as before 

y = 6 cos 6, rj — h cos a, and the same definite integrals h n suffice; but the 
calculations are more complicated. 

We have seen already that the leading term in (87) is 7 r. For the next 
term we have 


D = 7 + log lk J 


and thus 


1 dl) k-f . ikr\ 

r dr = 4-2r 1,lK 2 J ’ 


1 dyfr 7 r / , 1 \ 

Wr^ = 4r l0t! 4 + 2l 


+ | d#(l — |coh 8 ^+ | com acoa <?) log + 2 (cos 0 — coaa). ...( 88 ) 

The latter integral may be transformed info 


2 i d<j> {1 — ij cos*’ 4 (2 6 — a) 4- A cos a cos (2<£ — a) 

J 0 

4 l — ij cos 3 (2 <f> 4 a) 4-1 cos a cos ( 2 <£ 4 - a)} log (2 sin <j>) y 
and this by means of the definite integrals h is found to be 

— ?T(1 + 2 sin 3 a). 

o 

To this order of approximation the complete* value is 

— ** 7r + i 7rA/ 3 6 3 (<y — sin - a 4- log 1tX/>).(89) 

For the; next two terms I find 

« r L4/ J 4 

4 * r :;y [(1 4“ 4 cos 2 a) (1 — 4<y — 4 log i iA’6) 

•)i z 

4* 3 sin 4 a 4-1 cos 4 a 4- (> sin 3 a cos 3 a] 

t riW ) 0 

+ 2174a g (iV + f P°s 2 a+i CO8 4 a) (7 + l<»g 1 - 1) 

, 157 „ 13 . . . 15 , . , 7 . „ I ,„ A , 

4 * _.- cos 0 a — -—5 cos 4 a sin 2 a — 0 „ cos 3 a sm 4 a — ... sm° a ....(90) 

When cos a = 0, or ± 1, the calculation is simpler. Thus, when cos a = 0, 
1 d<r „ k u b 2 ( . , ikb „ \ M> 4 / . . iX/; , \ 


1 

7T ite 


e+'<>g ‘4- - 1 ) _ 12s e +ios v - 1 ) 


ikb 5\ 5 k s b B 


1 wvu %s \ 

7 +log , - I - 


4 J 9.4" 


7 + log 


ikb 22\ 
4" _ 15/ ’ 
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r. r* 


and when cos a = ± 1 , 



- pi |^29 ( 7 + log ^) - 329}.( 92 ) 


the last term, deduced from h U) 6 16 , being approximate. 

For the values of — 7 T ” 1 dyfr/dx we find from (91), (90), (92) for 

kb = l 1, V2, 2: 

TABLE V. 


— 

Jcb = i 

hb = 1 

<M 

> 

II 

.o 

kb = 2 

COS a =0 
cos 2 a=-| 
cos 2 a = 1 

0*8448 + 0*0974 i 
0*8778+0*0958 i 
0*9] 03+ 0*0944 i 

0-5615+0-3807? 
0-6998 + 0-3683 i 
0-8353 + 0-3364 i 

0-3123 + 0-7383 i 

0-8587 + 0-5783 i 

0-0102+1-3899 i 
0-518 +1-129? 

1 020 +0-861 i 


These numbers correspond to the value of 'SE r expressed in (82). 

We have now, in pursuance of our method, to seek a second solution with 
another form of M/'. The first which suggests itself with = 1 does not 
answer the purpose. For (81) then gives as the leading term 


dy[r 

dx 


y-y 


* ^ 2 b 


_(y — r}) 2 + x 2 _ 

becoming infinite when 77 = + 6 . 

A like objection is encountered if = b 2 — y 2 . In this case 

(y - v) dy 


t-9 

dx 


■y) + y} 


(y-vY 


The first part gives 46 simply when x becomes zero. And 

2 f (y-v)<fy = i 0 _ (b-vY + x *. 

Jty-vY + x* ^ib + vf + w*’ 


so that 


d\jr __ 


•77 


= 6-2 (ft2 _ ^2)3/2^ 


.(93) 


aJ -« + 2,bg rj ^. 

becoming infinite when ?? = + 6 . 

So far as this difficulty is concerned we might take ^ = ( 6 3 - 
another form seems preferable, that is 


...(94) 

■ 3/ 2 ) 2 ) but 


( 95 ) 
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With the same notation as was employed in the treatment of (82) we 
have 

dyfr _ ^ f 7r cos 9 (cos 9 — cos ol) dO ^ cos 3 9 (cos 6 — cos a) ^ 
dx 'Jo (cos 6 — cos a ) 2 + x 2 J 0 (cos 6 — cos ^) 2 -f x 2 

The first of these integrals is that already considered in (83). It yields 
87 r. In the second integral we replace cos 3 9 by {(cos 9 — cos a) + cos a} 3 , and 
we find, much as before, that when x r — 0 


,7r cos 3 9 (cos 9 — cos a) d9 
o (cos 9 — cos a ) 2 + x 2 


it (J + cos 2 a). 


(96) 


Thus altogether for the leading term we get 

- S' = 37r ^ - cos2 “•* =3,r e - *?v& 2 )- 


(97) 


This is the complete solution for a fluid regarded as incompressible. We 
have now to pursue the approximation, using a more accurate value of D 
than that (logr) hitherto employed. 

In calculating the next term, we have the same values of D and r^dD/dr 
as for ( 88 ); and in place of that equation we now have 


1 d\[r 37r 

k 2 b 2 dx 16 



+ f d9 [-§ sin 4 9 — f sin 2 9 + f sin 2 9 cos 9 cos a] log {+ 2 (cos 9 - cos a)}. (98) 

J o 

The integral may be transformed as before, and it becomes 
ri 7r 

4 d<j> log (2 sin 0) [f (sin 4 2 <j> cos 4 a + 6 sin 2 20 cos 2 2 0 sin 2 a cos 2 a 
J o 

+ cos 4 20 sin 4 a) — | (sin 2 20 cos 2 a 4 - cos 2 20 sin 2 a) 

+ § cos a cos 20 {sin 2 a cos a + sin 2 20 (cos 3 a — 3 sin 2 a cos a)}]. (99) 

The evaluation could be effected by expressing the square bracket in 
terms of powers of sin 2 0 , but it may be much facilitated by use of two 
lemmas. 


If /(sin 2 0 , cos 2 2 0 ) denote an integral function of sin 2 0 , cos 2 2 0 , 

[~ d<f> log (2 sin </>)/(sin 20 , cos 2 20 ) = [ dcj> log (2 cos 0 )/(sin 20 , cos 2 2<f >) 

Jo Jo 

= i [ dcj> log(2 sin20)/(sin 20, cos 2 20) =£ [ d<f> log (2 sin 0)/(sin 0 ,cos 2 0 ), 
Jo Jo 

.( 100 ) 

in which the doubled angles are got rid of. 
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Again, if m be integral, 

^ d<f> sin 2m 20 cos 20 log (2 sin 0) 


log (2 sin 0) d sin 2m+1 20 


I 

J 0 


4//i 4 - 2 
1 


4 m + 2 jf o 

1 


sin 2m 2(f) (1 + cos 2(f)) d<p 

= - toVa /»*" sin “ * ** 


4 m + 2 

For example, if m = 0, 


. ^ i sm ‘ 

4 m + 2 Jo 

1 2m — 1.2m — 3 ... 1 7r 

2 


2m. 2m — 2 ... 2 


.( 101 ) 


iff 


d(f> cos 20 log (2 sin 0) = — — ,.(102) 

and (m = 1) | c?0 sin 2 20 cos 20 log (2 sin 0) = — ™.(103) 

J o 2 % 

Using these lemmas, we find 

(99) = oh 4 (cos 4 a — 6 cos 2 a sin 2 a + sin 4 a) 

+ h 2 (30 cos 2 a sin 2 a — 10 sin 4 a — 3 cos 2 a + 3 sin 2 a) 

— \ir cos 2 a (cos 2 a -f- 3 sin 2 a); 

and thence, on introduction of the values of h 2 , h A , for the complete value to 
this order of approximation, 


d\jr 

doc 


= 37r — cos 2 cl^J + ttJc 2 b 2 


'A ( v +1 . 

16 V 7 2 


■log 


ikb 


— (5 cos 4 a 4-18 cos 2 a sin 2 a + 21 sin 4 a) 


.(104) 


To carry out the calculations to a sufficient approximation with the 
general value of a would be very tedious. I have limited myself to the 
extreme cases cos a = 0, cos a = + 1. For the former, we have 

1 dyjr 3 ( i ikb\ (3 k 2 b 2 fab 4, k 6 b 6 

~vd^ = 2 + l 7 + 1 °ST)lTr-256 


- 2 + (jy + log -j-J j-Tfl-+ 


2 2 .4 2 .256j 
11^6“ 


and for the latter 


15^6 2 7W 4 

64 + 6.256 4*. 25678’ 


.(105) 


_ I d ± = _ 3 


dx 


+ 


, ikb\ (3k 2 fr lk?¥ 

■>' + 1 o *t) hr-in? 


+ 


33M 6 


5!c 2 b 2 

64 

3**6* 


+ 


41 fab* 


+ 


143& 8 6 8 ) 
16 ‘ 4.16.16.16 24.16 4 j 

1069& 8 & 6 41309& 8 Z> 8 


16.64.15 16.3.70.64.64 16 5 .9.420 


7M 4 IWb 6 3289W 

32 + 4.16.16 2.16 s 16*736 


.(106) 
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From those formulae the following numbers have been calculated for the 
value of - Tr-'dyfrjdx: 

TABLE VI. 


kb = *J 2 


| cos «==0 ' 1 *3710 + 0*0732 1 M215 + 0*2885 i 0*8824 + 0*5(553 i | 0*5499 + 1 *08fK)i 

| coh«^± 1 ; — i*5034 + 0*0710/ - 1 *0072+0*254(0* - 1 *5093+ 0*4401 4 1 - 1*3952 + 0*6507/ 

They correspond to the value of H r formulated in (1)5). 

Following the same method as in case (i), we now combine the two 
solutions, assuming 

X V = A V(6 a -//*) + Bb~* (ft 9 - .(107) 

and determining A and B so that for cos a = 0 and for cos a = + \ t dyjr/dx shall 
be equal to — ik. The valium of at a distance 1 in front is given by (7(i), in 
which 

ik h r dy ^ ^ [a +’\li) .( 108 ) 


ik dy == ^ ’'2 ‘ ' (/I + ^ lij .(108) 

We may take the modulus of (108) as representing the transmitted 
vibration, in the same way as the modulus of (07) represented the transmitted 
vibrat ion in case (i). 

Using />, (/, r, as bt‘forts to denote the tabulated complex numbers, we 
have as the equations to determine A and B % 

Ap + Bq » Ar + Bh = ikjnr, , .....(109) 

ho that ik jV dy^- k ' f * " <l + ^ “ r) .(110) 

For the second fraction on the right of (110) and for its modulus we get 
in the various cases 


a= b 

1*1470 — 

0-1287 i, 

1-1542, 

kb = 1, 

1-1824- 

0-0980 i, 

1-8788, 

kb « V2, 

0-0802 - 

1 '0258 i, 

1-2070, 

kb- 2, 

01289- 

0-7808 i. 

0-7407. 


And thence (on introduction of the value of kb) for the modulus of (110) 
representing the vibration on the same scale as in cast 1 (i) 

TABLE VII. 


Modulus 


0*1443 
0 *0806 
1 *2070 
1*4814 
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These are the numbers used in the plot of curve B, fig. 1. When kb is 
much smaller than the modulus may be taken to be ^k*b 2 . When kb is 
large, the modulus approaches the same limiting form as in case (i). 

This curve is applicable to electric, or luminous, vibrations incident upon 
a thin perfectly conducting screen with a linear perforation when the electric 
vector is parallel to the direction of the slit. 

It appears that if - the incident light be unpolarised, vibrations perpen¬ 
dicular to the slit preponderate in the transmitted light when the width of the 
slit is very small, and the more the smaller this width. In the neighbourhood 
of kb = 1, or 2 b = \ji r, the curves cross, signifying that the transmitted light 
is unpolarised. When kb = 1^*, or 26 = 3\/27r, the polarisation is reversed, 
vibrations parallel to the slit having the advantage, but this advantage is not 
very great. When kb > 2, our calculations would hardly succeed, but there 
seems no reason for supposing that anything distinctive would occur. It 
follows that if the incident light were white and if the width of the slit were 
about one-third of the wave-length of yellow-green, there would be distinctly 
marked opposite polarisations at the ends of the spectrum. 

These numbers are in good agreement with the estimates of Fizeau: 

“ Une ligne polarisde perpendiculairement a sa direction a paru etre de 
de millimetre; une autre, beaucoup moins lumineuse, polaris^e parallelement 
h sa direction, a 6t6 estim6e a yfwf millimetre. Je dois ajouter que ces 
valeurs ne sont qu’une approximation; elles peuvent etre en r6alit6 plus 
faibles encore, mais il est peu probable qu’elles soient plus fortes. Ce 
qu’il y a de certain, c’est que la polarisation parallele n’apparait que dans 
les fentes les plus fines, et alors que leur largeur est bien moindre que la 
longueur d 5 une ondulation qui est environ de de millimetre.” It will 
be remembered that the “plane of polarisation 55 is perpendicular to the 
electric vector. 

It may be well to emphasize that the calculations of this paper relate 
to an aperture in an infinitely thin perfectly conducting screen. We could 
scarcely be sure beforehand that the conditions are sufficiently satisfied even 
by a scratch upon a silver deposit. The case of an ordinary spectroscope 
slit is quite different. It seems that here the polarisation observed with the 
finest practicable slits corresponds to that from the less fine scratches on 
silver deposits. 




ON THK MOTION OF A VISCOUS FLUID. 


[Philosophical Mtujttzine, Vol. xxvi. pp. 77<>--7K(>, I!IL.‘U] 


IT has been proven! by Helmholtz* and Kortewegj’ that when the 
velocities at the boundary are given, the* alow steady motion of an incom¬ 
pressible viscous liquid satisfies the condition of making b\ flu* dissipation, 
an absolute minimum. If /»„, w 0 be the velocities in one* motion M {i , and 
m v % w those of another motion M satisfying the aann‘ boundary conditions, 
the difference of the two u\ v, to\ where 

u' « a - a, M a' ^ r a,„ id = in - //♦,„.(1) 

will constitute a motion M' auch that the boundary velocities vanish. If 
F«, F t F f denote flu* dissipation-functions for the three motions M, M' 
respectively, all being of necessity positive*, it is shown that 

Jr T =s F n 4. F' — 2 fj, I (uX% t + v'V% 4- mV u w a ) dm dtj dz % .(2) 


the integration being over the whole volume. Also 


fM j’ (a V ,J u' 4* ?/VV 4* w'V ,J iu') dm dij dz 
da' dw'V fdv' 


f f /did dv'\* 

^ J \ d\j dz) * \dz 


c 


dwy 

Hr) + \<lx 


fdv du\ 

[dm “ tiff) 


dm dydz . (*l) 


These equations are purely kinematicnl, if we include under that head 
the incompressibility of the fluid. In the application of them by Helmholtz 
and Korteweg the motion Af 0 is supposed to be that which would be steady 
if small enough to allow the neglect of the terms involving the second 
powers of the velocities in the dynamical equations. We then have 


^v.*, ~)0V+A>.<*> 


* Collected Works, Vol. i. p. 223 (18(59). 
t 1‘kil. Mag. Vol. xvi. p. 112 (1883). 
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where V is the potential of impressed forces. In virtue of (4) 

| (VV 2 a 0 + v'V'^Vq ■+■ w'V*w Q ) dx dy dz~ti t ...(5) 


if the space occupied by the fluid bo simply connected, or in any case if V be 
single-valued. Hence 

F-K + F', .(G) 

or since F / is necessarily positive, the motion M {) makes F an absolute 
minimum. It should be remarked that F’ can vanish only for a motion 
such as can be assumed by a solid body (Stokes), and that such a motion 
could not make the boundary velocities vanish. The motion Jf„ determined 
by (4) is thus unique. 

The conclusion expressed in ((>) that M {) makes F an absolute 1 minimum 
is not limited to the! supposition of a slow motion. All that is mjuiml to 
ensure the fulfilment of (5), on which (0) depends, is that V ,j h 0 > V-r 0 , V 2 /u 0 
should be* the derivatives of some 1 single-valued function. Obviously it would 
suffice that V a /; (M V a w„ vanish, as will happem if the motion have* a 

vmloeity-potentiul. Stokes* remarked long ago that when there is a veloeity- 
potential, not only are the k ordinary equations of fluid motion satisfied, but 
the equations obtained when friction is taken into account are? satisfied 
likewise. A motion with a velocity-potential can always be found which 
shall have? prescribed normal velocities at the boundary, and the? tangential 
velocities are thereby determined. If these? agree with the k prescribed 
tangential velocities of a viscous fluid, all the* conditions are? satisfied by the 
motion in question. And since this motion makes F an absolute minimum, 
it cannot differ from the motion determined by (4) with the same boundary 
conditions. We may arrive at the? same conclusion by considering the 
general equation of motion 


(du 

p{<u 


4- u 


dn 

dx 


du 

■f v . * f w 
dij 



d{pv+r>) 

dx 


*•(7) 


If there be a velocity-potential <f>, so that n = d<f>/dx , &c., 

_ l d ( (d<f>\ a , ( d 4>Y , A^VI. , 8 x 

+ \Ty) + UJr . (K) 


du du du 
u T -f V ' -f w T 
ax dy dz 


and then (7) and its analogues reduce practically to the form (4) if the? 
motion be steady. 


Other cases where F is an absolute minimum are worthy of notice. It 
suffices that 


V^ 0 


dX Vh)= dH Vlws= dH 

dx' 0 dy' 0 dz’ 


( 9 ) 


Camb. Trans. VoL ix. ( 1850 ); Math, and Phys. Papers , Vol. m. p. 78 . 
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where H is a single-valued function, subject to = 0. If be the 

rotations, 




and thus (9) requires that 


V% = 0, V% = 0, Vto = 0.(10) 

In two dimensions the dynamical equation reduces to D% 0 /Dt = 0*, so 
that f 0 is constant along a stream-line. Among the cases included are the 
motion between two planes 

^ 0 = A + By + Cy% v Q = 0 , w 0 = 0,.(11) 

and the motion in circles between two coaxal cylinders (f 0 = constant). Also, 
without regard to the form of the boundary, the uniform rotation, as of a 
solid body, expressed by 

u Q = Cy , v 0 — —Cx .(12) 

In all these cases F is an absolute minimum. 


Conversely, if the conditions (9) be not satisfied, it will be possible to 
find a motion for which F< F 0 . To see this choose a place as origin' of 
coordinates where dV 2 u 0 /dy is not equal to dV 2 v 0 /dx. Within a small sphere 
described round this point as centre let uf = Oy, v — — Gx, w' — 0, and let 
u' = 0 , v' = 0 , vf = 0 outside the sphere, thus satisfying the prescribed 
boundary conditions. Then in (2) 


J(uV z u 0 4- + w'V 2 w 0 ) dxdydz=cj(y^ 2 u 0 — xV 2 v 0 ) dxdy dz, ...(13) 


the integration being over the sphere. Within this small region we may 
take 


= (V 2 ^o)o + 
= (V\)o + 


dV 2 w 0 

dV 2 u 0 

dVhi, 

j x + 

dx o 

dy, y + 

dz o z ‘ 


dV% 

d’v^v. 

7 oc 4* 
dx 0 

dy, y + 

-- £ 

dz 0 


so that (13) reduces to 


C 


dVhiQ 


d^\ \ " 
dx o A 


(y 2 or x 2 ) dx dy dz . 


Since the sign of C is at disposal, this may be made positive or negative 
at pleasure. Also F' in (2) may be neglected as of the second order when 
u f v\ w' are small enough. It follows that F is not an absolute minimum 
for u 0 , Vq , w 0) unless the conditions (9) are satisfied. 

Korteweg has also shown that the slow motion of a viscous fluid 
denoted by M 0 is stable. “When in a given region occupied by viscous 


Where D/Dt — djdt + u djdx 4- v d/dy + iv djdz. 
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incompressible fluid there exists at a certain moment a mode of motion M 
which does not satisfy equation (4), then, the velocities along the boundary 
being maintained constant, the change which must occur in the mode of 
motion will be such (neglecting squares and products of velocities) that 
the dissipation of energy by internal friction is constantly decreasing till it 
reaches the value F 0 and the mode of motion becomes identical with M 0 ’ } 

This theorem admits of instantaneous proof. If the terms of the second 
order are omitted, the equations of motion, such as (7), are linear, and any 
two solutions may be superposed. Consider two solutions, both giving the 
same velocities at the boundary. Then the difference of these is also a 
solution representing a possible motion with zero velocities at the boundary. 
But such a motion necessarily comes to rest. Hence with flux of time the 
two original motions tend to become and to remain identical. If one 
of these is the steady motion, the other must tend to become coincident 
with it. 

The stability of the sloiv steady motion of a viscous fluid, or (as we may 
put it) the steady motion of a very viscous fluid, is thus ensured. When the 
cirgumstances are such that the terms of the second order must be retained, 
there is but little definite knowledge as to the character of the motion in 
respect of stability. Viscous fluid, contained in a vessel which rotates with 
uniform velocity, would be expected to acquire the same rotation and 
ultimately to revolve as a solid body, but the expectation is perhaps founded 
rather upon observation than upon theory. We might, however, argue that 
any other event would involve perpetual dissipation which could only be 
met by a driving force applied to the vessel, since the kinetic energy of the 
motion could not for ever diminish. And such a maintained driving couple 
would generate angular momentum without limit—a conclusion which could 
not be admitted. But it may be worth while to examine this case more 
closely. 

We suppose as before , that m 0 , v 0> w 0 are the velocities in the steady 
motion M 0 and u, v , w those of the motion M, both motions satisfying the 
dynamical equations, and giving the prescribed boundary velocities; and we 
consider the expression for the kinetic energy T' of the motion (1) which 
is the difference of. these two, and so makes the velocities vanish at the 
boundary. The motion M f with velocities u\ v, w does not in general 
satisfy the dynamical equations. We have 


1 dr -( 

p dt J dt 


, dv f , dw f 

+ ’ di +w w 


doc dy dz. 


.(14) 


In equations (7) which are satisfied by the motion M we substitute 
u = u Q + u\ &c.; and since the solution M 0 is steady we have 

__ dv Q __ div o _ 
dt dt dt ~~ 


( 15 ) 
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We further suppose that V 2 m 0 , V 2 ^, V 2 w 0 are derivatives of a function H , 
as in (9). This includes the case of uniform rotation expressed by 

u 0 = y, v 0 = — x, w 0 = 0, .(16) 

as well as those where theue is a velocity-potential. Thus (7) becomes 


<M 

dt 


— v^ 2 u • 


cfe , ,v (du Q du\ 


, , /v fdu 0 du'\ / , fdu 0 du'\ 


.( 17 ) 


with two analogous equations, where 

'sr = V+p/p — vH, v — p>l p .(18) 

These values of du'jdt , &c., are to be substituted in (14). 

In virtue of the equation of continuity to which u', v', w' are subject, the 
terms in •sr contribute nothing to dT'/dt, as appears at once on integration 
by parts. The remaining terms in dT'jdt are of the first, second, and third 
degree in u, v', w. Those of the first degree contribute nothing, since 
u 0 , v 0 , w 0 satisfy equations such as 


du 0 du Q du { 

u °!^ + Vo dy +w,> 


dz 


c2«r 0 

dx 


( 10 ) 


The terms of the third degree are 


which may be written 


f , [ . du f du ,dn 
* u \u -j —h v -r~ + w 
J L l dx dy dz 

f { ,dv' , dv , dv' 
+ v\ii~ T -+v- T ~+w- J - 
{ dx dy dz 

, ( , dw , dw' , dw r 

+ W \u —J -h V ~i -h W -y- 

dx dy dz 


dx dy dz, 


_ 1 f 

2 J 


, d ( u ' 2 + v 2 4* w' 2 ) , d (* u 2 + v' 2 -4- w' 2 ) 


dx 


+ v 


+ w 


dy 

(/ d (u 2 + v' 2 + w' 2 ) 
dz 


dx dy dz ; 


and this vanishes for the same reason as the terms in -cr. 


We are left with the terms of the second degree in v!, v', Of these 


the part involving v is 

v j 4 v f v V + w / \? 2 w / ] dxdydz .(20) 

So far as this part is concerned, we see from (3) that 

dT'/dt = -F', ..(21) 


F f being the dissipation-function calculated from u\ v\ w'. 
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Of the remaining 18 terms of the second degree, 9 vanish as before when 
integrated, in virtue of the equation of continuity satisfied by r„, w u . 
Finally we have * 


(IT 

dt 


= -F'- 


, , dn 0 , dv„ , du„ 

u < a 4 v , 4- w 

da-. dy dz 




f f / dw 0 , dwn , dw n ) 
+ w \u .- + •«' ,°4 -w* , 0 
t dm dy dz ) _ 


dm dy dz 


.(22) 


If the motion v/ ( „ v 0 , w () be in two dimensions, so that iv n -= 0, whih* u 
and v {) are independent of z, (22) reduces to 


dT 

dt 


-F'-p 


, a dn„ ,„dt>„ , 

n J , + /i - , +• ii ■ 

dx d!/ 




da: dy dz. ...(2b) 


Under this head comes the ease of uniform rotation expressed in (lb), for 
which 


<hi„ _ n (ln„__ . dn 0 di> 0 
\U~ ’ dy ~ ' ’ dy + die 


0. 


Here then dT'/dt — — F' simply, that is T' continually diminishes until 
it becomes insensible. Any motion superposed upon that of uniform rotation 
gradually dies out. 


When the motion « 0 , v 0 , w„ has a velocity-potential </>, (22) may be 
written 


dT 

(it 


■F' 


, ,.,drct> , d<4> 

u 1 , r + v* , „ + «/ ■* ^ 


da? 


df 


dz * 


' d '^ , d ’4>_ 1 


■ 2mV f ^ + 2 v'w‘ — + ~w'u‘ , 

dmdy dy dz dz dm 


dm dy dz 


.(24) 


So far as I am aware, no case of complete stability for all values of (i is 
known, other than the motion possible to a solid body above considered. 
It may be doubted whether such cases exist. Under the head of (24) a 
simple example occurs when </> = tan”" 1 (y/m) y the irrotational motion taking 
place in concentric circles. Here if f 2 = ^4- y\ 


dT f 
“ 'dt 


F'-2p 




u v 


dmdy dz, ......(25) 


* Compare 0. Reynolds, Phil. Tram. 1895, Part i. p. 146. In Lorentx’s deduction of a 
similar equation ( Ahhandlungeu , Vol. i. p. 46) the additional motion is assumed to be small. 
This memoir, as well as that of Orr referred to below, should be consulted by those interested. 
See also Lamb’s Hydrodynamics , § 346. 
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If the superposed motion also be two-dimensional, it may be expressed 
by means of a stream-function yfr.- We have in terms of polar coordinates 

ay dr r da 

dx dr r da 


so that 


sin- tf) |I (§)' -(%)1 + i± *fc. 


dr d0’ 


Thus 




cos 0 sin 9 (w' a — v /CJ ) — (cos 2 0 — sin 2 0) u'v' = ~ , 


and (25) becomes 


dT '- F' 2off[-4£^drd0ds 
W-~* “" 2p iJJr 2 dr de drd6dz > 


.(26) 

.(27) 


T' } F\ as well as the last integral, being proportional to z . 

We suppose the motion to take place in the space between two coaxal 
cylinders which revolve with appropriate velocities. If the additional motion 
be also symmetrical about the axis, the stream-lines are circles, and yjr is a 
function of r only. The integral in (27) then disappears and dT f j dt reduces 
to — F\ so that under this restriction * the original motion is stable. The 
experiments of Couette~f* and of Mallock J, made with revolving cylinders, 
appear to show that when u\ w' are not specially restricted the motion is 
unstable. It may be of interest to follow a little further the indications 
of (27). 

The general value of ^ is 

= C 0 + Cj cos 9 + $i sin 0 -f ... -b C n cos n9 + S n si nn0, .(28) 


C n , S n being functions of r, whence 

.< 29 > 

n being 1, % 3, &c. If S n , G n differ only by a constant multiplier, (29) 
vanishes. This corresponds to 

yfr = jB 0 4- jBj cos (0 -f e a ) + ... ■+• R n cos n(0 + e n ) + ..., .(30) 


* We may imagine a number of thin, coaxal, freely rotating cylinders to be interposed 
between the extreme ones whose motion is prescribed, 
t Ann. d. Chimie, t. xxi. p. 4SS (1890). 
t Proc. Boy. Soc. Vol. lix. p. S8 (1895). 


R. VI. 


13 
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where B 0) U l3 &c. are functions of r , while e lt e 2 , &c. are constants. If ^ 
can be thus limited, dT'/dt reduces to — F\ and the original motion is 
stable. 


In general 


dT 

dt 


* F 


■ 27 rpz J %n 


& 


dC n 

dr 


-c. 


ds ; 

dr 


dr 


.(31) 


G n , S n must be such as to give at the boundaries 

O n = 0, dC n /dr = 0, S n * 0, dS n /dr = Q; .(32) 

otherwise they are arbitrary functions of n It may be noticed that the 
sign of any term in (29) may be altered at pleasure by interchange of 
G n and S n . 

When fi is great, so that the influence of F preponderates, the motion is 
stable. On the other hand when fx is small, the motion is probably unstable, 
unless special restrictions can be imposed. 

A similar treatment applies to the problem of the uniform shearing 
motion of a fluid between two parallel plane walls, defined by 

Uo^A+By, v 0 = O, w 0 — 0.(33) 


From (23) = — F' — pB JJu'v' doc dy .(34) 

If in the superposed motion v' = 0, the double integral vanishes and the 
original motion is stable. More generally, if the stream-function of the 
superposed motion be 

'i/r = G cos kx + S sin kx, .(35) 

where (7, S are functions of y, we find 

w—- 

,.r + ^j(sf s -cf y )i s .( 36 ) 


Here again if the motion can be such that G and S differ only by a 
constant multiplier, the integral would vanish. When pu is small and there 
is no special limitation upon the disturbance, instability probably prevails. 
The question whether jx is to be considered great or small depends of course 
upon the other data of the problem. If D be the distance between the 
planes, we have to deal with BJD^jv (Reynolds). 

In an important paper * Orr, starting from equation (34), has shown that 
if BD 2 /u is less than 177 u every disturbance must automatically decrease, 
and that (for a higher value than 177) it is possible to prescribe a dis¬ 
turbance which will increase for a time.” We must not infer that when 


Proc. Boy. Irish Acad. 1907. 
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BD' 2 /v> 177 the regular motion is necessarily unstable. As the fluid moves 
under the laws of dynamics, the initial increase of certain disturbances may 
after a time be exchanged for a decrease, and this decrease may be without 
limit. 

At the other extreme when v is very small, observation shows that the 
tangential traction on the walls, moving (say) with velocities ± Z7, tends to 
a statistical uniformity and to become proportional, no longer to U , but 
to U 2 . If we assume this law to be absolute in the region of high velocity, 
the principle of dynamical similarity leads to rather remarkable conclusions. 
For the tangential traction, having the dimensions of a pressure, must in 
general be of the form 

pv-Km)- .< 37 > 

D being the distance between the walls, and / an arbitrary function. In 
the regular motion (z large)/(^) = 2^, and (37) is proportional to U. If (37) 
is proportional to U 2 } f must be a constant and the traction becomes inde¬ 
pendent not only of /x, but also of D. 

If the velocity be not quite so great as to reduce / to constancy, we may 
take 

f(z) = a+bz, 

where a and b are numerical constants, so that (37) becomes 

a P U 2 + bp 27/D.(38) 

It could not be assumed without further proof that b has the value (2) 
appropriate to a large z\ nevertheless, Korteweg’s equation (6) suggests 
that such may be the case. 

From data given by Couette I calculate that in c.G.S. measure 

a = *000027. 

The tangential traction is thus about a twenty thousandth part of 
the pressure Qp27 2 ) due to the normal impact of the fluid moving with 
velocity 27. 

Even in cases where the steady motion of a viscous fluid satisfying the 
dynamical equations is certainly unstable, there is a distinction to be attended 
to which is not without importance. It may be a question of the time during 
which the fluid remains in an unstable condition. When fluid moves be¬ 
tween two coaxal cylinders, the instability has an indefinite time in which 
to develop itself. But it is otherwise in many important problems. Suppose 
that fluid has to move through a narrow place, being guided for example by 
hyperbolic surfaces, either in two dimensions, or in three with symmetry 
about an axis. If the walls have suitable tangential velocities, the motion 

13—2 
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may be irrotational. This irrotational motion is that which would be initiated 
from rest by propellent impulses acting at a distance. If the viscosity were 
great, the motion would be steady and stable; if the viscosity is less, it still 
satisfies the dynamical equations, but is (presumably) unstable. But the 
instability, as it affects any given portion of the fluid, has a very short 
duration. Only as it approaches the narrows has the.fluid any considerable 
velocity, and as soon as the narrows are passed the velocity falls off again. 
Under these circumstances it would seem probable that the instability in 
the narrows would be of little consequence, and that the irrotational motion 
would practically hold its own. If this be so, the tangential movement of 
the walls exercises a profound influence, causing the fluid to follow the walls 
on the down stream side, instead of shooting onwards as a jet—the behaviour 
usually observed when fluid is invited to follow fixed divergent walls, unless 
indeed the expansion is very gradual. 



377 . 


ON THE STABILITY OF THE LAMINAR MOTION OF AN 
INVISCID FLUID. 

[.Philosophical Magazine , Yol. xxvi. pp. 1001—1010, 1913.] 


Tee equations of motion of an inviscid fluid are satisfied by a motion 
such that U, the velocity parallel to x, is an arbitrary function of y only, 
while the other component velocities V and W vanish. The motion may be 
supposed to be limited by two fixed plane walls for each of which y has a 
constant value. In order to investigate the stability of the motion, we 
superpose upon it a two-dimensional disturbance u, v, where u and v are 
regarded as small. If the fluid is incompressible, 


du dv __ 0 
dx^~ dy ' 


w 


and if the squares and products of small quantities are neglected, the hydro- 
dynamical equations give* 


' d jj d \ fdu dv\ d 2 U __ 

,dt dec) \dy dx) dy 2 V 


( 2 ) 


From (1) and (2), if we assume that as functions of t and x, u and v are 
proportional to e i{nt+kx) , where k is real and n may be real or complex, 



(3) 


In the paper quoted it was shown that under certain conditions n could 
not be complex ; and it may be convenient to repeat the argument. Let 


n/k=p + iq, v = a J ril3 , 


* Proceedings of London Mathematical Society , Yol. xi. p. 57 (1880); Scientific Papers , Yol. i. 
p. 485. Also Lamb’s Hydrodynamics , § 845. 
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where p, q, a, ft are real. Substituting in (3) and equating separately to zero 
the real and imaginary parts, we get 

dM _ , 2 <PU (p + U) a+ q/3 
dy 2 ~~ dy 2 (p+Uf + q 2 ’ 

+ + TJ )/3 . 

dy 2 ~~ dy 2 (p+U) 2 + q 2 9 

whence if we multiply the first by /3 and the second by a and subtract, 

d_ f p da __ <2/8\ _ q (a 2 + /3 2 ) . 

dy v dy a dy) ~~ cfo/ 2 (p + Uf + q 2 ' 

At the limits, corresponding to finite or infinite values of y, we suppose 
that v, and therefore both a and /?, vanish. Hence when (4) is integrated 
with respect to y between these limits, the left-hand member vanishes and 
we infer that q also must vanish unless d 2 U/dy 2 changes sign. Thus in the 
motion between walls if the velocity curve, in which U is ordinate and y 
abscissa, be of one curvature throughout, n must be wholly real; otherwise, 
so far as this argument shows, n may be complex and the disturbance exponen¬ 
tially unstable. 

Two special cases at once suggest themselves. If the motion be that 
which is possible to a viscous fluid moving steadily between two fixed walls 
under external pressure or impressed force, so that for example U=y 2 — b 2 } 
d 2 Ujdy 2 is a finite constant, and complex values of n are clearly excluded. In 
the case of a simple shearing motion, exemplified by TJ=y> d 2 U/dy 2 = 0 , and 
no inference can be drawn from (4). But referring back to (3), we see that 
in this case if n be complex, 

$-^=°. 

would have to be satisfied over the whole range between the limits where 
v—0. Since such satisfaction is not possible, we infer that here too a complex 
n is excluded. 

It may appear at first sight as if real, as well as complex, values of n 
were excluded by this argument. But if n be such that n/k + U vanishes 
anywhere within the range, (5) need not there be satisfied. In other words, 
the arbitrary constants which enter into the solution of (5) may there change 
values, subject only to the condition of makings continuous. The terminal 
conditions can then be satisfied. Thus any value of — n/k is admissible 
which coincides with a value of U to be found within the range. But other 
real values of n are excluded. 

Let us now examine how far the above argument applies to real values 
of n , when d 2 Ujdy 2 in (3) does not vanish throughout. It is easy to recognize 
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that here also any value of — kU is admissible, and for the same reason as 
before, viz., that when n + kU = 0, dv/dy may be discontinuous. Suppose, for 
example, that there is but one place where n -f- kU — 0. We may start from 
either wall with v — 0 and with an arbitrary value of dv/dy and gradually 
build up the solutions inwards so as to satisfy (3)*. The process is to be 
continued on both sides until we come to the place where n + kU—0. The 
two values there found for v and for dv/dy will presumably disagree. But by 
suitable choice of the relative initial values of dv/dy , v may be made con¬ 
tinuous, and (as has been said)- a discontinuity in dv/dy does not interfere 
with the satisfaction of (3). If there are other places where U has the same 
value, dv/dy may there be either continuous or discontinuous. Even when 
there is but one place where + = 0 with the proposed value of n, it may 

happen that dv/dy is there continuous. 


The argument above employed is not interfered with even though U is 
such that dU/dy is here and there discontinuous, so as to make d 2 U/dy 2 
infinite. At any such place the necessary condition is obtained by integrating 
(3) across the discontinuity. As was shown in my former paper ( loc . cit), 
it is 




'dv' 

dy. 



0 = 0 , 


( 6 ) 


A being the symbol of finite differences; and by (6) the corresponding sudden 
change in dv/dy is determined. 


It appears then that any value of — k U is a possible value of n. Are other 
real values admissible ? If so, n + kTJ is of one sign throughout. It is easy 
to see that if d 2 Ujdy 2 has throughout the same sign as n + kU, no solution is 
possible. I propose to prove that no solution is possible in any case if 
n + kU, being real, is of one sign throughout. 


If IT be written for U + n/k, our equation (3) takes the form 


U 


, d 2 v 
dy* 


— v 


a?U' 

dtf- 


= lc*U'v, 


or on integration with respect to y, 


(7) 


TT ,dv dU' Tr . [v TT , . 
U -j — v —j— = K + k 2 U v dy, 
dydy Jo * 


( 8 ) 


where K is an arbitrary constant. Assume v = J7V; then 


d£_K_ 
dy ~ U '* + U'* 


v' U' 2 dy ; 


(9) 


* Graphically, the equation directs us with what curvature to proceed at any point already 
reached. 
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whence, on integration and replacement of v. 


v = HU' + KU' 



( 10 ) 


H denoting a second arbitrary constant. 

In (10) we may suppose y measured from the first wall, where v = 0. 
Hence, unless TJ' vanish with y } 11 = 0. Also from (8) when y—0, 

(u'^j=K. .( 11 ) 

Let us now trace the course of v as a function of y, starting from the wall 
where y= 0, v = 0: and let us suppose first that TJ' is everywhere positive. 
By (11) K has the same sign as ( dv/dy) 0} that is the same sign as the early 
values of v. Whether this sign be positive or negative, v as determined 
by (10) cannot again come to zero. If, for example, the initial values of v 
are positive, both (remaining) terms in (10) necessarily continue positive; 
while if v begins by being negative, it must remain finitely negative. 
Similarly, if TJ' be everywhere negative, so that K has the opposite sign 
to that of the early values of v, it follows that v cannot again come to zero. 
No solution can be found unless TV somewhere vanishes, that is unless n 
coincides with some value of — h TJ. 


In the above argument U' } and therefore also n> is supposed to be real , 
but the formula (10) itself applies whether n be real or complex. It is 
of special value when k is very small, that is when the wave-length along x 
of the disturbance is very great; for it then gives v explicitly in the form 

„,K(0 + n^jl UT fL m .( 12 ) 


When k is small, but not so small as to justify (12), a second approximation 
might be found by substituting from (12) in the last term of (10). 


If we suppose in (12) that the second wall is situated at y — l, n is 
determined by 

f*_%_=0 

Jo (U+n/ky u . 


.(13) 


The integrals (12), (13) must not be taken through a place where 
U -jr n/k= 0, as appears from (8). We have already seen that any value 
of n for which this can occur is admissible. But (13) shows that no other 
real value of n is admissible; and it serves to determine any complex values 
of n. 


In (13) suppose (as before) that n/k =p + iq ; then separating the real 
and imaginary parts, we get 


/, 


(p + u I dv=0 f 

o{(p+uy+q*\* dy °* J< 


q(p+U) dy 

«K P+Uf+qY 


= 0 , 


( 14 ) 
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from the second of which we may infer that if q be finite, p + U must change 
sign, as we have already seen that it must do when q — 0. In every case 
then, when k is small, the real part of n must equal some value oi — kU*. 

It may be of interest to show the application of (13) to a case formerly 
treated in which the velocity-curve is made up of straight portions and 
is anti-symmetrical with respect to the point lying midway between the two 
walls, now taken as origin of y. Thus on the positive side 


from 

y = o 

C+- 

O 

1! 

i-oH 

<3 

II 

from 


to y = lb' + b, 

u =3§+t* v <y-W) 


while on the negative side U takes symmetrically the opposite values. Then 
if we write n/kV = n\ (13) becomes 


_ dy ri h '+ h dy 

-Jo (2 yjb+riy + Jw {2 y/6 + ,4 (y-*&') + «? 

+ same with n' reversed. 


Effecting the integrations, we find after reduction 

v '2 _ n2 _ 26 4- V + 2 fjb ( b + V) + y-tid) k\ 

- fc 2 F 2- ~ W+b' ’ . (L5) 

in agreement with equation (23) of the paper referred to when k is there 
made small. Hence n, if imaginary at all, is a pure imaginary, and it is 
imaginary only when fi lies between — 1 jb and —1/6 —2/6'. The regular 
motion is then exponentially unstable. 

In the only unstable cases hitherto investigated the velocity-curve is 
made up of straight portions meeting at finite angles, and it may perhaps be 
thought that the instability has its origin in this discontinuity. The method 
now under discussion disposes of any doubt. For obviously in (13) it can 
make no important difference whether dU/dy is discontinuous or not. If a 
motion is definitely unstable in the former case, it cannot become stable 
merely by easing off the finite angles in the velocity-curve. There exist, 
therefore, exponentially unstable motions in which both 27 and dTIjdy are 
continuous. And it is further evident that any proposed velocity-curve may 
be replaced approximately by straight lines as in my former papers. 


* By the method of a former paper “ On the question of the Stability of the Flow of Fluids ” 
(Phil. Mag. Vol. xxxiv. p. 59 (1892); Scientific Payers, Vol. ni. p. 579) the conclusion that 
p + V must change sign may be extended to the problem of the simple shearing motion between 
two parallel walls of a viscous fluid, and this whatever may be the value of k. 

t Proc. Lond. Math. Soc. Vol. xix. p. 67 (1887); Scientific Papers , Vol. hi. p. 20, figs. 
(3), (4), (5). 
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The fact that n in equation (15) appears only as n? is a simple conse¬ 
quence of the anti-symmetrical character of U. For if in (13) we measure y 
from the centre and integrate between the limits + we obtain in that 
case 


* 


f i* n 2 jk 2 4- U 2 


(n 2 /k 2 — U 2 } 


c?2/ = o. 


(16) 


in which only n? occurs. But it does not appear that w a is necessarily real, as 
happens in (15). 


Apart from such examples as were treated in my former papers in which 
d 2 U/dy 2 vanishes except at certain definite places, there are very few cases in 
which (3) can be solved analytically. If we suppose that t; = sin(7 ry/l), 
vanishing when y = 0 and when y — l, and seek what is then admissible for U, 
we get 

U+ njh = A cos (A* + Tr/Z 2 } 4 y + B sin {A 2 4- 7 T-jP} h y, .(17) 


in which A and B are arbitrary and n may as well be supposed to be zero. 
But since U varies with k, the solution is of no great interest. 


In estimating the significance of our results respecting stability, we must 
of course remember that the disturbance has been assumed to be and to 
remain infinitely small. Where stability is indicated, the magnitude of the 
admissible disturbance may be very restricted. It was on these lines that 
Kelvin proposed to explain the apparent contradiction between theoretical 
results for an inviscid fluid and observation of what happens in the motion of 
real fluids which are all more or less viscous. Prof. McF. Orr has carried this 
explanation further *. Taking the case of a simple shearing motion between 
two walls, he investigates a composite disturbance, periodic with respect to x 
but not with respect to t , given initially as 


v — B cos lx cos my, 


( 18 ) 


and he finds, equation (38), that when m is large the disturbance may increase 
very much, though ultimately it comes to zero. Stability in the mathe¬ 
matical sense (JB infinitely small) may thus be not inconsistent with a practical 
instability. A complete theoretical proof of instability requires not only a 
method capable of dealing with finite disturbances but also a definition, not 
easily given, of what is meant by the term. In the case of stability we are 
rather better situated, since by absolute stability we may understand complete 
recovery from disturbances of any kind however large, such as Reynolds 
showed to occur in the present case when viscosity is paramount f. In the 
absence of dissipation, stability in this sense is not to be expected. 


* Proc. Roy . Irish Academy , Yol. xxvii. Section A, No. 2, 1907. Other related questions are 
also treated. 

t See also Orr, Proc. Roy. Irish Academy , 1907, p. 124. 
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vorticity differs from the otherwise uniform vorticity of the neighbouring 
fluid. In the figure the lines AA, BB represent the situation of the walls 
and AM the velocity-curve of the original shearing motion rising from zero 
at A to a finite value at M. For the present purpose, however, we suppose 
material walls to be absent, but that the same effect (of prohibiting normal 
motion) is arrived at by suitable suppositions as to the fluid lying outside 
and now imagined infinite. It is only necessary to continue the velocity-curve 
in the manner shown AM Off..., the voi'ticities in the alternate layers of 
equal width being equal and opposite. Symmetry then shows that under 
the operation of these vorticities the fluid moves as if AA, BB, &c. were 
material walls. 



We have now to trace the effect of an additional vorticity, supposed posi¬ 
tive, at a point P. If the wall A A were alone concerned, its effect would be 
imitated by the introduction of an opposite vorticity at the point Q which is 
the image of P in AA. Thus P would move under the influence of the 
original vorticities, already allowed for, and of the negative vorticity at Q. 
Under the latter influence it would move parallel to A A with a certain 
velocity, and for the same reason Q would move similarly, so that PQ would 
remain perpendicular to A A. To take account of both walls the more com¬ 
plicated arrangement shown in the figure is necessary, in which the points P 
represent equal positive vorticities and Q equal negative vorticities. The 
conditions at both walls are thus satisfied; and as before all the vortices 
P, Q move under each other’s influence so as to remain upon a line perpen¬ 
dicular to AA. Thus, to go back to the original form of the problem, 
P moves parallel to the walls with a constant velocity, and no change ensues 
in the character of the motion—a conclusion which will appear the more 
remarkable when we remember that there is no limitation upon the 
magnitude of the added vorticity. 

The same method is applicable—in imagination at any rate—whatever 
be the distribution of vorticities between the walls, and the corresponding 
velocity at any point is determined by quadratures on Helmholtz’s principle. 
The new positions of all the vorticities after a short time are thus found, and 
then a new departure may be taken, and so on indefinitely. 
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REFLECTION OF LIGHT AT THE 


[378 


pasted paper. The tube should be lowered over the candle until the whole 
of the flame projects, when it will be apparent that the illumination of the 
candle extends decidedly lower down than before. 

In imagination we may get quit of the lateral loss by supposing the 
diameter of the candle to be increased without limit, the source of light 
being at the same time extended over the whole of the horizontal plane. 

To come to a definite question, we may ask what is the proportion of 
light reflected when it is incident equally in all directions upon a surface of 
transition, such as is constituted by the candle fracture. The answer 
depends upon a suitable integration of Fresnel’s expression for the re¬ 
flection of light of the two polarisations, viz. 

,<? 2 _ sin 2 (8 — 6') m _ t an 2 {9 — 9') n ^ 

°"sin *(0+d'y tan 2 (0+0')’ . K 

where 6, 9' are the angles of incidence and refraction. We may take first 
the case where 6 > 6', that is, when the transition is from the less to the 
more refractive medium. 

The element of solid angle is 2tt sin 9 d9, and the area of cross-section 
corresponding to unit area of the refracting surface is cos 6 ; so that we have 
to consider 

2 [“ sin d cos 9 (S 2 or T 2 )d9, .(2) 

J o 

the multiplier being so chosen as to make the integral equal to unity when 
S 2 or T 2 has that value throughout. The integral could be evaluated 
analytically, at any rate in the case of S 2 , but the result would scarcely 
repay the trouble. An estimate by quadratures in a particular case will 
suffice for our purposes, and to this we shall presently return. 

In (2) 9 varies from 0 to \ir and 9' is always real. If we suppose the 
passage to be in the other direction, viz. from the more to the less refractive 
medium, S 2 and T 2 , being symmetrical in 9 and O', remain as before, and we 
have to integrate 

2 sin 9 ' cos 9' (S 2 or J T 2 ) d9'. 

The integral divides itself into two parts, the first from 0 to a, where a is the 
critical angle corresponding to 9 = r. In this £ 2 , T 2 have the values given 
in (1). The second part of the range from O' — a to 9' = \tt involves “ total 
reflection,” so that S 2 and T 2 must be taken equal to unity. Thus altogether 
we have 

2 j' sin 9' cos 6' ( S 2 or T 2 ) d9' + 2 f“ sin 9' cos 9' d9 


(3) 
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in which sin a = 1/fi, fi (greater than unity) being the refractive index. 
In (3) 

2 sin 9' cos 9' dff = d sin 2 6' = fjr-d sin 2 9, 

and thus 

(3) = /x- 2 x (2) +1 - pr«- = 1 |/x 2 - 1 + J* sin 29 (S 3 or T 2 ) d9 J,.. .(4) 

expressing the proportion of the uniformly diffused incident light reflected 
in this case. 

Much the more important part is the light totally reflected. If //, = 1*5, 
this amounts to 5/9 or 0*5556. 

With the same value of p, I find by Weddle’s rule 

sin 20 .S 2 d0 = 0*1460, sin 20 . T 2 d0 = 0*0339. 

Jo Jo 

Thus for light vibrating perpendicularly to the plane of incidence 
(4) = 0*5556 + 0*0649 = 0*6205; 
while for light vibrating in the plane of incidence 

(4) = 0*5556 + 0*0151 = 0*5707. 

The increased reflection due to the diffusion of the light is thus abundantly 
explained, by far the greater part being due to the total reflection which 
ensues when the incidence in the denser medium is somewhat oblique. 
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THE PRESSURE OF RADIATION AND CARNOT’S PRINCIPLE. 
[Nature, Vol. xcn. pp. 527, 528, 1914] 

As is well known, the pressure of radiation, predicted by Maxwell, and 
since experimentally confirmed by Lebedew and by Nichols and Hull, plays 
an important part in the theory of radiation developed by Boltzmann and 
W. Wien. The existence of the pressure according to electromagnetic theory 
is easily demonstrated*, but it does not appear to be generally remembered 
that it could have been deduced with some confidence from thermodynamical 
principles, even earlier than in the time of Maxwell. Such a deduction was, 
in fact, made by Bartoli in 1876, and constituted the foundation of Boltz¬ 
mann’s work - )-. Bartoli’s method is quite sufficient for his purpose; but, 
mainly because it employs irreversible operations, it does not lend itself to 
further developments. It may therefore be of service to detail the elementary 
argument on the lines of Carnot, by which it appears that in the absence of 
a pressure of radiation it would be possible to raise heat from a lower to a 
higher temperature. 

The imaginary apparatus is, as in Boltzmann’s theory, a cylinder and 
piston formed of perfectly reflecting material, within which we may suppose 
the radiation to be confined. This radiation is always of the kind charac¬ 
terised as complete (or black), a requirement satisfied if we include also a 
very small black body with which the radiation is in equilibrium. If the 
operations are slow enough, the size of the black body may be reduced 
without limit, and then the whole energy at a given temperature is that of 
the radiation and proportional to the volume occupied. When we have 
occasion to introduce or abstract heat, the communication may be supposed 


* See, for example, J. J. Thomson, Elements of Electricity and Magnetism (Cambridge, 1895, 
§ 241); Bayleigh, Phil, Mag . Yol. xlv. p. 222 (1898); Scientific Papers, Yol. iv. p. 354. 

t Wied. Ann . Yol. xxxii. pp. 31, 291 (1884). It is only through Boltzmann that I am 
acquainted with Bartoli’s reasoning. 
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THE PH ESS FEE OF RADIATION' AND OAiiXuTs PIttX< IVlAl 


If wo assume from electromagnetic theory that 

. 

it follows at. once that. 

Ux0\ ...» 

tho well-known law of* Stefan. 
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In (dl) if p be known as a funetion of (K l* as a fiiiisumn .*! 0 i**il 
immediately. If, on the other hand, l f la* known, \o hao 
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escape of energy is connected with the curvature of the surface. If Fbe 
the velocity of propagation, and 2-njh the wave-length of plane waves of 
the given period, the time-factor is and the equation for the velocity- 
potential in two dimensions is 


+ k*d> =o. 

da? + df- 9 


.( 1 ) 


If <j> he also proportional to cos my , (1) reduces to 


d?<f> 


+ ( ]c 2 - m 2 ) 6 = 0, 


.t2) 


of which the solution changes its form when m passes through the value h 
For our purpose m is to be supposed greater than k, viz. the wave-length of 
plane waves is to be greater than the linear period along y. That solution 
of (1) on the positive side which does not become infinite with % is propor¬ 
tional to so that we may take 

c f > = cos kVt . cos my . e~ x '/( m2 ~~ k ^ .(3) 

However the vibration may be generated at x = 0, provided only that the 
linear period along y be that assigned, it is limited to relatively small values 
of so and, since no energy can escape, no work is done on the whole at x = 0. 
And this is true by however little m may exceed k. 

The reason of the difference which ensues when the vibrating surface is 
curved is now easily seen. Suppose, for example, that in two dimensions <£ 
is proportional to cos nO, where 9 is a vectorial angle. Near the surface of 
a cylindrical vibrator the conditions may be such that (3) is approximately 
applicable, and </> rapidly diminishes as we go outwards. But when we reach 
a radius vector r which is sensibly different from the initial one, the con¬ 
ditions may change. In effect the linear dimension of the vibrating 
compartment increases proportionally to r, and ultimately the equation (2) 
changes its form and <£ oscillates, instead of continuing an exponential 
decrease. Some energy always escapes, but the amount must be very small 
if there is a sufficient margin to begin with between m and k. 

It may be well before proceeding further to follow a little more closely 
what happens when there is a transition at a plane surface x~0 from a 
more to a less refractive medium. The problem is that of total reflexion 
when the incidence is grazing, in which case the usual formulse* become 
nugatory. It will be convenient to fix ideas upon the case of sonorous 
waves, but the results are of wider application. The general differential 
equation is of the form 



See for example Theory of Sound , Vol. ii. § 270. 
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* * 1914 ] 


which we will suppose to be adapted to the region where x is negative. On 
the right (x positive) V is to be replaced by F 1} where V 1 > V ’ and cf> by cj> 1 . 
In optical notation VJV ~ where /x (greater than unity) is the refractive 
index. We suppose </> and ^ to be proportional to e i[hy+ct \ b and c being 
the same in both media. Further, on the left we suppose b and c to be 
related as they would be for simple plane waves propagated parallel to y. 
Thus (4) becomes, with omission of e i{hy+ct) } 


d 2 <f> 
dx 2 




(5) 


of which the solutions are 


</> = A + Bx, = C D//^ .(g) 

A, B, G denoting constants so far arbitrary. The boundary conditions 
require that when x=Q, dfyjdx — d^ldx and that p(f> — pi4> 1} p , pi being 
the densities. Hence discarding the imaginary part, and taking A = 1, we 
get finally 

<t> = {l - phx ^ ~ 1) } cos (by + ct), .(7) 


cf> 1 = ™ cos {by + ct) .(8) 

Pi 

It appears that while nothing can escape on the positive side, the amplitude 
on the negative side increases rapidly as we pass away from the surface of 
transition. 


If pb < 1, a wave of the ordinary kind is propagated into the second 
medium, and energy is conveyed away. 

In proceeding to consider the effect of curvature it will be convenient 
to begin with Stokes', problem, taking advantage of formulae relating to 
Bessel's and allied functions of high order developed by Lorenz, Nicholson, 
and Macdonald*. The motion is supposed to take place in two dimensions, 
and ideas may be fixed upon the case of aerial vibrations. The velocity- 
potential <f> is expressed by means of polar coordinates r , 0, and will be 
assumed to be proportional to cos nd , attention being concentrated upon the 
case where n is a large integer. The problem is to determine the motion 
at a distance due to the normal vibration of a cylindrical surface at r — a, 
and it turns upon the character of the function of r which represents a 
disturbance propagated outwards. If D n ( kr) denote this function, we have 


<fi = e lkvt cos nd . B n (kr) 9 .(9) 

and D n ( z ) satisfies Bessel’s equation 

Dn + - Dn + ^ D n = 0. .(10) 


Compare also Debye, Math . Ann . Vol. lxvii. (1909). 
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It may be expressed in the form 

D« = 


/_ 


e’- 


r T 

n 


sin nrr 


(ii) 


which, however, requires a special evaluation when n is an integer. Using 
Schlafii’s formula 


J n (z) = — f cos (z sin 6 — nd) dd 
ttJ o 


sin mr 
7 r 


r*oc 

g-nfl-afsinlia^ ...(12) 

0 


n being positive or negative, and 5 positive, we find 

D„ ( 0 ) = 1 1 * sinh 8 ^0 + f 8 dd 

7T Jo 7T J o 

— — f sin (5 sin # — - [ cos (z sin d — ft0) dd ,.(13) 

7rJ o N 7Tj 0 

the imaginary part being — iJ n (z) simply. This holds good for any integral 
value of n. The present problem requires the examination of the form 
assumed by D n when n is very great and the ratio z/n decidedly greater, 
or decidedly less, than unity. 

In the former case we set n — z sin a, and the important part of D n arises 
from the two integrals last written. It appears * that 




2 N 
, 7 rz cos a. 


I . 

I er». 


(14) 


where p — \tt + z {cos a — (J 77 - — a) sin a}, .(15) 

or when 2 is extremely large (cl = 0) 

B n ( z ) = (Jt)' .(16) 


At a great distance the value of <j> in (9) thus reduces to 

4> = yy* cos nO. eWW-'J-W, .(17) 

from which finally the imaginary part may be omitted. 

When on the other hand zjn is decidedly less than unity, the most 
important part of (13) arises from the first and last integrals. We set 


n = z cosh /3, and then, n being very great, 

= {2e-* — ie*}, .(18) 

where t = n (tanh /3 — /3).(19) 


* Nicholson, B. A. Report, Dublin, 1908, p. 595 ; Phil. Mag. Vol. xix. p. 240 (1910); Mac- 
dcmald, Phil. Trans. Yol. ccx. p. 135 (1909). . 
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Also, the most important part of the real and imaginary terms being retained, 


■n r, \ /sinh /3 cosh /S' 


{ 26 - 


-MV}, 


( 20 ) 


The application is now simple. From (9) with introduction of an 
arbitrary coefficient 

= kA e ikVt cos nd. D n ' (hr) .(21) 

If we suppose that the normal velocity of the vibrating cylindrical surface 
(r — a) is represented by e ilcVt cos nd, we have 


and thus at distance 1 


or when r is very great 


kADn (ka) = 1, . 

(k - e ihVt cog n Q -P” (^ r ) 

<p e W(/fca) , • 

^ =cosn 6 ^Fr) icbrm - 


( 22 ) 

(23) 

(24) 


We may now, following Stokes, compare the actual motion at a distance 
with that which would ensue were lateral motion prevented, as by the 
insertion of a large number of thin plane walls radiating outwards along 
the lines 6 = constant, the normal velocity at r = a being the same in both 
cases. In the altered problem we have merely in (23) to replace D n , D n r 
by D 0 , D 0 '. When z is great enough, D n (z) has the value given in (16), 
independently of the particular value of n. Accordingly the ratio of 
velocity-potentials at a distance in the two cases is represented by the 
symbolic fraction 


Voiko) 
Dn ( Tea ) 5 


(25) 


in which 


.Do iko) — x 


* 9 \l 

_ ) p—i(lv+ka) 

jrkaJ 


(26) 


We have now to introduce the value of D n ' ( ka ). When n is very great, and 
kajn decidedly less than unity, t is negative in (20), and $ is negligible in 
comparison with The modulus of (25) is therefore 

( n ! ha nT ^ 

Vsinh,3 cosh /3/ ° X sinW/S . K ’ 

For example, if n~2ka, so that the linear period along the circumference of 
the vibrating cylinder (2ira/n) is half the wave-length, 

cosh /3 = 2, /3= 1*317, sinh 0 = 1*7321, tanh 0 = *8660, 

and the numerical value of (27) is 

e --*45ioU ^(1*732). 
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When n is great, the vibration at a distance is extraordinarily small in com¬ 
parison with what it would have been were lateral motion prevented. As 
another example, let n—l'l ka. Then (27) = e ~-mn _i_ ^(*4587). Here n 
would need to be about 17 times larger for the same sort of effcect. 

The extension of Stokes’ analysis to large values of n only emphasizes his 
conclusion as to the insignificance of the effect propagated to a distance when 
the vibrating segments are decidedly smaller than the wave-length. 


We now proceed to the case of the whispering gallery supposed to act by 
“ total reflexion.” From the results already given, we may infer that when 
the refractive index is moderate, the escape of energy must be very small, 
and accordingly that the vibrations inside have long persistence. There is, 
however, something to be said upon the other side. On account of the con¬ 
centration near the reflecting wall, the store of energy to be drawn upon 
is diminished. At all events the problem is worthy of a more detailed 
examination. 


Outside the surface of transition (r-a) we have the same expression (9) 
as before for the velocity-potential, k and V having values proper to the 
outer medium. Inside k and V are different, but the product kV is the 
same. We will denote the altered k by h. In accordance with our sup¬ 
positions h>k 9 and h/k represents the refractive index ( p ) of the inside 
medium relatively to that outside. On account of the damping k and h are 
complex, though their ratio is real; but the imaginary part is relatively 
small. Thus, omitting the factors e ikn cos n9, we have (r > a) 


(j> — AD n (kr), .(28) 

and inside (r<a) <j> = BJ n (hr) .(29) 

The boundary conditions to be satisfied when r = a are easily exprcssc 
The equality of normal motions requires that 

kADn (ka) = hB J n ' (ha );.(30) 

and the equality of pressures requires that 


UJXXJ 


f n \k>u) = pn j n {na), 


.v-' - / 

a, p being the densities of the outer and inner media respectively The 
equation for. determining the values of ha, ka (in addition to h/k = ll) is 

kD n ' (ka) _ hj n ' (ha) 

<t D n (ka) ~ p J n (ha) .( 32 ) 

. i„ Eq r°"/ ( ; 32) T n0t be satisfied exac % b 7 real values of h and k; for, 
° U ^ . n l n 13 Pn'/P-n includes an imaginary part. But since 

h fl e Jf ginar7 P art ls relatlve ly small > w e may conclude that approximately 
A and k are real, and the first-step is to determine these real values. 
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Similarly, if we write ka. =./ + iy', where ,/ = ,rjy,, y' = yjy, 
l hi (./ f ty‘) _ I hi (./ / ) + iy / 


pJSO 


J) n (u/ + iy') I) n (,/•') + %y J),‘ (,;•') ’ 


and in virtue of (10) 


J>, "(•>') = - C< ^ & IKS {■<■') + sinlr/i l) d 


where cos]i ft = njrf. Thus 

I hi (&' 4- iif) _ I)f i®) 

I ft 4* ilf) P n {X) 

Accordingly with use of (Mi) 

/Vu*' + iif) 
ifi (* // 4* tif ) 


1 + hf 


cosh# . la4) /4 

a />« 


• sinh ft 


I + / e 


<f* + iy' (- w 


/>» 

/>, 


/V ) 


mHM l »inh* >S# fh-y; !,••(:!«> 
H P H Pn') 


hq nation (12) asserts the equality of the expressions on the two sides of (IK) 
with 


.(*17; 


h<r Jf U) f . •/,/(*#?)} 

Wa*) 1 . 

If we neglect the imaginary tenns in (18), (.17), we fall hack on (14). The 
imaginary terms themselves give* a second equation. In forming this we 
notice that the terms in if vanish in comparison with that in ;/. For in the 
coefficient of if the first, part, viz. — n x cosh vanishes when n is mad** 
infinite, while the second anti third parts compensate one another in virtue 
of (11). Accordiugly (12) gives with regard to (14) 


(xh aj£tx (s“ wi 


lit)) 


in which 


1 pk sinh ft p sinh ft 9 

cosh ft » p< ...(4ti> 

hi (11) iy is the imaginary increment of ha, of winch the principal real 
part is n. In the time-factor e/ kri , the oxjmnent 

pa pa l n ) 

In one complete period t, nVtjpa . undergoes tin* increment 2 tt, 
potential factor giving the decrement in one* period is thus 


The ex- 


or with regard to the smallness of (19) 


2 wper e~~ m 


.(42) 


np sinh ft * ........... 

This is the factor by which the amplitude* is reduced after each complete 
period. 
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tho Iomh t!i»- curvature of thin surface, t ho smaller is I Ii* * refractive index 
t groat or i han unity t width suflices. 
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ON TIIE DIFFRACTION OF LIGHT BY SPHERES OF SMALL 

RELATIVE INDEX. 


[ProceedimjH of the Royal Rociet//, A, VoL xa pp. 219—225, 1914.) 

In a .short paper u On the I Hffmetion of Light by Particles (tun parable 
with the Wave-longthf,” Keen and Porter describe curious observations upon 
the intensity and colour of the light transmitted through small particles »*f 
precipitated sulphur, while still in a state of suspension, when the size of tin* 
particles is comparable with, or decidedly larger than, the wave-length of 
the light. The particles principally concerned in their experiments appear 
to have decidedly exceeded those dealt with in a recent piper*, where tin* 
calculations were pushed only to tin*, point where the circumference of tin* 
sphere is 2*25 X. The authors cited give as the size of the particles, when 
the intensity of the light passing through was a minimum, it g to 10 /*, that 
is over 10 wave-lengths of yellow light, ami they punt out the desirability 
of extending the theory to larger spheres. 

The calculations referred to related to tine particular ease where the 
(relative) refractive; index of the; spherical obstacles is P5. This value was 
chosen in order to bring out the peculiar polarisation phenomena observed in 
the diffracted light at angles in the neighbourhood of 90 \ ami as not inappro¬ 
priate to experiments upon particles of high index suspended in water, 
I remarked that the extension of the calculations to greater particles would 
be of interest, but that the arithmetical work would rapidly become heavy. 

There is, however, another particular case of a more tractable character, 

viz., when the relative refractive index is mudl *; and although it. may not be 
the one we should prefer, its discussion is of interest and would be expected 

* [1914. It would have been in better accordance with usage to have said 44 of Iterative 
Index differing little from Unity.”] 

f Roy, Soc, Proc. A, Vol. nxxxtx. p. 370 (HUB). 

X Roy . Soc. Proc . A, Vol. lxxxiv. p. 25 (1910); Scientific Paper#, VoL v. p. 547. 
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to throw some light upon the general course of the phenomenon. It has . 
already been treated up to a certain point, both in the paper cited and the 
earlier one * in which experiments upon precipitated sulphur were first 
described. It is now proposed to develop the matter further. 

The specific inductive capacity of the general medium being unity, that of 
the sphere of radius R is supposed to be K , where — 1 is very small. 
Denoting electric displacements by/, g, h, the primary wave is taken to be 

h 0 =e int e ikx , ...(1) 


so that the direction of propagation is along x (negatively), and that of 
vibration parallel to z. The electric displacements (/, g 1} A x ) in the scattered 
wave, so far as they depend upon the first power of (K — 1), have at a great 
distance the values 


f a h =~ 

Jii yi> i \t 2 ’ 


~ r 2 5 


a 2 + j3 2 \ 
r 2 ) ’ 


( 2 ) 


in which P ~ — (K — 1). e int e ik {x ~ r) dxdydz .(3) 


In these equations r denotes the distance between the point (a, 0, y) 
where the disturbance is required to be estimated, and the element of volume 
(dxdydz) of the obstacle. The centre of the sphere R will be taken as the 
origin of coordinates. It is evident that, so far as the secondary ray is 
concerned, P depends only upon the angle (%) which this ray makes with the 
primary ray. We will suppose that % = 0 in the direction backwards along 
the primary ray, and that %==7r along the primary ray continued. The 
integral in (3) may then be found in the form 

—J J*! (2kR cos . cos <f>) cos 2 <fi d§, .(4) 

r now denoting the distance of the point of observation from the centre of 
the sphere. Expanding the Bessel’s function, we get 

„ 4>7rR 8 (K-l)e i{nt - kr ) ^ m 2 m 4 m 6 

r -! 3 1 2.5 2.4.5.7 2.4.6.5.7.9 


m 8 

+ 2 . 4 . 6 . 8 . 5 . 7 . 9.11 


(5) 


in which m is written for 2JcRcos^x* ^ is to be °l>served that in this 
solution there is no limitation upon the value of R if (K—Yf is neglected 
absolutely. In practice it will suffice that (K — 1) RjX be small, X (equal to 
27 rjJc) being the wave-length. 


Phil. Mag . Yol. xn. p. 81 (1881); Soientijic Papers, Yol. i. p. 518. 
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These are the formulas previously given. I had not then noticed that the 
integral in (4) can be expressed in terms of circular functions. By a general 


theorem due to Hobson * 

}} Ji O cos <p) cos 2 <j>dcf> = Ji (rn) ■■ 


sin m 
m 2 


cosm 

m 


.( 6 ) 


so that 


P = -(A-1).4ttP 3 . &<»«>•> 


cos m\ 
m 2 / J 


in agreement with (5). The secondary disturbance vanishes with 
when tan m = m, or 


- 0 ) 

P, viz., 


TO = 2AP cos 1%.= ^ (1-4303, 2-4590, 3-4709, 4-4774, 54818, etc.)f. ...(8) 

The smallest value of IcR for -which P vanishes occurs when % = 0, is. in the 
direction backwards along the primary ray. In terms of X the diameter is 

2fi = 0-7l5X. .(9) 


In directions nearly along the primary ray forwards, cos \x is small, and 
evanescence of P requires much larger ratios of B to X. As was formerly 
fully discussed, the secondary disturbance vanishes, independently of P, in 
the direction of primary vibration (a = 0, /3 = 0). 

In general, the intensity of the secondary disturbance is given by 


/i 2 + ^ 




.( 10 ) 


in which P 0 denotes P with the factor e i{nt ~ hr) omitted, and is a function of 
the angle between the secondary ray and the axis of x. If we take polar 
coordinates (%, <p) round the axis of at, 


1- 


t 

r 2 


= 1 — sin 3 x cos 2 (j ); 


(ID 


and the intensity at distance r and direction (%, <f>) may be expressed in 
terms of these quantities. In order to find the effect upon the transmitted 
light, we have to integrate (10) over the whole surface of the sphere r. 
Thus 

r 2 JJ sin X d% d$ (/i 2 + g? + V) = tt [ sin x (^~j 0- + cos 2 %) 

(sin m — m cos m) 2 


= 7 r& 4 {K — l ) 2 P 6 sin % (1 + cos 2 x)' 

./ o 




2kR 


mf 


m 4 ) 


■ 5 l 2 * 2 P 2 + 4 


: JrfP 4 (Z-l ) 2 

x {1 + m 2 + (m 2 — 1) cos 2m — 2m sin 2m}.(12) 


* Lond . Jfai/L Poc. Proc. Vol. xxv. p. 71 (1893). 
f See Theory of Sound , Vol. n. § 207. 









’ 1914] SPHERES OF SMALL RELATIVE INDEX 223 

The integral may be expressed by means of functions regarded as known. 
Thus on integration by parts 

{1 + m 2 + (m 2 — 1 ) cos 2 m — 2 m sin 2 m} ^ 

Jo J m 5 

— — 1 ~~ CQS ^m sin 2 m 1 1 

4m 4 2m 3 2m 2 2 3 

{1 + m 2 + (m 2 — 1 ) cos 2 m — 2 m sin 2 m} 
i o J m 3 

1 f®l- cos 2 m 7 , cos 2 m sin 2 m 

2m- J 0 m 2m 2 on 

I jl + m 2 + (m 2 — 1 ) cos 2 m — 2 m sin 2 m} — 

Jo J m 

f m 1 — cos 2m 7 m 2 m sin 2m 5 cos 2m 5 

= -- dm + -4----+--—. 

Jo m 2 2 44 

Accordingly, if m now stand for 2 AR, we get 

r> + + = {- 7 (1 2m> 

- ZLt? + 5 + m . + (± _ 4) f-dml. (IS) 

m \m 2 J J 0 m J v 7 

If m is small, the { } in (13) reduces to 

0 + 0 x m 2 4- -f T m 4 , 

so that ultimately 

(13) = -^jirteR 6 {K - l) 2 , .(14) 

in agreement with the result which may be obtained more simply from ( 5 ). 
If we include another term, we get 

(13) = ^7 tK&{K- iy (l - ^).(15) 

As regards the definite integral, still written as such, in (13), we have 

Jo -m- dm= J o }l72 — 4l 6l~ • • • j = y + log(2m)—Ci(2m), ^16) 

where 7 is Eulers constant (0*5772156) and Ci is the cosine-integral, 
defined by 

^ x f x costc 7 

• Cl O) = J —~ du .( 17 > 

As in (16), when x is moderate, we may use 

Ci(,-r) = 7 + log x—\ y ~2 + i 1727374 -. 


,( 18 ) 
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which is always convergent. When a 1 is great, we haw flu* m ua **>*n\» me n 


senes 


Ci (x) = sin x 


1 1.2 1 . 2.*.4 


x a> 


* COS X < — 


i i. 2 . :* i. 2 . . 1 .4. r» 


i | e ! 


Fairly complete tables of Oi (a*), as well ns ol related itit«i*raK n.^« 1 

given by Glaishor*. 

When m is large, Oi (2m) fends to vanish, so thnf tilt limitt h 


■ cos zm 
m 


dm - 7 + log i im f, 


Hence, when kit is large, (13) tends to the form 

(i:]) = |ir/i* u /id{/i - it; 


.4 * I 


(llaishers Table XII gives the maxima and minium valims *4 flir 
integral, which occur when the* argument is an odd multiple **i |?r Tim-i 


Ci {nvf2) 


Vt piv/tn 


I -+■ 0*47i£0CH )T 

3 ! -0-i»84(»7« 

r> 1 4*<W237723 


o 

if 


4 ie4i;i«n!r,:i 
- «$mV*fill i 


These values allow us to calculate 1 tin* j ; in { Lit vi/„ 

7(1 — cos 2m) sin 2m r , H / 4 A, . , 4 

. —~ —-~~ _ — 4 . 5 4 . m J + 1 - 4] (7 a Jug *> m f 1 < £ WI j . < 21 1 

2nd m \m J } Xi h 


when 2m = mr/2, and n is an odd integer. In thin rum* ow J» s «11 nm 
sin 2m = ± 1, so that (21) reduces to 


56 . 4 
"/? 

We find 


of) ,4 n 2 tt 2 / 64 . \ t , 

! »“*± n ^ + °+ 16 +(,, 8 ^- 7 I 7 + •'»«<»*■ ->”< uw 2 »j. 


( 22 ) 


Mi 


0*0530 

2*718 

10*534 


II 

11 


23*110 

di'im 

il 5 i»r,s 


Phil Tran®, Vol. ra, p, tlflT 
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this point, nor beyond it, is there anything but a steady rise in the value of 
(13) as X diminishes when R is constant. A fortiori is this the case when R 
increases and X is constant. 

An increase in the light scattered from a single spherical particle implies, 
of course, a decrease in the light directly transmitted through a suspension 
containing a given number of particles in the cubic centimetre. The 
calculation is detailed in my paper <c On the Transmission of Light through 
an Atmosphere containing Small Particles in Suspension and need not be 
repeated. It will be seen that no explanation is here arrived at of the 
augmentation of transparency at a certain stage observed by Keen and 
Porter. The discrepancy may perhaps be attributed to the fundamental 
supposition of the present paper, that the relative index is very small [or 
rather very near unity], a supposition not realised when sulphur and water 
are in question. But I confess that I should not have expected so wide 
a difference,, and, indeed, the occurrence of anything special at so great 
diameters as 10 wave-lengths is surprising. 

One other matter may be alluded to. It is not clear from the description 
that the light observed was truly transmitted in the technical sense. This 
light was much attenuated—down to only 5 per cent. Is it certain that it 
contained no sensible component of scattered light, but slightly diverted 
from its original course ? If such admixture occurred, the question would 
be much complicated. 


* PML Mag. Vol. xlvii. p. 375 (1S99); Scientific Papers, Vol. iv. p. 397. 
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SOME CALCULATIONS IN ILLUSTRATION OF 
FOURIER’S THEOREM. 


[Proceedings of the Royal Society , A, Vol. xo. pp. 318—323, 1914.] 


According to Fourier’s theorem a curve whose ordinate is arbitrary over 
■blue whole range of abscissae from x= — oo to ^ = + co can be compounded 
of harmonic curves of various wave-lengths. If the original curve contain 
discontinuity, infinitely small wave-lengths must be included, but if the 
discontinuity be eased off, infinitely small wave-lengths may not be necessary. 
In order to illustrate this question I commenced several years ago calcula¬ 
tions relating to a very simple case. These I have recently resumed, and 
although the results include no novelty of principle they may be worth 
p lit ting upon record. 

The case is that where the ordinate is constant (tt) between the limits ± 1 
for* co and outside those limits vanishes. 


In general 
Here 


2 r 00 r +oo 

<f>(x) = — dk dv <f> (v) cos k (v — x) .(1) 

W J o J- oo 

sin& 


+<» ri 

dv <fi (v) cos k (y - x) = 2tt cos kx I dv cos lev = 2w cos kx 

— CO j 0 


= ~ {sin k (x + 1) — sin k(x — 1)}, 
dk 

and <f>(x)=J {sin k (x + 1) - sin k (x — 1)}.(2) 

As is well known, each of the integrals in (2) is equal to ± fyir ; so that, as 
^vas required, (j> (x) vanishes outside the limits ± 1 and between those limits 
tak es the value it. It is proposed to consider what values are assumed by 
(^cc) when in (2) we omit that part of the range of integration in which k 
^^oeeds a finite value k^ 


1 K_9. 
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The integrals in ( 2 ) are at once expressible by what is ««!M th- .v,m 
integral, defined by 

. 

Thus <f>(w) = Fiil' t (.r+ l)-Si* s U- i k ...... .. ******* 

and if the sine-integral were thoroughly known there vvoiihi be l 

anything more to do. For moderate values of 0 t he integral tnii) he <* d**u 
lated from an ascending series which is always convergent, lug* 

values this series becomes useless; we may then fall baek ttpon a d* -****» ndim 
series of the semi-convergent class, viz,, 


Si (0) = eos$ 


■ Ki “ V 


1.2 1.2.:i.4_ i 

ti* + P **’» 

i. 2. a i. 2.:». 4. ’• 
H‘ 1 ()- 


f *i I 


Dr Glaisher* has given very complete tables extending from d "= 0 n 
0 = 1 , and also from I to 5 at intervals of 0i # Beyond lilts point la gn*- 
the function for integer values of $ from f> to lf> iuclusite, ntnl atteiw.ud 
only at intervals of 5 for 20,, 25, #0, 05, &t\ I 4 or mv jmrjuwe th«**« «h< ie* 
suffice, and I have calculated from (5) the values fur the iiitssmg i?it»grr 
up to 6 = 60. The results are recorded in the Table below. In meh ea.*» 
except those quoted from Glaisher, tin* last figure in subject in n %!n.nS 
error. 


For the further caleulati 

on, involving merely subtraction^ I lime >m*1«-<*!«'< 

special cases k x = 

1,2,10. Fur k\ = 

1, we have 





4> (•'• 

- (* + l) 

— Hi (,#? ~ I ). 


.....Oil 

e 

«i m 

$ 

Hi 60 

a Si {ti\ 

# 

Si (m 

16 

1-63130 

28 

1 *60474 

39 1*56331 

3o 

1 ’531 

17 

1*59013 

29 * 

1*59731 

40 1 *58699 

31 

| *55*1 to 

18 

1*53662 

30 

1 *56676 

41 ! -5!l lit l 

H 

1 *57357 

19 

1*51863 

31 

1*54177 

42 1-5HOK1 

; 33 

I ’58798 

20 

1*54824 

32 

1 *54424 

43 1 *55836 

31 

1 %ftK*i:i4 

21. 

1 *59490 

33 

1 *57028 

44 1*51808 

Aft 

I ’5*o, ** 

22 

1*61609 

34 

i -rmir, 

45 1 *5587 1 

511 

1 *5537 I 

23 

1 *59546 

| 33 f 

i •wmsia 

46 i *57976 

57 

I '3*1 |!tO 

! 24 

1 *55474 

i 36 

1-57512 

47 1*59184 

AH 

1 AI1H15 

1 25 

1*53148 

1 37 

1-548(11 

48 I *5H 145 

51! 

1 *5H3fJH 

I 26 I 

1*54487 

1 38 

1 -54541) 

19 1*56507 

1 no 

I *581175 

27 | 

1 *58029 

I. 

1 

r 





every 

case <f> (x) 

is an 

even function, so that it 

mtflices 

to connhler . 


positive. 


# Phil Tram . Vol. cw, p. 367 {lH7l»f 
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&!= 1 . 


X 

0 (%) 

X 

4 >{ x ) 

X 

4 >{ x ) 

0*0 

+ 1-8922 

2-5 

+ 0-5084 

6-0 

- 0-0953 

0*5 

1-8178 

3*0 

4 - 0*1528 

7-0 

4 - 0-1495 

1*0 

1-6054 

3-5 

- 0-1244 

8-0 

4 - 0-2104 

1-5 

1-2854 

4-0 

- 0-2987 

9*0 

4 - 0*0842 

2-0 

0-9026 

5*0 

- 0-3335 

10-0 

- 0*0867 




Both for k x = 1 and for k x = 2 all that is required for the above values of 
(#) is given in Glaisher’s tables. 
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When h = 10, <f> (x) = Si (10a; + 10) - Si (10a; -10).(8) 


X 

4 >( x ) j 

1 

* 

0(*) 

X 

< f >{ x ) 

o-o 

+ 3-3167 ! 

1*7 

[ 

+0-1257 

3*4 

-0*0067 

0*1 

3*2433 

1*8 

+0*0305 

3*5 

+0*0272 

0*2 

3-0792 1 

1*9 

-0*0677 

3*6 

+0*0349 

0*3 

2*9540 . 

2*0 

— 0*0916 

3*7 

+ 0*0115 

0*4 

. 2*9809 

2*1 

-0*0365 

3*8 

-0*0203 

0*5 

3*1681 , 

2*2 

+ 0*0393 

3*9 

-0*0322 

0*6 

3*3895 

2*3 

+0-0709 

4*0 

-0*0151 

0*7 

3*4388 i 

2*4 

+ 0*0390 

4*1 

+0*0142 

0*8 

3*1420 ' 

2*5 

-0*0213 

4*2 

+ 0*0293 

0*9 

2*4647 , 

2*6 

-0*0562 

4*3 

+ 0*0178 

1*0 

1*5482 

2*7 

-0*0415 

4*4 

-0*0089 

1*1 

0*6488 ! 

2*8 

+ 0*0089 

4*5 

-0*0262 

1*2 

+0*0107 

2*9 

+ 0*0447 

4*6 

-0*0194 

1*3 

-0*2532 i 

3*0 

+0*0387 

4*7 

+ 0*0063 

1*4 

-0*2035 | 

3*1 

+ 0*0000 

4*8 

+ 0*0230 

1*5 

-0*0184 | 

3*2 

-0*0353 

4*9 

+0*0203 

1*6 

+ 0*1202 ! 

3*3 

-0*0371 

5*0 

-0*0002 



The same set of values of Si up to Si (60) would serve also for the 
calculation of <f> (x) for \ = 20 and from x = 0 to x = 2 at intervals of 0'05. 
It is hardly necessary to set this out in detail. 
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An inspection of the curves plotted from the above tables shows the 
approximation towards discontinuity as k x increases. 

That the curve remains undulatory is a consequence of the sudden 
stoppage of the integration at ^ = If we are content with a partial 
suppression only of the shorter wave-lengths, a much simpler solution is 
open to us. We have only to introduce into ( 1 ) the factor e~ ah , where a is 
positive, and to continue the integration up to x = oo. In place of (2), we 
have 

< f>(x) = J {siu k (x + 1 ) — sin k(x — 1 )} = tan -1 ^— tan " 1 * 

.(9) 

The discontinuous expression corresponds, of course, to a = 0 . If a is 
merely small, the discontinuity is eased off. The following are values of 
c p (x), calculated from (9) for a = 1, 0'5, 0 05 : 

a = 1 . 


X 

0 (*) 

X 

0(a) 

X 

4,(x) 

0*0 

1*571 

2*0 

0*464 

4*0 

0*124 

0*5 

1-446 

2*5 

0-309 

5*0 

0*080 

1-0 

1*107 

3*0 

0*219 

6*0 

0*055 

1*5 

0*727 







a 

= 0-5. 



X 

<t>{x) 

X 


| X 

<t>(x) 

o-oo 

2*214 

1*00 

1*326 

2*00 

0*298 

0-25 

2*J73 

1*25 

0*888 

2*50 

0*180 

0-50 

2*111 

1*50 

0*588 

3*00 

0*120 

0-75 

1*756 

1*75 

0*408 

3*50 

0*087 


a = 0*05. 


X 

<j>(x) 

X 

<P(x) 

X 

i 

<p(x) 

0*00 

3*041 

0*90 

2*652 

1*20 

0*222 

0*20 

3*037 

0*95 

2*331 

1*40 

0*103 

0*40 

3*023 

1*00 

1*546 

1*60 

0*064 

0*60 

2*986 

1*05 

0*761 

1*80 

0*045 

0*80 

2*869 

1*10 

0*440 

2*00 

0*033 


As is evident from the form of (9), (f> (x) falls continuously as x increases 
whatever may be the value of a. 
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FURTHER CALCULATIONS CONCERNING THE MOMENTUM 
OF PROGRESSIVE WAVES. 

[Philosophical Magazine , Vol. xxvii. pp. 436—440, 1914.] 

The question of the momentum of waves in fluid is of interest and has 
given rise to some difference of opinion. In a paper published several years 
ago* I gave an approximate treatment of some problems of this kind. For 
a fluid moving in one dimension for which the relation between pressure and 
density is expressed by 

p-/(p)..a) 

it appeared that the momentum of a progressive wave of mean density equal 
to that of the undisturbed fluid is given by 

+ ^} x totaI ener gy>.( 2 ) 

in which p 0 is the undisturbed density and a the velocity of propagation. 
The momentum is reckoned positive when it is in the direction of wave- 
propagation. 

For the “ adiabatic 55 law, viz.: 



p/p 0 = (p/p°) y > . 

.(3) 


rw-™-< rw- wf T 1) i . 

P 0 P 0 

.(4) 

so that 

Ptf'ipo) ,1.7+1 

4a* 3 2 a 4a 

. (5) 


In the case of Boyle’s law we have merely to make 7 = 1 in (5). 

For ordinary gases <y>l and the momentum is positive; but the above 
argument applies to all positive values of 7 . If 7 be negative, the pressure 
would increase as the density decreases, and the fluid would be essentially 
unstable. 

* Phil . Mag . Vol. x. p. 364 (1905); Scientific Papers, Vol. v. p. 265. 
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However, a slightly modified form of (3) allows the exponent to be 
negative. If we take 

PlPo = 2-(p/po)~t .( 6 ) 

with /3 positive, we get as above 


and accordingly 


■f'f \ o 

J 0>o) = — = 

P 0 


r(po)= 


( ft +1) a 2 

pn 


Pn f"( P o) l_ l-ft 
4a 3 2a 4a 


(7) 

( 8 ) 


If /3 = 1, the law of pressure is that under which waves can be propagated 
without a change of type, and we see that the momentum is zero. In 
genera], the momentum is positive or negative according as /3 is less or 
greater than 1. 


In the above formula (2) the calculation is approximate only, powers of 
the disturbance above the second being neglected. In the present note it is 
proposed to determine the sign of the momentum under the laws (3) and (6) 
more generally and further to extend the calculations to waves in a liquid 
moving in two dimensions under gravity. 

It should be clearly understood that the discussion relates to progressive 
waves. If this restriction be dispensed with, it would always be possible 
to have a disturbance (limited if we please to a finite length) without 
momentum, as could be effected very simply by beginning with displace¬ 
ments unaccompanied by velocities. And the disturbance, considered as a 
whole, can never acquire (or lose) momentum. In order that a wave may 
be progressive in one direction only, a relation must subsist between the 
velocity and density at every point. In the case of Boyles law this relation, 
first given by De Morgan*, is 

u = a log (p/po), .(9) 

and more generally f 

. (10) 


Wherever this relation is violated, a wave emerges travelling in the negative 
direction. 


For the adiabatic law (3), (10) gives 


u = 


2 a 

7-1 


y-i 



* Airy, Phil, Mag. Vol. xxxiv. p. 402 (1849). 
+ Earnshaw, Phil. Trans. 1859, p. 146. 


■(H) 
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a being the velocity of infinitely small disturbances, and this reduces to (9) 
when 7 = 1 . Whether 7 be greater or less than 1 , u is positive when p 
exceeds p 0 . Similarly if the law of pressure be that expressed in ( 6 ), 

j8±l 
2 


Since /3 is positive, values of p greater than p 0 are here also accompanied by 
positive values of u. 

By definition the momentum of the wave, whose length may be supposed 
to be limited, is per unit of cross-section 




r 

pu dx, 

J 


.(13) 


the integration extending over the whole length of the wave. If we intro¬ 
duce the value of u given in (11), we get 

.<“> 

and the question to be examined is the sign of (14). For brevity we may 
write unity in place of p 0 , and we suppose that the wave is such that its 

mean density is equal to that of the undisturbed fluid, so that Jpdx=l, 

where l is the length of the wave. If l be divided into n equal parts, then 
when n is great enough the integral may be represented by the sum 

l 

n 


y+l y+l y+1 

pl 2 + p 2 2 + Pz 2 4* . 


• Pi-P* 


.(15) 


in which all the p’s are positive. Now it is a proposition in Algebra that 

y+l y+l y+l 

pi 2 4- p2 2 + ... fpi 4- p 2 4- • • A 2 
n \ n J 

when (7 4 1) is negative, or positive and greater than unity; but that the 
reverse holds when -|(y + 1 ) is positive and less than unity. Of course the 
inequality becomes an equality when all the n quantities are equal. In the 
present application the sum of the p’s is n, and under the adiabatic law ( 3 ), 
7 and ^ ( 74 * 1) are positive. Hence (15) is positive or negative according as 
^( 7 -hl) is greater or less than unity, viz., according as 7 is greater or less 
than unity. In either case the momentum represented by (13) is positive , 
and the conclusion is not limited to the supposition of small disturbances. 

In like manner if the law of pressure be that expressed in ( 6 ), we get 
from ( 12 ) 
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from which we deduce almost exactly as before that the momentum (13) is 
positive if f3 (being positive) is less than 1 and negative if /3 is greater 
than 1. If /3 = 1 , the momentum vanishes. The conclusions formerly 
obtained on the supposition of small disturbances are thus extended. 


We will now discuss the momentum in certain cases of fluid motion 
under gravity. The simplest is that of long waves in a uniform canal. If rj 
be the (small) elevation at any point x measured in the direction of the 
length of the canal and u the corresponding fluid velocity parallel to x, 
which is uniform over the section, the dynamical equation is* 


du_ drj 
dt 9 dx ’ 


(17) 


As is well known, long waves of small elevation are propagated without 
change of form. If c be the velocity of propagation, a positive wave may be 
represented by 

r) — F(ct — x) y .(18) 

where F denotes an arbitrary function, and c is related to the depth h 0 
according to 

& = gK .( 19 ) 

From (17), (18) 

m= t = \/(£) ' v . (20) 

is the relation obtaining between the velocity and elevation at any place in 
a positive progressive wave of small elevation. 

Equation ( 20 ), however, does not suffice for our present purpose. We 
may extend it by the consideration that in a long wave of finite disturbance 
the elevation and velocity may be taken as relative to the neighbouring 
parts of the wave. Thus, writing du for u and h for A 0 , so that r)=dh y 
we have 

du =\J(h) dh ’ 

and on integration 

u = 2 sjg 4- G}. 

The arbitrary constant of integration is determined by the fact that outside 
the wave u = 0 when h = h Q} whence and replacing h by h 0 + rj, we get 

u = 2<Jg y(Ji 0 + rj)- <A>},.( 21 ) 

as the generalized form of ( 20 ). It is equivalent to a relation given first in 
another notation by De Morgan^, and it may be regarded as the condition 


* Lamb’s Hydrodynamics , § 168. 
t Airy, Phil. Mag. Vol. xxxiv. p. 402 (1849). 




















236 CALCULATIONS CONCERNING THE MOMENTUM OK PROGRESSIVE W.W Ks | ;!s:! 

which must he satisfied if the emergence of a negative wav.' S )■< 
obviated. 


We are now prepared to calculate the momentum. For a wave in which 
the mean elevation is zero, the momentum correspond mg to unit Imri/oMa! 

breadth is 


when we 
form 


p fu (A, + rt) <h- = : h> v/f'/Ad j A<A'.- 

omit cubes and higher powers of ?/. We may write v22* aL«» in ibr 


Momentum — 


3 Total Kimrgv 

4 r 


12 . 1 ) 


c being the velocity of propagnt ion of waves of small elevation. 

As in (14), with y equal t<» 2, we may prove that the tmrnmmmi L 
positive without restriction upon tin* value of ?/. 

As another example, periodic waves moving on the surface of i|e.*p xmu i 
may also be referred to. The momentum of such waves has been ertieitlutoil 
by Lamb*, on the basis of Stokes’ second approximation. If appears ilia? 
the momentum per wave-length and per unit width perpendicular to dm 
plane of motion is 

irpa% .........rill 

where c is the velocity of propagation of the waves in cpiestion ami f h«* wave 
form is approximately 

2t r . . . >- 

7} =» It COS {Qt — &) ...iO I 

A. 

The forward velocity of the surface layers was remarked by Stokes, }«\ *r 
a simple view of the matter reference may be made also to Phil, Mmj, Voi. ?, 
p. 257 (1876); Scientific Papers, Vol. L p. 263. 


Hydrodynamics, § 248. 
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FLUID MOTIONS. 

[Proc. Roy. Inst. March, 1914; Nature , Vol. xciix. p. 364, 1914.] 

The subject of this lecture has received the attention of several gene¬ 
rations of mathematicians and experimenters. Over a part of the field their 
labours have been rewarded with a considerable degree of success. In all 
that concerns small vibrations, whether of air, as in sound, or of water, as in 
waves and tides, we have a large body of systematized knowledge, though in 
the case of the tides the question is seriously complicated by the fact that 
the rotation of the globe is actual and not merely relative to the sun and 
moon, as well as by the irregular outlines and depths of the various oceans. 
And even when the disturbance constituting the vibration is not small, 
some progress has been made, as in the theory of sound waves in one 
dimension, and of the tidal bores , which are such a remarkable feature of 
certain estuaries and rivers. 

The genera] equations of fluid motion, when friction or viscosity is neg¬ 
lected, were laid down in quite early days by Euler and Lagrange, and in a 
sense they should contain the whole theory. But, as Whewell remarked, 
it soon appeared that these equations by themselves take us a surprisingly 
little way, and much mathematical and physical talent had to be expended 
before the truths hidden in them could be brought to light and exhibited in 
a practical shape. What was still more disconcerting, some of the general 
propositions so arrived at were found to be in flagrant contradiction with 
observation, even in cases where at first sight it would not seem that viscosity 
was likely to be important. Thus a solid body, submerged to a sufficient 
depth, should experience no resistance to its motion through water. On 
this principle the screw of a submerged boat would be useless, but, on the 
other hand, its services would not be needed. It is little wonder that 
practical men should declare that theoretical hydrodynamics has nothing at 
all to do with real fluids. Later we will return to some of these difficulties, 
not yet fully surmounted, but for the moment I will call your attention 
to simple phenomena of which theory can give a satisfactory account. 
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Considerable simplification attends the supposition that the motion is 
always the same at the same place—is steady , as we say—and fortunately 
this covers many problems of importance. Consider the flow of water along 
a pipe whose section varies. If the section were uniform, the pressure would 
vary along the length only in consequence of friction, which now we are 
neglecting. In the proposed pipe how will the pressure vary? I will not 
prophesy as to a Royal Institution audience, but I believe that most un¬ 
sophisticated people suppose that a contracted place would give rise to an 
increased pressure. As was known to the initiated long ago, nothing can be 
further from the fact. The experiment is easily tried, either with air or 
water, so soon as we are provided with the right sort of tube. A suitable 
shape is shown in fig. 1, but it is rather troublesome to construct in metal. 




W. Froude found paraffin-wax the most convenient material for ship models, 
and I have followed him in the experiment now shown. A brass tube is 
filled with candle-wax and bored out to the desired shape, as is easily done 
with templates of tin plate. When I blow through, a suction is developed at 
the narrows, as is witnessed by the rise of liquid in a manometer connected 
laterally. 

In the laboratory, where dry air from an acoustic bellows or a gas-holder 
is available, I have employed successfully tubes built up of cardboard, for 
a circular cross-section is not necessary. Three or more precisely similar 
pieces, cut for example to the shape shown in fig. 2 and joined together 
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closely along the edges, give the right kind of tube, and may be made air¬ 
tight with pasted paper or with sealing-wax. Perhaps a square section 
requiring four pieces is best. It is worth while to remark that there is no 
stretching of the cardboard, each side being merely bent in one dimension. 
A model is before you, and a study of it forms a simple and useful exercise 
in solid geometry. 

Another form of the experiment is perhaps better known, though rather 
more difficult to think about. A tube (fig. 3) ends in a flange. If I blow 
through the tube, a card presented to the flange is drawn up pretty closely, 
instead of being blown away as might be expected. When we consider the 


i i 



Fig. 3. Fig. 4. 


matter, we recognize that the channel between the flange and the card 
through which the air flows after leaving the tube is really an expanding 
one, and thus that the inner part may fairly be considered as a contracted 
place. The suction here developed holds the card up. 

A slight modification enhances the effect. It is obvious that immediately 
opposite the tube there will be pressure upon the card and not suction. To 
neutralize this a sort of cap is provided, attached to the flange, upon which 
the objectionable pressure is taken (fig. 4). By blowing smartly from the 
mouth through this little apparatus it is easy to lift and hold up a penny 
for a short time. 

The facts then are plain enough, but what is the explanation ? It is 
really quite simple. In steady motion the quantity of fluid per second passing 
any section of the tube is everywhere the same. If the fluid be incom¬ 
pressible, and air in these experiments behaves pretty much as if it were, 
this means that the product of the velocity and area of cross-section is 
constant, so that at a narrow place the velocity of flow is necessarily increased. 
And when we enquire how the additional velocity in passing from a wider 
to a narrower place is to be acquired, we are compelled to recognize that it 
can only be in consequence of a fall of pressure. The suction at the narrows 
is the only result consistent with the great principle of conservation of energy; 
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but it remains rather an inversion of ordinary ideas that we should haw u, 
deduce the forces from the motion, rather than the moiion from the have* 
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card. Ordinary experience teaches that in such a case the flow does not 
follow the walls round the corner, but shoots across as a jet, which for a time 
preserves its individuality and something like its original section. Since 
the velocity is not lost, the pressure which would replace it is not developed. 
It is instructive to compare this case with another, experimented on by 
Savart* and W. Froudef, in which a free jet is projected through a short 
cone, or a mere hole in a thin wall, into a vessel under a higher pressure. 
The apparatus consists of two precisely similar vessels with apertures, in 
which the fluid (water) may be at different levels (fig. 7, copied from 
Fronde). Savart found that not a single drop of liquid was spilt so long as 
the pressure in the recipient vessel did not exceed one-sixth of that under 
which the jet issues. And Fronde reports that so long as the head in the 
discharge cistern is maintained at • a moderate height above that in the 



recipient cistern, the whole of the stream enters the recipient orifice, and 
there is “ no waste, except the small sprinkling which is occasioned by in¬ 
exactness of aim, and by want of exact circularity in the orifices.” I am 
disposed to attach more importance to the small spill, at any rate when the 
conoids are absent or very short. For if there is no spill, the jet (it would 
seem) might as well be completely enclosed; and then it would propagate 
itself into the recipient cistern without sudden expansion and consequent 
recovery of pressure. In fact, the pressure at the narrows would never fall 
below that of the recipient cistern, and the discharge would be correspondingly 
lessened. When a decided spill occurs, Froude explains it as due to the 
retardation by friction of the outer layers which are thus unable to force 
themselves against the pressure in front. 

Evidently it is the behaviour of these outer layers, especially at narrow 
places, which determines the character of the flow in a large variety of cases. 

* Ann . de Ghimie , Vol. lv. p. 257, 183S. 
f Nature, Vol. xm. p. 93, 1875. 
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They are held back, as Froude pointed out, by friction acting from the walls; 
but, on the other hand, when they lag, they are pulled forward by layers 
farther in which still retain their velocity. If the latter prevail, the motion 
in the end may not be very different from what would occur in the absents* 
of friction; otherwise an entirely altered motion may ensue. The situation 
as regards the rest of the fluid is much easier when the layers upon which 
the friction tells most are allowed to escape. This happens in instruments 
of the injector class, but I have* sometimes wondered whether full advantage 
is taken of it. The long gradually expanding cones are overdone, perhaps, 
and the friction which they entail must have a had effect. 

Similar considerations enter when we discuss the passage of a solid body 
through a large mass of fluid otherwise at rest, as in the case of an airship or 
submarine boat. I say a submarine, because when a ship mows upon the 
surface of the water the formation of waves constitutes a complication, and 
■one of great importance* when the* speed is high. In order that the water 
in its relative motion may close* in properly behind, the after part of tin* 
ship must he* suitably shape*d, fine line*s he*iug more* necessary at the stern 
than at the* how, as fish found out. before men interested themselves in the 
problem. In a we*lhde*signe‘d ship the* whole* resistance* (apart from wa\e 
making) may be ascribeel to skin friction, of the same nature as that, which in 
encountered when the ship is replaced by a thin plain* moving edge*ways. 

At the* other extreme we* may cemsider the motion of a thin disk or bind** 
flatways through the* water. Here* the*, actual motion differs altogether from 
that prescribes! by the*. classical hydrexlynamies, according to which the 
character of the* motion should be the same behind as in front. The liquid 
reduses to close in behind, and a re*gion of more* or less “dead water" in 
developed, entailing a greatly increased resistance*. To mee*t this 1 Ielmholu, 
Kirchhoft*, and their follow<*rs have*, given calculations in which tin* flute! 
behind is supposed to move*, strictly with tin* advancing solid, and !<» he 
separated from the remainder of the mass by a surface* at which a finite* slip 
takes place*.. Although some diffieulims remain, there can he* no doubt that 
this theory constitutes a great advance. But the surface of separation is 
unstable, and in ce>nseque*ne;e of fluid friction it soon loses its sharpness, 
breaking up into more or less periodic exhlms, described in houh* detail by 
Mallock (fig. 8). It is those eddies which cause the* whistling of tin* wind in 
trees and the more*, musical nolens oPfche atolian harp. 

The* obstacle*, to the closing-in of the* line*s of flow behind the disk is 
doubtless, as be.*,fore 1 , the laye*r of Iiejuid in close* proximity to the disk, which 
at the edge has insufficient velocity for what is required of it. It would ho 
an interesting experiment te try what would he* the* effect. of allowing a 
small “spill.” For this purpose the disk or blade* would lx* made* double, 
with a suction applied to the* narrow interspace. Relieved of the slowlv 
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moving layer, the liquid might then be able to close in behind, and success 
would be witnessed by a greatly diminished resistance. 

_ 

Fig. 8. 

When a tolerably fair-shaped body moves through fluid, the relative 
velocity is greatest at the maximum section of the solid which is the minimum 
.section for the fluid, and consequently the pressure is there least. Thus the 
water-level is depressed at and near the midship section of an advancing 
steamer, as is very evident in travelling along a canal. On the same principle 
may be explained the stability of a ball sustained on a vertical jet as in a 
well-known toy (shown). If the ball deviate to one side, the jet in bending 
round the surface develops a suction pulling the ball back. As Mr Lanchester 
has remarked, the effect is aided by the rotation of the ball. That a convex 
surface is attracted by a jet playing obliquely upon it was demonstrated by 
T. Young more than 100 years ago by means of a model, of which a copy is 
before you (fig. 9). 



A plate, bent into the form ABC, turning on centre B, is 
impelled by a stream of air D in the direction shown. 

It has been impossible in dealing with experiments to keep quite clear 
of friction, but I wish now for a moment to revert to the ideal fluid of hydro¬ 
dynamics, in which pressure and inertia alone come into account. The 
possible motions of such a fluid fall into two great classes—those which do 
and those which do not involve rotation . What exactly is meant by rotation 
is best explained after the manner of Stokes/ If we imagine any spherical 

16—2 
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portion of the fluid in its motion to be suddenly solidified, the resulting 
solid may be found to be rotating. If so, the original fluid is considered to 
possess rotation. If a mass of fluid moves irrotationally, no spherical portion 
would revolve on solidification. The importance of the distinction depends 
mainly upon the theorem, due to Lagrange and Cauchy, that the irrotational 
character is permanent, so that any portion of fluid at any time destitute of 
rotation will always remain so. Under this condition fluid motion is com¬ 
paratively simple, and has been well studied. Unfortunately many of the 
results are very unpractical. 

As regards the other class of motions, the first great step was taken in 
1858, by Helmholtz, who gave the theory of the vortex-ring. In a perfect 
fluid a vortex-ring has a certain permanence and individuality, which so 
much impressed Kelvin that he made it the foundation of a speculation 
as to the nature of matter. To him we owe also many further developments 
in pure theory. 

On the experimental side, the first description of vortex-rings that I have 
come across is that by W. B. Rogers*, who instances their production during 
the bursting of bubbles of phosphuretted hydrogen, or the escape of smoke 
from cannon and from the lips of expert tobacconists. For private obser¬ 
vation nothing is simpler than Helmholtz’s method of drawing a partially 
immersed spoon along the surface, for example, of a cup of tea. Here half a 
ring only is developed, and the places where it meets the surface are shown 
as dimples, indicative of diminished pressure. The experiment, made on a 
larger scale, is now projected upon the screen, the surface of the liquid and 
its motion being made more evident by powder of lycopodium or sulphur 
scattered over it. In this case the ring is generated by the motion of a 
half-immersed circular disk, withdrawn after a travel of two or three inches. 
In a modified experiment the disk is replaced by a circular or semi-circular 
aperture cut in a larger plate, the level of the water coinciding with the 
horizontal diameter of the aperture. It may be noticed that while the first 
forward motion of the plate occasions a. ring behind, the stoppage of the 
plate gives rise to a second ring in front. As was observed by Reuschf, the 
same thing occurs in the more usual method of projecting smoke-rings from 
a box; but in order to see it the box must be transparent. 

In a lecture given here in 1877, Reynolds showed that a Helmholtz ring 
can push the parent disk before it, so that for a time there appears to be 
little resistance to its motion. 

For an explanation of the origin of these rings we must appeal to friction, 
for in a perfect fluid no rotation can develop. It is easy to recognize that 
friction against the wall in which the aperture is perforated, or against the 

* Amer . J. Sci . Vol. xxvi. p. 246, 1858. 

t Fogg. Ann. Vol. cx. p, 309, 1860. 
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face of the disk in the other form of experiment, will start a rotation which, 
in a viscous fluid, such as air or water actually is, propagates itself to a finite 
distance inwards. But although a general explanation is easy, many of the 
details remain obscure. 

■ It is apparent that in dealing with a large and interesting class of fluid 
motions we cannot go far without including fluid friction, or viscosity as it is 
generally called, in order to distinguish it from the very different sort of 
friction encountered by solids, unless well lubricated. In order to define it, 
we may consider the simplest case where fluid is included between two 
parallel walls, at unit distance apart, which move steadily, each in its own 
plane, with velocities which differ by unity. On the supposition that the 
fluid also moves in plane strata, the viscosity is measured by the tangential 
force per unit of area exercised by each stratum upon its neighbours. When 
we are concerned with internal motions only, we have to do rather with the 
so-called “ kinematic viscosity/’ found by dividing the quantity above defined 
by the density of the fluid. On this system the viscosity of water is much 
less than that of air. 

Viscosity varies with temperature; and it is well to remember that the 
viscosity of air increases while that of water decreases as the temperature 
rises. Also that the viscosity of water may be greatly increased by admixture 
with alcohol. I used these methods in 1879 during investigations respecting 
the influence of viscosity upon the behaviour of such fluid jets as are sensitive 
to sound and vibration. 

Experimentally the simplest case of motion in which viscosity is para¬ 
mount is the flow of fluid through capillary tubes. The laws of such motion 
are simple, and were well investigated by Poiseuille. This is the method 
employed in practice to determine viscosities. The apparatus before you is 
arranged to show the diminution of viscosity with rising temperature. In 
the cold the flow of water through the capillary tube is slow, and it requires 
sixty seconds 'to fill a small measuring vessel. When, however, the tube is 
heated by passing steam through the jacket surrounding it, the flow under 
the same head is much increased, and the measure is filled in twenty-six 
seconds. Another case of great practical importance, where viscosity is the" 
leading consideration, relates to lubrication. In admirably conducted ex¬ 
periments Tower showed that the solid surfaces moving over one another 
should be separated by a complete film of oil, and that when this is attended 
to there is no wear. On this basis a fairly complete theory of lubrication 
has been developed, mainly by 0. Beynolds. But the capillary nature of the 
fluid also enters to some extent, and it is not yet certain that the whole 
character of a lubricant can be expressed even in terms of both surface 
tension and viscosity. 

It appears that in the extreme cases, when viscosity can be neglected and 
again when it is paramount, we are able to give a pretty good account of 
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what passes. It is in the intermediate region, where both inertia and 
viscosity are of influence, that the difficulty is greatest. But even here we 
are not wholly without guidance. There is a general law, called the law 
dynamical similarity, which is often of great service. In the past this law 
has been unaccountably neglected, and not only in the present field. U 
allows us to infer what will happen upon one scale of operations from what 
has been observed at another. On the present occasion I must limit myself 
to viscous fluids, for which the law of similarity was laid down in all its 
completeness by Stokes as long ago as 1850. It appears that similar met cuts 
may take place provided a certain condition lx* satisfied, viz. that the product 
of the linear dimension and the velocity, divides! by tin* kineumtie viscosity 
of the fluid, remain unchanged. Geometrical similarity is presupposed, An 
example will make this clearer. If we art 1 dialling with a single fluid, my 
air under given conditions, the kinematic viscosity remains <d course tip* 
same. When a solid sphere moves uniformly through air, t he rharueii r *»l 
the motion of the fluid round it may depend upon the size of flu* splu-tv 
and upon the velocity with which it travels. But we may infer that tie* 
motions remain asimilar, if only the product of diameter and celerity be gn cn. 
Thus, if we know the motion for a particular diameter and \eh»et!\ of the 
sphere, we can infer what it will be when tin* velocity is halved and tin* 
diameter doubled. The fluid velocities also will everywhere lx* Imbed at 
the ctyrresponding places. M. Eiffel found that for any sphere there is a 
velocity which may be regarded as critical, be. a velocity at which the law of 
resistance changes its character somewhat suddenly. It follows fima the 
rule that these critical velocities should be inversely pro|x>r!ionul to the 
diameters of the spheres, a conclusion in pretty good agreement with 
M. Eiffels observations*. But the principle is at least equally bnjiofinitf 
in effecting a comparison between different fluids. If we know what hapjMUis 
on a certain scale and at a certain velocity in water, we can infer what will 
happen in air on any other scale, provided the velocity is chosen suit ably. 
It is assumed here that the compressibility of the air does not rome info 
account, an assumption which is admissible so long as tin* velocities are small 
in comparison with that of sound. 

But although the principle of similarity is well established on the 
theoretical side and has met with some confirmation in experiment, then* 
has been much hesitation in applying it, due perhaps to certain dtKCTe|uiiirieH 
with observation which stand recorded. And there is another reason. It is 
rather difficult to understand how viscosity can play so large it part ns it 
seems to do, especially when we introduce numbers, which make it iipjamr 
that the viscosity of air, or water, is very small in relation to tin* other data 
occurring in practice. In order to remove these doubts it is very desirable 
to experiment with different viscosities, but this is not easy to do on a 
* Comptes Jtendm , Dec. 30, 1912, Jan. 18, 1913. [This volume, p. VM .J 
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moderately large scale, as in the wind channels used for aeronautical purposes. 
I am therefore desirous of bringing before you some observations that I have 
recently made with very simple apparatus. 

When liquid flows from one reservoir to another through a channel in 
which there is a contracted place, we can compare what we may call the 
head or driving pressure, i.e. the difference of the pressures in the two 
reservoirs, with the suction , i.e. the difference between the pressure in the 
recipient vessel and that lesser pressure to be found at the narrow place. 
The ratio of head to suction is a purely numerical quantity, and according 
to the principle of similarity it should for a given channel remain unchanged, 
provided the velocity be taken proportional to the kinematic viscosity of the 
fluid. The use of the same material channel throughout has the advantage 
that no question can arise as to geometrical similarity, which in principle 
should extend to any roughnesses upon the surface, while the necessary 
changes of velocity are easily attained by altering the head and those of 
viscosity by altering the temperature. 

The apparatus consisted of two aspirator bottles (fig. 10) containing 
water and connected below by a passage bored in a cylinder of lead, 7 cm. 



Fig. 10. 


long, fitted water-tight with rubber corks. The form of channel actually 
employed is shown in fig. 11. On the up-stream side it contracts pretty 
suddenly from full bore (8 mm.) to the narrowest place, where the diameter 
is 2*75 mm. On the down-stream side the expansion takes place in four or 
five steps, corresponding to the drills available. It had at first been intended 
to use a smooth curve, but preliminary trials showed that this was un¬ 
necessary, and the expansion by steps has the advantage of bringing before 
the mind the dragging action of the jets upon the thin layers of fluid 
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between them and the walls. The three pressures concerned are indicated 
on manometer tubes as shown, and the two differences of level representing 
head and suction can be taken off with compasses and referred to a milli¬ 
metre scale. In starting an observation the water is drawn up in the 
discharge vessel, as far as may be required, with the aid of an air-pump. 
The rubber cork at the top of the discharge vessel necessary for this purpose 
is not shown. 

As the head falls during the flow of the water, the ratio of head to suction 
increases. For most of the observations I contented myself with recording 
the head for which the ratio of head to suction was exactly 2 : 1, as indicated 
by proportional compasses. Thus on January 23, when the temperature of 
the water was 9° C., the 2 : 1 ratio occurred on four trials at 120, 130, 123, 
126, mean 125 mm. head. The temperature was then raised with precaution 
by pouring in warm water with passages backwards and forwards. The 
occurrence of the 2 : 1 ratio was now much retarded, the mean head being 
only 35 mm., corresponding to a mean temperature of 37° C. The ratio of 



head to suction is thus dependent upon the head or velocity, but when the 
velocity is altered the original ratio may be recovered if at the same time 
we make a suitable alteration of viscosity. 

And the required alteration of viscosity is about what might have been 
expected. From Landolt’s tables I find that for 9° C. the viscosity of water is 
'01368, while for 37° C. it is *00704. The ratio of viscosities is accordingly 
1*943. The ratio of heads is 125 : 35. The ratio of velocities is the square- 
root of this or 1*890, in sufficiently good agreement with the ratio of 
viscosities. 

In some other trials the ratio of velocities exceeded a little the ratio of 
viscosities. It is not pretended that the method would be an accurate one 
for the comparison of viscosities. The change in the ratio of head to suction 
is rather slow, and the measurement is usually somewhat prejudiced by 
unsteadiness in the suction manometer. Possibly better results would be 
obtained in more elaborate observations by several persons, the head and 
suction being recorded separately and referred to a time scale so as to 
facilitate interpolation. But as they stand the results suffice for my purpose, 
showing directly and conclusively the influence of viscosity as compensating 
a change in the velocity. 
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In conclusion, I must touch briefly upon a part of the subject where 
theory is still at fault, and I will limit myself to the simplest case of all— 
the uniform shearing motion of a viscous fluid between two parallel walls, 
one of which is at rest, while the other moves tangentially with uniform 
velocity. It is easy to prove that a uniform shearing motion of the fluid 
satisfies the dynamical equations, but the question remains: Is this motion 
stable ? Does a small departure from the simple motion tend of itself to 
die out ? In the case where the viscosity is relatively great, observation 
suggests an affirmative answer; and 0. Reynolds, whose illness and com¬ 
paratively early death were so great a loss to science, was able to deduce 
the same conclusion from theory. Reynolds’ Method has been improved, 
more especially by Professor Orr of Dublin. The simple motion is thoroughly 
stable if the viscosity exceed a certain specified value relative to the velocity 
of the moving plane and the distance between the planes; while if the 
viscosity is less than this, it is possible to propose a kind of departure from 
the original motion which will increase for a time. It is on this side of the 
question that there is a deficiency. When the viscosity is very small, obser¬ 
vation appears to show that the simple motion is unstable, and we ought to 
be able to derive this result from theory. But even if we omit viscosity 
altogether, it does not appear possible to prove instability a priori, at least 
so long as we regard the walls as mathematically plane. We must confess 
that at the present we are unable to give a satisfactory account of skin- 
friction, in order to overcome which millions of horse-power are expended in 
our ships. Even in the older subjects there are plenty of problems left! 
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ON THE THEORY OF LONG WAVES AND BORES. 


[.Proceedings of the Royal Society , A, Vol. xc. pp. 324—328, 1914.] 


Ix the theory of long waves in two dimensions, which we may suppose to 
be reduced to a “ steady ” motion, it is assumed that the length is so great in 
proportion to the depth of the water that the velocity in a vertical direction 
can be neglected, and that the horizontal velocity is uniform across each 
section of the canal. This, it should be observed, is perfectly distinct from 
any supposition as to the height of the wave. If l be the undisturbed 
depth, and h the elevation of the water at any point of the wave, u the 
velocities corresponding to l, l + h respectively, we have, as the equation of 
continuity, 


lu Q 


l + h' 


( 1 ) 


By the principles of hydrodynamics, the increase of pressure due to retardation 
will be 


\p (u<? - u 2 ) = 


pu<f 

2 


2 Ih + h 2 

■ ww 


( 2 ) 


On the other hand, the loss of pressure (at the surface) due to height will be 
gph ; and therefore the total gain of pressure over the undisturbed parts is 


/ pu 0 2 1 + h/2l 


-gp)h. 


\l *(1 +h/iy 

If, now, the ratio hjl be very small, the coefficient of h becomes 


.(3) 


p(u<?/l-g), .(4) 

and we conclude that the condition of a free surface is satisfied, provided 
— gl- This determines the rate of flow u 0 , in order that a stationary 
wave may be possible, and gives, of course, at the same time the velocity of 
a wave in still water. 
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Unless h 2 can be neglected, it is impossible to satisfy the condition of a 
free surface for a stationary long wave—which is the same as saying that it 
is impossible for a long wave of finite height to be propagated in still water 
without change of type. 

Although a constant gravity is not adequate to compensate the changes 
of pressure due to acceleration and retardation in a long wave of finite 
height, it is evident that complete compensation is attainable if gravity be 
made a suitable function of height; and it is worth while to enquire what 
the law of force must be in order that long waves of unlimited height may 
travel with type unchanged. If / be the force at height h , the condition of 
constant surface pressure is 

hpuo 2 jl - ^ 3 | = P l^dh ; .(5) 


whence 


u 0 2 d l 2 
2 * dh (l -f A) 2 


u °'(i+hr 


( 6 ) 


which shows that the force must vary inversely as the cube of the distance 
from the bottom of the canal. Under this law the waves may be of any 
height, and they will be propagated unchanged with the velocity V(/iO> 
where yi is the force at the undisturbed level *. 


It may be remarked that we are concerned only with the values of f at 
water-levels which actually occur. A change in f below the lowest water- 
level would have no effect upon the motion, and thus no difficulty arises 
from the law of inverse cube making the force infinite at the bottom of the 
canal. 


When a wave is limited in length, we may speak of its velocity relatively 
to the undisturbed water lying beyond it on the two sides, and it is implied 
that the uniform levels on the two sides are the same. But the theory of 
long waves is not thus limited, and we may apply it to the case where the 
uniform levels on the two sides of the variable region are different, as, for 
example, to bores . This is a problem which I considered briefly on a former 
occasionf, when it appeared that the condition of conservation of energy 
could not be satisfied with a constant gravity. But in the calculation of the 
loss of energy a term was omitted, rendering the result erroneous, although 
the general conclusions are not affected. The error became apparent in 
applying the method to the case above considered of a gravity varying as the 
inverse cube of the depth. But, before proceeding to the calculation of 
energy, it may be well to give the generalised form of the relation between 
velocity and height which must be satisfied in a progressive wavej, whether 
or not the t} 7 pe be permanent. 

* Phil. Mag. Vol. i. p. 257 (1876); Scientific Papers , Vol. i. p. 254. 

f Boy . Soc. Proc. A, Vol. lxxxi. p. 448 (1908); Scientific Papers , Vol. v. p. 495. 

X Compare Scientific Papers , Vol. i. p. 258 (1899). 
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In a small positive progressive wave, the relation, between the particle- 
velocity u at any point (now reckoned relatively to the parts outside the 
wave) and the elevation h is 

^ = V(//0 • h .(7) 

If this relation be violated anywhere, a wave will enferge, travelling in the 
negative direction. In applying (7) to a wave of finite height, the appropriate 
form of (7) is 

““"•v/Gft)*..< 8 > 

where / is a known function of l -f A, or on integration 



To this particle-velocity is to be added the wave-velocity 

\/{(l + h)f), .(10) 


making altogether for the velocity of, e.g ., the crest of a wave relative to 
still water 



. 

.(ii) 

Thus if / be constant, say g , (9) gives De Morgan's formula 



u-2Jq{(l+hf-l\ . 

.(12) 

and (11) becomes 

3VW(Z + A')-2VW . 

.(13) 

If, again, 

J ( i + hy' . 

.(14) 

(11) gives as the velocity of a crest 



i+h + i + h vW ’. 

.(15) 


which is independent of A, thus confirming what was found before for this law 
of force. 


As regards the question of a bore, we consider it as the transition from a 
uniform velocity u and depth l to a uniform velocity uf and depth l\ V being 
greater than 1. The first relation between these four quantities is that given 
by continuity, viz., 

lu = ZV.(16) 

The second relation arises from a consideration of momentum. It may be 
convenient to take first the usual case of a constant gravity g. The mean 
pressures at the two sections are \gl\ and thus the equation of 

momentum is 


lu(u — u) — \g {V 2 — ¥). 


(17) 
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By these equations u and v! are determined in terms of l , V : 

= (i + i '). i'ji 9 u'*=$g(l- 4- V) . IjV .(18) 


We have now to consider the question of energy. The difference of work 
done by the pressure at the two ends (reckoned per unit of time and per 
unit of breadth) is lu(\gl — \gV). And the difference between the kinetic 
energies entering and leaving the region is lu (^u 2 — ^u 2 ), the density being 
taken as unity. But this is not all. The 'potential energies of the liquid 
leaving and entering the region are different. The centre of gravity rises 
through a height \(J! — 1), and the gain of potential energy is therefore 
lu.^g{l f —l). .The whole loss of energy is accordingly 

lu gl — |gV + \ -|u /2 - \g Q! — 0} = “ ffl' + iff 4 - 1') ^ j 


= lu 


4 IV 


(19) 


This is much smaller than the value formerly given, but it remains of the 
same sign. “ That there should be a loss of energy constitutes no difficulty, 
at least in the presence of viscosity; but the impossibility of a gain of energy 
shows that the motions here contemplated cannot be reversed/' 

We now suppose that the constant gravity is replaced by a force /, which 
is a function of y , the distance from the bottom. The pressures p, p' at the 
two sections are also functions of y , such that 


p=l/dy, p' = l f d y- 

J y •' V 

The equation of momentum replacing (17) is now 

lu(u-u')=[ p'dy-\ pdy=\p'y ■ 

Jo Jo L Jo 


.( 20 ) 


py 




= f yfdy - [ yfdy=\ yfdy, .(21) 

Jo Jo J l 

the integrated terms vanishing at the limits. This includes, of course, all 
special cases, such as /= constant, or/oc y~ z . 

As regards the reckoning of energy, the first two terms on the left of (19) 
are replaced by 

lu ji J o p dy - J, J ^ p'dy\ .(22) 

The third and fourth terms representing kinetic energy remain as before. 
For the potential energy we have to consider that a length u and depth l 
is converted into a length v! and depth V. If we reckon from the bottom, 
the potential energy is in the first case 

u [ dyT/dy, 

Jo Jo 
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in which 

[ V fdy= f f d v~ f fdy=p 0 -p, 

JO Jo y 

p Q denoting the pressure at the bottom, so that the potential energy is 



The difference of potential energies, corresponding to the fifth and sixth 
terms of (19), is thus 

lu^pt-pj-j j^pdy + j, J g P'dyj .(23) 

The integrals in (23) compensate those of (22), and we have finally as the loss 
of energy 

la {p 0 - p Q ' + %u 2 ->%u' 2 } = lu |iu a — i u/2 ~'J l .(24) 

It should be remarked that it is only for values of y between l and V that 
/ is effectively involved. 

In the special case where/ = py~ d , equations (16), (21) give 

■ uH*=p, U'*r*=/JL, .(25) 

the introduction of which into (24) shows that, in this case, the loss of 
energy vanishes; all the conditions can be satisfied, even though there be 
no dissipation. The reversed motion is then equally admissible. 


Experimental. 

The formation of bores is illustrated by a very ordinary observation, 
probably not often thought of in this connection. Something of the kind 
may usually be seen whenever a stream of water from a tap strikes a 
horizontal surface [or when water from a can is poured into a flat bath]. 
The experiment is best made by directing a vertically falling stream into a 
flat and shallow dish from which the water overflows*. The effective depth 
may be varied by holding a glass plate in a horizontal position under the 
water surface. Where the jet strikes, it expands into a thin sheet which 
diverges for a certain distance, and this distance diminishes as the natural 
depth of the water over the plate is made greater. The circular boundary 
where the transition from a small to a greater depth takes place constitutes 
a bore on a small scale. The flow may be made two-dimensional by limiting 
it with two battens held in contact with the glass. I have not attempted 
measures. On the smallest scale surface-tension doubtless plays a considerable 
part, but this maybe minimised by increasing the stream, and correspondingly 
the depth of the water over the plate, so far as may be convenient. 

* The tap that I employed gives a jet whose diameter is 6 mm. A much larger tap may need 
to be fitted with a special nozzle.—May 14, [1914]. 
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THE SAND-BLAST. 

[Nature, Yol. xcm. p. 188, 1914.] 

Among the many remarkable anticipations contained in T. Young's 
Lectures on Natural Philosophy (1807) is that in which he explains the effect 
of what is now commonly known as the sand-blast. On p. 144 he writes:— 
“There is, however, a limit beyond which the velocity of a body striking 
another cannot be increased without overcoming its resilience, and breaking 
it, however small the bulk of the first body may be, and this limit depends 
on the inertia of the parts of the second body, which must not be disregarded 
when they are impelled with a considerable velocity. For it is demonstrable 
that there is a certain velocity, dependent on the nature of a substance, with 
which the effect of any impulse or pressure is transmitted through it; a 
certain portion of time, which is shorter accordingly as the body is more 
elastic, being required for the propagation of the force through any part of 
it; and if the actual velocity of any impulse be in a greater proportion to 
this velocity than the extension or compression, of which the substance is 
capable, is to its whole length, it is obvious that a separation must be pro¬ 
duced, since no parts can be extended or compressed which are not yet 
affected by the impulse, and the length of the portion affected at any instant 
is not sufficient to allow the required extension or compression. Thus if the 
velocity with which an impression is transmitted by a certain kind of wood 
be 15,000 ft. in a second, and it be susceptible of compression to the extent of 
1/200 of its length, the greatest velocity that it can resist will be 75 ft. in a 
second, which is equal to that of a body falling from a height of about 90 ft." 

Doubtless this passage was unknown to O. Reynolds when, with customary 
penetration, in his paper on the sand-blast {Phil. Mag. Yol. xlvi. p. 387,1873) 
he emphasises that “the intensity of the pressure between bodies on first 
impact is independent of the size of the bodies." 

After his manner, Young was over-concise, and it is not clear precisely 
what circumstances he had in contemplation. Probably it was the longitudinal 
impact of bars, and at any rate this affords a convenient example. We may 
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begin by supposing the bars to be of the same length, material, and section, 
and before impact to be moving with equal and opposite velocities v. At 
impact, the impinging faces are reduced to rest, and remain at rest so long 
as the bars are in contact at all. This condition of rest is propagated in each 
bar as a wave moving with a velocity a , characteristic of the material. In 
such a progressive wave there is a general relation between the particle- 
velocity (estimated relatively to the parts outside the wave) and the com¬ 
pression (e) y viz., that the velocity is equal to ae. In the present case the 
relative particle-velocity is v, so that v = ae . The limit of the strength of the 
material is reached when e has a certain value, and from this the greatest 
value of v (half the original relative velocity) which the bars can bear is 
immediately inferred. 

But the importance of the conclusion depends upon an extension now to 
be considered. It will be seen that the length of the bars does not enter 
into the question. Neither does the equality of the lengths. However 
•short one of them may be, we may contemplate an interval after first impact 
so short that the wave will not have reached the further end, and then the 
argument remains unaffected. However short one of the impinging bars, the 
above calculated relative velocity is the highest which the material can bear 
without undergoing disruption. 

As more closely related to practice, the case of two spheres of radii r, r', 
impinging directly with relative velocity v , is worthy of consideration. 
According to ordinary elastic theory the only remaining data of the problem 
are the densities p, p', and the elasticities. The latter may be taken to be 
the Young’s moduli q , q\ and the Poisson’s ratios, <r, of which the two last 
are purely numerical. The same may be said of the ratios q'jq , pjp , and r'/r. 
So far as dimensional quantities are concerned, any maximum strain e may 
be regarded as a function of r, v } q, and p. The two last can occur only in 
the combination qjp, since strain is of no dimensions. Moreover, q/p = a 2 , 
where a is a velocity. Regarding e as a function of r, v, and a, we see that 
v and a can occur only as the ratio v/a, and that r cannot appear at all. The 
maximum strain then is independent of the linear scale; and if the rupture 
depends only on the maximum strain, it is as likely to occur with small 
spheres as with large ones. The most interesting case occurs when one 
sphere is very large relatively to the other, as when a grain of sand impinges 
upon a glass surface. If the velocity of impact be given, the glass is as likely 
to be broken by a small grain as by a much larger one. It may be remarked 
that this conclusion would be upset if rupture depends upon the duration of 
a strain as well as upon its magnitude. 

The general argument from dynamical similarity that the maximum strain 
during impact is independent of linear scale, is, of course, not limited to the 
case of spheres, which has been chosen merely for convenience of statement. 
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THE EQUILIBRIUM OF REVOLVING LIQUID UNDER 
CAPILLARY FORCE. 

[.Philosophical Magazine , Yol. xxvm. pp. 161—170, 1914.] 

The problem of a mass of homogeneous incompressible fluid revolving 
with uniform angular velocity (to) and held together by capillary tension ( T) 
is suggested by well-known experiments of Plateau. If there is no rotation, 
the mass assumes a spherical form. Under the influence of rotation the 
sphere flattens at the poles, and the oblateness increases with the angular 
velocity. At higher rotations Plateau's experiments suggest that an annular 
form may be one of equilibrium. The earlier forms, where the liquid still 
meets the axis of rotation, have been considered in some detail by Beer*, but 
little attention seems to have been given to the equilibrium in the form of a 
ring. A general treatment of this case involves difficulties, but if we assume 
that the ring is thin, viz. that the diameter of the section is small compared 
with the diameter of the circular axis, we may prove that the form of the 
section is approximately circular and investigate the small departures from 
that figure. It is assumed that in the cases considered the surface is one of 
revolution about the axis of rotation. 

Fig. 1 represents a section by a plane through the axis Oy, 0 being the 
point where the axis meets the equatorial plane. One of the principal 



Fig. 1. 

* Pogg. Ann. Yol. xcvi. p. 210 (1855); compare Poincare’s Capillarite , 1895. 
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curvatures of the surface 1 at P is that of flu* meridional eiine, tin* radium of Urn 
other principal curvature* is PQ the normal hn terminated on tho axis. Tin* 
pressure due* to tliei curvature* is t1ms 

Ppiy 1 ' 

and the* equation of equilibrium may ho written 


i _ <rm\v p tl 

l‘U ' 27' ! 7" 


where* p„ is the* pressure* at points lying upon the axis, and a is tin* doijsit\ of 
the* fluid. 

The* curvatures may most, simply hi* expressed by moans of $, t ho h-n-ph 
of the* arc of the* curve* measured say from J. Thus 

1 i (Ip 1 *l’ J p fly' 

/ J' (I,s' p tlj its 


so that ( 1) becomes 


or on integration 


(Itfilj * (I J p tl4tVJ J tfj‘ p .r dj 

,is th +,r */*■ ‘ it <ts + r ds 


dp vuwr ^ p, t j 

’ r ds HT '* 11 


* f eojjst , 


Thus dpjtls is a function of j' of known form, sa\ A\ and wo gof f M r y in forms 
of a* 

x ( X,l ‘ 

!/" i I ,. ,.Ol 


uh giv<*n by Beer. 


\ tI -V O 


If, as in fig. 1, t.he eurvf imrtN tin* a\is, itJi must !».* stfisti< <i ] )V ; 

dtf/ds ■-■=(). Tim countiuit nminiiiigly disuj.jtr.ir.s, iu,.| hm, tJ„. murlt 
.siinplifmd form 

d>/ fffiP.r* p <r r 

ds r hf * 27. ,r ” 

At tin* point A on the* equator tip ds ^ 1. Jf ()A .w, 


. tffaar p u 

,s 7 ' ‘ IT 


whence eliminating p u and writing 


we ge*t 


'/pn' r ‘ t si • Lit 1 . 

US ft* II 
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In terms of y and x from (7) 


~dx~ 


x a ~: +1 - n 

{ a 2 


a 2 - x 2 n ~ +1 - n 

V a 2 


or if we write 


x 2 /a 2 — 1 — z, . 

2 dy 1 — £lz 

adz \Jz . a/{1 + 2 (1 — z) fl — z (1 — z) fl 2 } 

= (i-Q + tnv” i -tQ , * i . . 


when we neglect higher powers of fl than fl 2 . Reverting to x, we find for 
the integral of (10) 


±S = (i-.< n > 

no constant being added since y — 0 when x — a. 

If we stop at O, we have 

S + a^nr 1 .< 12 > 

representing an ellipse whose minor axis OB is a (1 — H). 

When II 2 is retained, 

0R = (l-a + H 2 )a.(18) 

The approximation in powers of fl could of course be continued if desired. 

So long as II < 1, p Q is positive and the (equal) curvatures at B are convex. 
When n = 1, p 0 = 0 and the surface at B is flat. In this case (8) gives 


or if we set x = a sin^ <£, 


,dy = ^ 

” dx 

dy a . i , 

i 4~i sm 


Here x — a corresponds to 0 = ^7r, and x = 0 corresponds to </> = 0. Hence 

0B = ~[ si rfi<f)d<f) .(16) 


The integral in (16) may be expressed in terms of gamma functions and 
we get 

OB = a*Jir . r(f) ~ r Q) = -4312a.(17) 

When n > 1, the curvature at B is concave and p 0 is negative, as is quite 
permissible. 
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In order to trace the various curves we may calculate by quadratures 
from (4) the position of a sufficient number of points. This, as I understand, 
was the procedure adopted by Beer. An alternative method is to trace the 
curves by direct use of the radius of curvature at the point arrived at. 
Starting from (7) we find 

d?y _ f Q 1 - Cl \ dx 

ds 2 \ a 3 a ) ds ’ 

and thence 

a = a dJytf^ j=n W +1 _ n . (18) 

p dxjas ar 

From (18) we see at once that 12 = 0 makes p = a throughout, and that 
when 12 = 1, x = 0 makes p = o o . 

In tracing a curve we start from the point A in a known direction and with 
p = a/(2Q + 1), and at every point arrived at we know with what curvature 
to proceed. If, as has been assumed, the curve meets the axis, it must do so 
at right angles, and a solution is then obtained. - 


The method is readily applied to the case 0 = 1 with the advantage that 
we know where the curve should meet the axis of y. From (18) with 0 = 1 
and a = 5, 


1 _ 24 #* 
p = l000‘ 


(19) 


Starting from x = 5 we draw small portions of the curve corresponding to 
decrements of x equal to *2, thus arriving in succession at the points for which 
#=4*8, 4*6, 4*4, &c. For these portions we employ the mean curvatures, 
corresponding to # = 4*9, 4*7, &c. calculated from (19). It is convenient to 
use squared paper and fair results may be obtained with the ordinary ruler 
and compasses. There is no need actually to draw the normals. But for 
such work the procedure recommended by Boys* offers great advantages. 
The ruler and compasses are replaced by a straight scale divided upon a strip 
of semi-transparent celluloid. At one point on the scale a fine pencil point 
protrudes through a small hole and describes the diminutive circular arc. 
Another point of the scale at the required distance occupies the centre of the 
circle and is held temporarily at rest with the aid of a small brass tripod 
standing on sharp needle points. After each step the celluloid is held firmly 
to the paper and the tripod is moved to the point of the scale required to give 
the next value of the curvature. The ordinates of the curve so drawn are 
given in the second and fifth columns of the annexed table. It will be seen 
that from x — 0 to x = 2 the curve is very flat. Fig. (1). 


* Phil. Mag. Vol. xxxvi. p. 75 (1893). I am much indebted to Mr Boys for the loan of 
suitable instruments. The use is easy after a little practice. 
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Another case of special interest is the last figure reaching the axis of 
symmetry at all, which occurs at the point x = 0. We do not know before¬ 
hand to what value of 12 this corresponds, and curves must be drawn 
tentatively. It appears that 12 = 2*4 approximately, and the values of y 
obtained from this curve are given in columns 3 and 6 of the table. Fig. (2)*. 



Fig. (2). 


± X 

± y 

± y' 

± X 

±y 

± y f 

o-o 

2*16 

0*00 

2*6 

2*06 

0*75 

0-2 

2-16 

0*01 

2*8 

2-03 

0*83 

0*4 

2-16 

0*03 

3*0 

1*99 

0*90 

0-6 

2-16 

0*06 

3*2 

1*95 

0*95 

0*8 

2-16 

0*10 

3*4 

1-89 

0-99 

1*0 

2*15 

0*14 

3*6 

1*81 

1*01 

1*2 

2*15 

0*20 

3*8 

I 1*72 

1*02 

1*4 

2*15 

0*27 

| 4*0 

1 1*61 

1*00 

1*6 

2*15 

0*34 

i 4*2 

| 1 *49 

0*98 

1*8 

2*14 

0*42 

| 4*4 

1*32 

j 0*89 

2*0 

2*12 

0*50 

1 4*6 

1*11 

, 0*78 

2-2 

2*11 

0*58 

4*8 

I 0*80 

! 0*67 

2-4 

2*09 

0*65 

4*9 

0*59 

| 0*41 




5*0 

0*00 

_i___ 

| 0*00 


There is a little difficulty in drawing the curve through the point of zero 
curvature. I found it best to begin at both ends (x = 0, y = 0) and (# = 5, 2 / = 0) 
with an assumed value of f2 and examine whether the two parts could be 
made to fit. 

* [1916. These figures were omitted in the original memoir.] 
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When O > 2*4 and the curve does not meet the axis at all, the constant 
in (3) must be retained, and the difficulty is much increased. If we suppose 
that dy/ds — + 1 when x — a 2 and dyjds = — 1 when x — a lf we can determine 
p 0 as well as the constant of integration, and (3) becomes 


,dy s 

ds 


aco 2 , x- — a 2 a 2 


.( 20 ) 


We may imagine a curve to be traced by means of this equation. We 
start from the point A where y — 0, x = a. 2 and in the direction perpendicular 
to 04; and (as before) we are told in what direction to proceed at any point 
reached. When x = ct 1} the tangent must again be parallel to the axis, but 
there is nothing to ensure that this occurs when y — 0. To secure this end 
and so obtain an annular form of equilibrium, crco 2 /T must be chosen suitably, 
but there is no means apparent of doing this beforehand. The process of 
curve tracing can only be tentative. 

If we form the expression for the curvature as before, we obtain 


1 _ (TOO 2 

p^ST 


Sx 2 - a 2 2 — cts 


a* 

x 2 , 



a x a 2 

x 2 (a 2 — a a ) 


( 21 ) 


by means of which the curves may be traced tentatively. 

If we retain the normal PQ , as we may conveniently do in using Boys’ 
method, we have the simpler expression 


I + JL. 

p PQ 


o w v 

( 2 ^ “ Oi 2 ~ <V) + 


2 


a 2 — Ox 


.( 22 ) 


When the radius CP of the section is very small in comparison with the 
radius of the ring 0C } the conditions are approximately satisfied by a circular 



form. We write CP = r,0C = a , PC A = 0. Then, r being supposed constant, 
the principal radii of curvature are r and a sec 0 + r, so that the equation of 
equilibrium is 
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cos 0 

a + r cos 0 



( 23 ) 
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in which p 0 should be constant as 6 varies. In this 
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~ ~ J ~2a 


If r ( 3r 2 \ r / y^ 
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The term in cos# will vanish if we take co so that 

3r 2 \ 
a 2 , 

The coefficient of cos 29 then becomes 


ora 2 _ 1 , 

. rn “ l J- ' 

1 r 


.(25) 


Sv v 

— —1- cubes of -. 
4 a a 


•(26) 


If we are content to neglect rjci in comparison with unity, the condition of 
equilibrium is satisfied by the circular form; otherwise there is an inequality 
of pressure of this order in the term proportional to cos 29. From (25) it is 
seen that if a and T be given, the necessary angular velocity increases as the 
radius of the section decreases. 

In order to secure a better fulfilment of the pressure equation it is 
necessary to suppose r variable, and this of course complicates the expressions 
for the curvatures. For that in the meridianal plane we have 

d 2 v _ fdr\ 2 
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or with sufficient approximation 
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For the curvature in the perpendicular plane we have to substitute PQ , 
measured along the normal, for PQ, whose expression remains as before 
(fig. 3). Now 
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— ~ ^25 = ~ h cos 6 4- 4r 2 cos 26 + 9r 3 cos 3#i , 
r 2 da 2 r 0 2 ( j 

a sin fl 1 cZr_r x r 2 - f r x r 2 3r 8 | 

a H- r cos 6 r dd 2 r 0 ^ 2ci + C0S (4a r 0 + 4aJ 

+ cos 20 (A - + cos 30 ^ 

Thus altogether for the coefficient of cos 6 on the right of (29) we get 

i i %I± _ _!i _ ? j _ P r ° j_ 

+ 4a 2 2a r 0 2T (a + aj ‘ 

This will he made to vanish if we take co such that 
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The coefficient of cos 26 is 
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r Q 2 2a + 2r 0 2r 0 2T (a a 2a 2 ) 5 

or when we introduce the value of co from (31) 

3ar 2 3r 0 2r 3 (3^) 

r 0 2 4a r 0 

The coefficient of cos 3 6 is in like manner 

3a ?, g ?y ^ /oo\ 

^v + 4^ + 2^; . (33) 

These coefficients are annulled and ap 0 /T is rendered constant so far as 

the second order of r 0 / a inclusive, when we take r 4 , r 5 , &c. equal to zero and 

r 2 /r Q = r 0 2 /4a 2 , r 3 /r 0 = - 3r 0 3 /64a 3 .(34) 

We may also suppose that ?\ — 0. * 

The solution of the problem is accordingly that 

r=n { 1 + fe cos2 ^“^ cos3 ^ . (35) 


gives the figure of equilibrium, provided co be such that 


co 2 a 2 r Q _ 3r 0 2 

T 1 + SaF 


.(36) 


The form of a thin ring of equilibrium is thus determined; but it seems 
probable that the equilibrium would be unstable for disturbances involving a 
departure from symmetry round the axis of revolution. 
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approximately, 

Thus 
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It will be found that it is unnecessary to retain ( drjdd ) 2 , and thus the 
pressure equation becomes 
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It is proposed to satisfy this equation so far as terms of the order r 2 ja 2 
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our order of approximation (§r/r 0 ) 2 may be neglected and that it is unnecessary 
to include the r s beyond r 3 inclusive. We have 
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Thus altogether for the coefficient of cos 0 on the right of (29) we get 


i + 5%’ 

4a 2 


ora? j2r 0 ^ 
2T 1 a~ + a 


This will be made to vanish if -we take co such that 
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These coefficients are annulled and ap 0 /T is rendered constant so far as 
the second order of r 0 /a inclusive, when we take r 4 , r s , &c. equal to zero and 


r 2 /r 0 = r 0 2 /4a 2 , r s /r 0 = - 3r 0 3 /64a 3 . 
We may also suppose that = 0. 

The solution of the problem is accordingly that 
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gives the figure of equilibrium, provided <o be such that 
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.(36) 


The form of a thin ring of equilibrium is thus determined; but it seems 
probable that the equilibrium would be unstable for disturbances involving a 
departure from symmetry round the axis of revolution. 
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FURTHER REMARKS ON THE STABILITY OF 
VISCOUS FLUID MOTION. 

[.Philosophical Magazine , Vol. xxvm. pp. 609—619, 1914] 

At an early date my attention was called to the problem of the stability 
of fluid motion in connexion with the acoustical phenomena of sensitive jets, 
which may be ignited or unignited. In the former case they are usually 
referred to as sensitive flames. These are naturally the more conspicuous 
experimentally, but the theoretical conditions are simpler when the jets are 
unignited, or at any rate not ignited until the question of stability has been 
decided. 

The instability of a surface of separation in a non-viscous liquid, i.e. of 
a surface where the velocity is discontinuous, had already been remarked by 
Helmholtz, and in 1879 I applied a method, due to Kelvin, to investigate the 
character of the instability more precisely. But nothing very practical can 
be arrived at so long as the original steady motion is treated as discontinuous, 
for in consequence of viscosity such a discontinuity in a real fluid must 
instantly disappear. A nearer approach to actuality is to suppose that while 
the velocity in a laminated steady motion is continuous, the rotation or 
vorticity changes suddenly in passing from one layer of finite thickness to 
another. Several problems of this sort have been treated in various papers*. 
The most general conclusion may be thus stated. The steady motion of a 
non-viscous liquid in two dimensions between fixed parallel plane walls is 
stable provided that the velocity U, everywhere parallel to the walls and 
a function of y only, is such that d-U/dy 2 is of one sign throughout, y being 
the coordinate measured perpendicularly to the walls. It is here assumed 
that the disturbance is in two dimensions and infinitesimal. It involves 

* Proc. Lond. Math. Soc . Yol. x. p. 4 (1879); xi. p. 57 (1880); xix. p. 67 (1887) ; xxvn. p. 5 
(1895); Phil. Mag. Vol. xxxiv. p. 59 (1892); xxvi. p. 1001 (1913) ; Scientific Papers, Arts. 58, 
66, 144, 216, 194. [See also Art. 377.] 
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a slipping at the walls, but this presents no inconsistency so long as the fluid 
is regarded as absolutely non-viscous. 

The steady motions for which stability in a non-viscous fluid may be 
inferred include those assumed by a viscous fluid in two important cases, 
(i) the simple shearing motion between two planes for which d 2 U/cly- = 0, 
and (ii) the flow (under suitable forces) between two fixed plane walls for 
which d 2 U/dy 2 is a finite constant. And the question presented itself whether 
the effect of viscosity upon the disturbance could be to introduce instability. 
An affirmative answer, though suggested by common experience and the 
special investigations of 0. Reynolds* * * § , seemed difficult to reconcile with the 
undoubted fact that great viscosity makes for stability. 

It was under these circumstances that “ the Criterion of the Stability and 
Instability of the Motion of a Viscous Fluid,” with special reference to cases 

(i) and (ii) above, was proposed as the subject of an Adams Prize essayf, and 
shortly afterwards the matter was taken up by Kelvin J in papers which form 
the foundation of much that has since been written upon the subject. His 
conclusion was that in both cases the steady motion is wholly stable for 
infinitesimal disturbances, whatever may be the value of the viscosity (/a); 
but that when the disturbances are finite, the limits of stability become 
narrower and narrower as yt diminishes. Two methods are employed : the 
first a special method applicable only to case (i) of a simple shear, the second 

(ii) more general and applicable to both cases. In 1892 (l.c.) I had occasion 
to take exception to the proof of stability by the second method, and Orr§ 
has since shown that the same objection applies to the special method. 
Accordingly Kelvin’s proof of stability cannot be considered sufficient, even 
in case (i). That Kelvin himself (partially) recognized this is shown by the 
following interesting and characteristic letter, which I venture to give in full. 

July 10 (? 1895). 

“ On Saturday I saw a splendid illustration by Arnulf Mallock of our 
ideas regarding instability of water between two parallel planes, one kept 
moving and the other fixed. (Fig. 1) Ooaxal cylinders, nearly enough planes 
for our illustration. The rotation of the outer can was kept very accurately 
uniform at whatever speed the governor was set for, when left to itself. At 
one of the speeds he shewed me, the water came to regular regime, quite 
smooth . I dipped a disturbing rod an inch or two down into the water and 
immediately the torque increased largely. Smooth regime could only be 

* Phil, Trans. 1883, Part hi. p. 985. 

+ Phil. Mag. Vol. xxiv. p. 142 (1887). The suggestion came from me, but the notice was 
(I think) drawn up by Stokes. 

X Phil Mag. Vol. xxiv. pp. 188, 272 (1887 ); Collected Papers, Vol. iv. p. 321. 

§ Orr, Proc. Roy. Irish Acad. Vol. xxvii. (1907). 
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re-established by slowing down and bringing up to speed again, gradually 
enough. 

“ Without the disturbing rod at all, I found that by resisting the outer 
can by hand somewhat suddenly, but not very much so, the torque increased 
suddenly and the motion became visibly turbulent at the lower speed and 
remained so. 

££ I have no doubt we should find with higher and higher speeds, very 
gradually reached, stability of laminar or non-turbulent motion, but with 
narrower and narrower limits as to magnitude of disturbance; and so find 
through a large range of velocity, a confirmation of Phil. Mag. 1887, 2, 
pp. 191—196. The experiment would, at high velocities, fail to prove the 
stability which the mathematical investigation proves for every velocity 
however high. 


water- 


hung 


torsiona/iy 
to measure 
torque 


rotating 


-i 


mercury-\-> 


H 


rotating 


fixed 


Fig. 1. 


“ As to Phil. Mag. 1887, 2, pp. 272—278, I admit that the mathematical 
proof is not complete, and withdraw [temporarily ?] the words £ virtually 
inclusive ' (p. 273, line 3). I still think it probable that the laminar motion 
is stable for this case also. In your {Phil. Mag. July 1892, pp. 67, 68) refusal 
to admit that stability is proved you don't distinguish the case in which my 
proof was complete from the case in which it seems, and therefore is, not 
complete. 

“ Your equation (24) of p. 68 is only valid for infinitely small motion, in 
which the squares of the total velocities are everywhere negligible; and 
in this case the motion is manifestly periodic, for any stated periodic con¬ 
ditions of the boundary, and comes to rest according to the logarithmic law 
if the boundary is brought to rest at any time. 
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“ In your p. 62, lines 11 and 12 are ‘ inaccurate/ Stokes limits his 
investigation to the case in which the squares of the velocities can be 
neglected 


radius of globe x velocity 
diffusivity 


very small), 


in which it is manifest that the steady motion is the same whatever the 
viscosity; but it is manifest that when the squares cannot be neglected, the 
steady motion is very different (and horribly difficult to find) for different 
degrees of viscosity. 


“ In your p. 62, near the foot, it is not explained what V is; and it 
disappears henceforth.—Great want of explanation here—Did you not want 
your paper to be understandable without Basset in hand ? I find your two 
papers of July/92, pp. 61—70, and Oct./93,pp. 355—372, very difficult reading, 
in every page, and in some cc ly difficult. 

“ Pp. 366, 367 very mysterious. The elastic problem is not defined. It 
is impossible that there can be the rectilineal motion of the fluid asserted 
in p.367, lines 17—19 from foot, in circumstances of motion, quite undefined, 
but of some kind making the lines of motion on the right side different from 
those on the left. The conditions are not explained for either the elastic- 
solid*, or the hydraulic case. 

“ See p. 361, lines 19, 20, 21 from foot. The formation of a backwater 
depends essentially on the non-negligibility of squares of velocities ; and your 
p. 367, lines 1—4, and line 17 from foot, are not right. 

“ If you come to the R. S. Library Committee on Thursday we may come 
to agreement on some of these questions. 55 


Although the main purpose in Kelvin's papers of 1887 was not attained, 
his special solution for a disturbed vorticity in case (i) is not without interest. * 
The general dynamical equation for the vorticity in two dimensions is 


jDC dt , dt 
Dt dt dx ay 




( 1 ) 


where v{= jj.jp) is the kinematic viscosity and V 2 = <P/dx 2 + d-jdy' 2 . In this 
hydrodynamical equation £ is itself a feature of the motion, being connected 
with the velocities u, v by the relation 



( 2 ) 


while u, v themselves satisfy the “ equation of continuity ” 


du dv 
dx dy 


(3) 


• * I think Kelvin did not understand that the analogous elastic problem referred to is that of 
a thin plate. See words following equation (5) of my paper. 
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In other applications of (1), e.g. to the diffusion of heat or dissolved matter 
in a moving fluid, f is a new dependent variable, not subject to (2), and 
representing temperature or salinity. We may then regard the motion as 
known while f remains to be determined. In any case \ v If 

the fluid move within fixed boundaries, or extend to infinity under suitable 
conditions, and we integrate over the area included, 

jj§i dxd ^itlk dxd ^ 

so that 

l It jj ? dx dy = Stedy-i'ls^ds- ,//{(f)' + (Dj dx dy , 

.(4) 

by Green s theorem. The boundary integral disappears, if either f or d£/dn 
there vanishes, and then the integral on the left necessarily diminishes as 
time progresses*. The same conclusion follows if £ and d£/dn have all along 
the boundary contrary signs. Under these conditions f tends to zero over 
the whole of the area concerned. The case where at the boundary f is 
required to have a constant finite value Z is virtually included, since if we 
write Z + for Z disappears from (1), and f everywhere tends to the 
value Z. 


In the hydrodynamical problem of the simple shearing motion, f is a 
constant, say Z } u is a linear function of y, say U, and v = 0. If in the 
disturbed motion the vorticity be Z + £ and the components of velocity be 
U + u and v, equation (1) becomes 




# in which u t and v relate to the disturbance. If the disturbance be treated 
as infinitesimal, the terms of the second order are to be omitted and we get 
simply 


dj 

dt 


+tr i=-' v= t 


( 6 ) 


In (6) the motion of the fluid, represented by TJ simply, is given independently 
of £ and the equation is the same as would apply if f denoted the tempera¬ 
ture, or salinity, of the fluid moving with velocity U. Any conclusions that 
we may draw have thus a- widened interest. 

In Kelvin’s solution of (6) the disturbance is supposed to be periodic in x, 
proportional to e ikz , and TJ is taken equal to j3y. He assumes for trial 


£ = yr e i\k%+{n—kpt) y] 


a) 


* Compare Orr, lx. p. 115. 
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where T is a function of t. On substitution in (6) he finds 

A'P 

= ~ v {k* + (n-kf3ty}T } 

whence T= .(8) 

and comes ultimately to zero. Equations (7) and (8) determine f and so 
suffice for the heat and salinity problems in an infinitely extended fluid. 
As an example, if we suppose n = 0 and take the real part of (7), 

%=Tcosk(x — @t.y), .-..(9) 

reducing to £* = G cos kx simply when t = 0. At this stage' the lines of 
constant £ are parallel to y. As time advances, T diminishes with increasing 
rapidity, and the lines of constant f tend to become parallel to x. If x be 
constant, £ varies more and more rapidly with y. This solution gives a 
good idea of the course of events when a liquid of unequal salinity is 
stirred. 

In the hydrodynamical problem we have further to deduce the small 
velocities u } v corresponding to £ From (2) and (8), if u and v are pro¬ 


portional to e lkx , 

.< 10 > 

Thus, corresponding to (9), 

2 T 

v =- k(L+W^j sink t x -( 3t -y'> .( n ) 


No complementary terms satisfying d?v/dy 2 — Jc'v = 0 are admissible, on account 
of the assumed periodicity with x. It should be mentioned that in Kelvin’s 
treatment the disturbance is not limited to be two-dimensional. 

Another remarkable solution for an unlimited fluid of Kelvin’s equation 
(6) with U = j3y has been given by Oseen*. In this case the initial value 
of £ is concentrated at one point (f, ??), and the problem may naturally be 
regarded as an extension of one of Fourier relating to the conduction of heat. 
Oseen finds 

_ {g -s+lrffi (v+ y)¥ __ (v-y ) 2 


q ivt (1 + xYP 2 £ 2 j 4 vt 

4>irvt V(i + T V/?^) ’ .^ 

where C = j’J g(g, tj, 0 )d%dv)) .(13) 

and the result may be verified by substitution. 

* Arkiv for Matematik, Astronomi och Fysik , XJpsala, Bd. -vn. No. 15 (1911). 
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“ The curves £ = const, constitute a system of coaxal and similar ellipses, 
whose centre at t = 0 coincides with the point rj f and then moves with 
the velocity firj parallel to the #-axis. For very small values of t the eccen¬ 
tricity of the ellipse is very small and the angle which the major axis makes 
with the #-axis is about 45°. With increasing t this angle becomes smaller. 
At the same time the eccentricity becomes larger. For infinitely great 
values of t , the angle becomes infinitely small and the eccentricity infinitely 
great.” 

When /3= 0 in (12), we fall back on Fourier’s solution. Without loss of 
generality we may suppose £ = 0, rj = 0, and then (r 2 = ^ 2 4* y 2 ) 


£ y> * 


CfW 

47 Tvt 


(14) 


representing the diffusion of heat, or vorticity, in two dimensions. It may 
be worth while to notice the corresponding tangential velocity in the hydro- 
dynamical problem. If yfr be the stream-function, 

ot= = l A ( r 

* dx 2 ^ dy 2 r dr V dr J 3 


so that 


'd± = C 


dr 


nr 


(1 _ e -^ v % 


(15) 


the constant of integration being determined from the known value of d^/dr 
when oo . When r is small (15) gives 


d^r _ Gr 
dr 4nrvt ’ 


(16) 


becoming finite when r — 0 so soon as t is finite. 

At time t the greatest value of dyjr/dr occurs when 

r®= 1*256 x 4 vt .(17) 

On the basis of his solution Oseen treats the problem of the stability 
of the shearing motion between two parallel planes and he arrives at 
the conclusion, in accordance with Kelvin, that the motion is stable for 
infinitesimal disturbances. For this purpose he considers “the specially 
unfavourable case ” where the distance between the planes is infinitely great. 
I cannot see myself that Oseen has proved his point. It is doubtless true 
that a great distance between the planes is unfavourable to stability, but to 
arrive at a sure conclusion there must be no limitation upon the character 
of the infinitesimal disturbance, whereas (as it appears to me) Oseen assumes 
that the disturbance does not sensibly reach the walls. The simultaneous 
evanescence at the walls of both velocity-components of an otherwise sensible 
disturbance would seem to be of the essence of the question. 
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If 11114 y be added that ()wrn in dispos**d fu refer tin* instability observed 
in prucMee not tie rely ft* the square of the disturbance neglected in (bh but 
also fu the uit vifable unevenness of the walls, 

\V«* may jierhap* convince ourselves that the infinitesimal disturhanees 

«»t (ti), with I rfi/, fend to die out by an argument on tin* following lines* 
in which if umj suffice to consider tla* operation of a single wall. The 
argument could, l think, 1 m- extended to both walls, but tin- statement 
is more eiiinjilteaf ed. When % here in but one wall, we may as well fix ideas 
by huji|*wit*g tliiif tin' wall is at rest tut // *a Uf, 

The difficultv *4 tbe jiroblein arises largely from the circumstance that 
tile ojieratioii of tile wall i*ii ut it it tit* imitated by flu* introduction of imaginary 
vot t icit its * in the turf Iter side, allowing the fluid to be treated as uninterrupted. 
W tuny indeed in I bis way satisfy am* of t he necessary conditions, Thus if 
riiiTrspoinliiig tn evei \ real v« a* I icily nt n point on tin* jsisitive side we 
iiifrudttcc the opposite toll icily nt fhe image Ilf the point 111 the plane #/ -■* 0, 

we secure fin- auntiimefit in an unlimited fltdd of the vclority~comf>onont 
i* {niriiil«d to i/, Inii ihe rom[»onent n, parallel to flu* fb»w, remains finite. In 
order fmiher to annul n y it ih in general necessary to introduce new vorticity 
nt y - 0. The \ rill let t tes on f he positive side ms* not wholly arbitrary. 

Let us suppose flint initially the only (additiotuili vorticity in the interior 

of the fluid is nt J, and that this vorticity is clockwise, or positive, like that 
of the undisturbed mot ion t fig. 2 j, If this existed atone, t here would be of 
necessity a finite velocity a along the wall in its mdghbi»urhood. In order 

•. .- > 

A .A 

v** v! •' 

B : if * 0 CU~ .... .. a <> 

Fit, % Fig. a, 

in Kiiiisty flic condition #*«*(), there munt Ih* itintuntuneouHiy introduced ut 
file wall a negative vorticity uf an amount sufficient to give compensation, 
1% tfds end the loc?d intensify must In* inversely as tin* distance from A and 
us the sine of the angle between this distance and flu* wall ( Helmholtz). 
Ah we have seen these vorticifieM tend in diffuse mid in addif ion to move 
with tin* velocity of the fluid, thane near the wall slowly and those arising 
from A more tphekly, Ah A is carried on, new negative vorficities nr** 
develop! uf those parts of the wall which nre being approached. Af the 
other end the vorticitien near tin* wall become excessive and must 1 m* com- 
potiHttted. To effect thin, new fHntititr vorticity must lie developed af the 
walk whose diffusion over «hort dintmiccH rapidly unttttlH the negative so far 

IK 


if, VI. 
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as may be required. After a time, dependent upon its distance, the vorticity 
arising from A loses its integrity by coming into contact with the negative 
diffusing from the wall and thus suffers diminution. It seems evident that 
the end can only be the annulment of all the additional vorticity and 
restoration of the undisturbed condition. So long as we adhere to the 
suppositions of equation (6), the argument applies equally well to an original 
negative vorticity at A , and indeed to any combination of positive and 
negative vorticities, however distributed. 

It is interesting to inquire how this argument would be affected by the 
retention in (5) of the additional velocities u, v, which are omitted in (6), 
though a definite conclusion is hardly to be expected. In fig. 2 the negative 
vorticity which diffuses inwards is subject to a backward motion due to the 
vorticity at A in opposition to the slow forward motion previously spoken of. 
And as A passes on, this negative vorticity in addition to the diffusion 
is also convected inwards in virtue of the component velocity v due to A. 
The effect is thus a continued passage inwards behind A of negative vorticity, 
which tends to neutralize in this region the original constant vorticity (Z). 
When the additional vorticity at A is negative (fig. 3), the convection 
behind A acts in opposition to diffusion, and thus the positive developed 
near the wall remains closer to it, and is more easily absorbed as A passes 
on. It is true that in front of A there is a convection of positive inwards; 
but it would seem that this would lead to a more rapid annulment of A 
itself; and that upon the whole the tendency is for the effect of fig. 2 to 
preponderate. If this be admitted, we may perhaps see in it an explanation 
of the diminution of vorticity as we recede from a wall observed in certain 
circumstances. But we are not in a position to decide whether or not a 
disturbance dies down. By other reasoning (Reynolds, Orr) we know that 
it will do so if /3 be small enough in relation to the other elements of the 
problem, viz. the distance between the walls and the kinematic viscosity v. 


A precise formulation of the problem for free infinitesimal disturbances 
was made by Orr (1907). We suppose that f and v are proportional to 
e %nt e ipx, w here n =p 4- iq ,. If V 2 u = S, we have from (6) and (10) 


and 


d*S 

df 


B \Jl*-* + L(p + kl3y)\s, 


.3 . 

V V 


— kfv — S 

df kv - b ’ 


(18) 

(19) 


with the boundary conditions that v = 0, dv/dy = 0 at the walls. Orr easily 
shows that the period-equation takes the form 


I Si e ky dy.Js 2 e~ ky dy- [ 6 ) e~ ky dy.js, f y dy = 0, .(20) 
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where S l} S 2 are any two independent solutions of (18), and the integrations 
are extended over the interval between the walls. An equivalent equation 
was given a little later (1908) independently by Sommerfeld*. 

Stability requires that for no value of k shall any of the qs determined 
by (20) be negative. In his discussion Orr arrives at the conclusion that 
this condition is satisfied, though he does not claim that his method is 
rigorous. Another of Orr’s results may be mentioned here. He shows that 
p + lc0y necessarily changes sign in the interval between the walls. 

The stability problem has further been skilfully treated by v. Misesf and 
by Hopf^;, the latter of whom worked at the suggestion of Sommerfeld, 
with the result of confirming the conclusions of Kelvin and Orr. Doubtless 
the reasoning employed was sufficient for the writers themselves, but the 
statements of it put forward hardly carry conviction to the mere reader. 
The problem is indeed one of no. ordinary difficulty. It may, however, be 
simplified in one respect, as has been shown by v. Mises. It suffices to 
prove that q can never be zero, inasmuch as it is certain that in some cases 
(0 = 0) q is positive. • 

In this direction it may be possible to go further. When 0 = 0, it is 
easy to show that not merely q, but q — k 2 v> is positive^. According to 
Hopf, this is true generally. Hence it should suffice to omit Jc 2 — qjv in (18), 
and then to prove that the S-solutions obtained from the equation so 
simplified cannot satisfy (20). The functions S x and $ 2 , satisfying the 
simplified equation 

d/ 2 S . ^ /oi\ 

d? =%vS ’ . (21) 

where i) is real, being a linear function of y with real coefficients, could be 
completely tabulated by the combined use of ascending and descending 
series, as explained by Stokes in his paper of 18571|. At the walls rj takes 
opposite signs. 

Although a simpler demonstration is desirable, there can remain (I suppose) 
little doubt but that the shearing motion is stable for infinitesimal dis¬ 
turbances. It has not yet been proved theoretically that the stability can 
fail for finite disturbances on the supposition of perfectly smooth walls; but 
such failure seems probable. We know from the work of Reynolds, Lorentz, 
and Orr that no failure of stability can occur unless 0D' 2 jv >177, where D is 
the distance between the walls, so that 0JD represents their relative motion. 

* Atti del IV. Congr. intern, dei Math. Roma (1909). 

f Festschrift H . Weber , Leipzig (1912), p. 252; Jahresber. d. Deutschen Math. Ver . Bd. xxi. 
p. 241 (1913). The mathematics has a very wide scope. 

t Ann. der Physik, Bd. xliv. p. 1 (1914). 

§ Phil. Mag. Vol. xxxiv. p. 69 (1892); Scientific Papers, Vol. m. p. 583. 

|| Camb. Phil. Trans. Vol. x. p. 106; Math. and Phys. Papers , Vol. iv. p. 77. This appears 
to have long preceded the work of Hankel. I may perhaps pursue the line of inquiry here 
suggested. 
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NOTE ON THE FORMULA FOR THE GRADIENT WIND. 


[.Advisory Committee for Aeronautics . Reports and Memoranda. 
No. 147. January, 1915.] 


An instantaneous derivation of the formula for the “ gradient wind ” has 
been given by Gold*. “ For the steady horizontal motion of air along a path 
whose radius of curvature is r, we may write directly the equation 

(cor sin X ± vf _ 1 dp (cor sin X) 2 
r p dr r 

expressing the fact that the part of the centrifugal force arising from the 
motion of the wind is balanced by the effective gradient of pressure. 

“In the equation p is atmospheric pressure, p density, v velocity of 
moving air, X is latitude, and co is the angular velocity of the earth about its 
axis.” Gold deduces interesting consequences relating to the motion and 
pressure of air in anti-cyclonic regions f. 

But the equation itself is hardly obvious without further explanations, 
unless we limit it to the case where sin X = 1 (at the pole) and where the 
relative motion of the air takes place about the same centre as the earth's 
rotation. I have thought that it may be worth while to take the problem 
avowedly in two dimensions, but without further restriction upon the 
character of the relative steady motion. 

The axis of rotation is chosen as axis of z. The axes of x and y being 
supposed to rotate in their own plane with angular velocity co } we denote by 
u, v , the velocities at time t, relative to these axes, of the particle which then 
occupies the position x, y. The actual velocities of the same particle, parallel 
to the instantaneous positions of the axes, will be w - coy , v + cox , and the 
accelerations in the same directions will be 


du 

dt 


du du 
4- u -j —b v ' 

ax dy 


2cov ■ 


co 2 x 


* Proc. Roy. Soc. Vol. lxxxa. p. 436 (1908). 
f See also Shaw’s Forecasting Weather , Chapter it. 
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dt +u di +v T y +2c,m - m *y*- 

Since the relative motion is supposed to be steady, du/dt, dv/dt disappear, 
and the dynamical equations are 

1 dp o.o du du /nx 

.W 

'■ t-.*y-2 .(2) 

p dy J dec dy y } 

l he velocities u, v may be expressed by means of the relative stream- 
function y[r : 


u-d^jr/dy, 

liquations (I), (2) then become 


v = — df/dx. 


1 dp 0 0 dylr 1 d [fd^Y fd^Y 

- = co~x ~~ 2(o . Y — J (-=■£ ' * 1 r ' 

P dx dx 2 tf# | \ffo; 


, + V 2 ^. 


: ary — 2g> 


cfyr 1 d J/dyfr\ s /dty\ 2 ' 


dy 2 dy\\dx 


l + s)i +v= +- 


and on integration, if we leave out the part of p independent of the relative 
motion, 


*+- 1 1(2)’ + (2)1 * 1 **** .w 


in which by a known theorem V <2 \fr is a function of \fr only. If co be omitted, 
(5) coincides with the equation given long ago by Stokesf. It expresses p 
in terms of yfr ; but it does not directly allow of the expression of 'xfr in terms 
of p, as is required if tho data relate to a barometric chart. 

We may revert to the more usual form, if in (1) or (3) we take the axis 
of x perpendicular to the direction of (relative) motion at any point. Then 
u = 0, and 

1 dp d^jr d’ty 

. (6> 

But since d^fr/dy = 0, the curvature at this place of the stream-line (yfr = const.) 

is 

1 dr^jr dyjr 


and thus 


~ r dy 2 ’ dx ’ 

I 

p ax r 


* Lamb’s Hydrodynamics , § 206. 

+ Gainb. Phil. Trans. Vol. vii. 1842 f Math . and Phys. Papers , Vol. i. p. 9. 
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giving the velocity v in terms of the barometric gradient dp/doc by means of 
a quadratic. As is evident from the case co = 0, the positive sign in the 
alternative is to be taken when % and r are drawn in opposite directions. 

In (7) r is not derivable from the barometric chart, nor can yfr be deter¬ 
mined strictly by means of p . But in many cases it appears that the more 
important part of p , at any rate in moderate latitudes, is that which depends 
upon co, so that approximately from (5) 


yfr = —pj2pco .( 8 ) 

Substituting this value of y/r in the smaller terms, we get as a second 


approximation 


2pco . yfr = — p — 


!_ U<¥\\ 


8 co 2 p \\doo) \dy t 


+ ^p^ 2pdp - 


•(9) 


With like approximation we may identify r in (7) with the radius of curvature ^ 
of the isobaric curve which passes through the point in question. 

The interest of these formulae depends largely upon the fact that the 
velocity calculated as above from the barometric gradient represents fairly 
well the wind actually found at a moderate elevation. At the surface the 
discrepancy is larger, especially over the land, owing doubtless to friction. 
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SOME PROBLEMS CONCERNING THE MUTUAL INFLUENCE 
OF RESONATORS EXPOSED TO PRIMARY PLANE WAVES. 


[.Philosophical Magazine , Vol. xxix. pp. 209—222, 1915.] 

Recent investigations, especially the beautiful work of Wood on “ Radia¬ 
tion* of Gas Molecules excited by Light 55 have raised questions as to the 
behaviour of a cloud of resonators under the influence of plane waves of 
their own period. Such questions are indeed of fundamental importance. 
Until they are answered we can hardly approach the consideration of absorp¬ 
tion, viz. the conversion of radiant into thermal energy. The first action 
is upon the molecule. We may ask whether this can involve on the average 
an increase of translatory energy. It does not seem likely. If not, the 
transformation into thermal energy must await collisions.' 

The difficulties in the way of answering the questions which naturally 
arise are formidable. In the first place we do not understand what kind of 
vibration is assumed by the molecule. But it seems desirable that a be¬ 
ginning should be made; and for this purpose I here consider the case of 
the simple aerial resonator vibrating symmetrically. The results cannot be 
regarded as even roughly applicable in a quantitative sense to radiation, 
inasmuch as this type is inadmissible for transverse vibrations. Nevertheless 
they may afford suggestions. 


The action of a simple resonator under the influence of suitably tuned 
primary aerial waves was considered in Theory of Sound , § 319 (1878). The 
primary waves were supposed to issue from a simple source at a finite 
distance c from the resonator. With suppression of the time-factor, and at a 
distance r from their source, they are representedf by the potential 




Q—ikr 


r 


a) 


* A convenient summary of many of the more important results is given in the Guthrie 
Lecture, Proc. Phys. Soe. Yol. xxvi. p. 185 (1914). 

+ A slight change of notation is introduced. 
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in which & = 2 tt/X, and X is the wave-length; and it appeared that the 
potential of the secondary waves diverging from the resonator is 

e -iJcc e -ikr' 

^ ike r 

so that 47rr' 2 Mod 2 yjr — 47r/ k 2 e 2 .(3) 

The left-hand member of (3) may be considered to represent the energy 
dispersed. At the distance of the resonator 

Mod 2 <£ = 1 / c 2 . 

If we inquire what area S of primary wave-front propagates the same 
energy as is dispersed by the resonator, we have 

S/c 2 = 4tt/^ 2 , 

or S = 47r/& 2 = X 2 /7 .(4) 

Equation (4) applies of course to plane primary waves, and is then a 
particular case of a more general theorem established by Lamb*. 

It will be convenient for our present purpose to start de novo with plane 
primary waves, still supposing that the resonator is simple, so that we are 
concerned only with symmetrical terms, of zero order in spherical harmonics. 

Taking the place of the resonator as origin and the direction of pro¬ 
pagation as initial line, we may represent the primary potential by 

<£ = g^rcose — \ + ifa* cos 0 _ ^s r 2 cos 2 0 4-.(5) 

The potential of the symmetrical waves issuing from the resonator may 
be taken to be 




ae' 


-ikr 


= -(1 — ikr + ...). 


.( 6 ) 


Since the resonator is supposed to be an ideal resonator, concentrated in a 
point, r is to be treated as infinitesimal in considering the conditions to be 
there satisfied. The.first of these is that no work shall be done at the 
resonator, and it requires that total pressure and total radial velocity shall 
be in quadrature. The total pressure is proportional to d (<j> + yfr) / dt, or to 
i((j> + and the total radial velocity is d (cf> + )/dr . Thus ($ 4- yfr) and 
d(<f> + ty)/dr must be in the same (or opposite) phases, in other words their 
ratio must be real. Now, with sufficient approximation, 

<£ + ^=14“ (1 — ikr) } ^ ~ * 

r r K h dr r 2 

so that a -1 — ik — real.(7) 

* Camb. Trans. Vol. xvm. p. 348 (1899) ; Proc. Math. Soc. Vol. xxxn. p. 11 (1900). The 
resonator is no longer limited to be simple. See also Rayleigh, Phil. Mag. Vol. in. p. 97 (1902); 
Scientific Papers , Vol. v. p. 8. 
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If we write 

a = Ae ia , l/a = A~ 1 e~’ a , . (8) 

^ en A= — k~ l sin a.(9) 

So far a is arbitrary, since we have used no other condition than that no 
work is being done at the resonator. For instance, (9) applies when the 
•source of disturbance is merely the presence at the origin of a small quantity 
of gas of varied character. The peculiar action of a resonator is to make A 
a maximum, so that sin a = + 1, say -1. Then 



A — ljh, a = —ijk 3 . 

.(10) 

and 

u 

■ <s> 

1 

1! 

■&- 

.(11) 

As in (3), 

47rr 2 Mod 2 ^ = 47 t / k 2 = X 2 / 7 r,. 

.(12) 

and the whole energy dispersed corresponds to an area 

of primary wave- 

front equal to \ 2 / 7 t. 



The condition of resonance implies a definite relation between (</> + ty) 
and d (<p + ty)/dr. If we introduce the value of a from (10), we see that 
this is 

<j> + ^ 1 /a + l/r-ik _ 

d (<j> + yfr)/dr —1/r 2 5 .^ 

and this is the relation which must hold at a resonator so tuned as to 
respond to the primary waves, when isolated from all other influences. 


The above calculation relates to the case of a single resonator. For 
many purposes, especially in Optics, it would be desirable to understand the 
operation of a company of resonators. A strict investigation of this question 
requires us to consider each resonator as under the influence, not only 
of the primary waves, but also of the secondary waves dispersed by its 
neighbours, and in this many difficulties are encountered. If, however, the 
resonators are not too near one another, or too numerous, they may be 
supposed to act independently. From (11) it will be seen that the standard 
of distance is the wave-length. 

The action of a number (n) of similar and irregularly situated centres of 
secondary disturbance has been considered in various papers on the light 
from the sky*. The phase of the disturbance from a single centre, as it 
reaches a distant point, depends of course upon this distance and upon the 
situation of the centre along the primary rays. If all the circumstances are 
accurately prescribed, we can calculate the aggregate effect at a distant 
point, and the resultant intensity may be anything between 0 and that 
corresponding to complete agreement of phase among all the components. 
But such a calculation would have little significance for our present purpose. 

* Compare also 44 Wave Theory of Light,” Enc. Brit. Yol. xxiv. (1888), § 4; Scientific Papers, 
Yol. hi. pp. 53, 54. 
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Owing to various departures from ideal simplicity, e.g. want of hQmogeneity 
in the primary vibrations, movement of the disturbing centres, the impossi¬ 
bility of observing what takes place at a mathematical point, we are in effect 
only concerned with the average, and the average intensity is n times that 
due to a single centre. 

In the application to a cloud of acoustic resonators the restriction was 
necessary that the resonators must not be close compared with X ; otherwise 
they would react upon one another too much. This restriction may appear 
to exclude the case of the light from the sky, regarded as due mainly to the 
molecules of air; but these molecules are not resonators—at any rate as 
regards visible radiations. We can most easily argue about an otherwise 
uniform medium disturbed by numerous small obstacles composed of a 
medium of different quality. There is then no difficulty in supposing the 
obstacles so small that their mutual reaction may be neglected, even although 
the average distance of immediate neighbours is much less than a wave¬ 
length. When the obstacles are small enough, the whole energy dispersed 
may be trifling, but it is well to observe that there must be some. No 
medium can be fully transparent in all directions to plane waves, which 
is not itself quite uniform. Partial exceptions may occur, e.g. when the want 
of uniformity is a stratification in plane strata. The dispersal then becomes 
a regular reflexion, and this may vanish in certain cases, even though the 
changes of quality are sudden (black in Newton’s rings) *. But such trans¬ 
parency is limited to certain directions of propagation. 

To return to resonators: when they may be close together, we have to 
consider their mutual reaction. For simplicity we will suppose that they all 
lie on the same primary wave-front, so that as before in the neighbourhood 
of each resonator we may take 

<£= 1 , d<f>/dr = 0 .( 14 ) 

Further, we suppose that all the resonators are similarly situated as regards 
their neighbours, e.g., that they lie at the angular points of a regular 
polygon. The waves diverging from each have then the same expression, 
and altogether 

{ Q—ikr-L g-ikr 2 

-1-p ... 

r i n 

where r l9 r 2 , ... are the distances of the point where yjr is measured from the 
various resonators, and a is a coefficient to be determined. The whole 
potential is <f> + i/r, and it suffices to consider the state of things at the first 
resonator. With sufficient approximation 

n. p—ikR 

* + * = l + ® x(1 -»fcri) + . 

* See Proc. Roy. Soc. Vol. lxxxvi a, p. 207 (1912); [This volume, p. 77]. 



( 16 ) 
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R being the distance of any other resonator from the first, while (as before) 


d(<f> + yjr) a 

dr r-f 


(17) 


We have now to distinguish two cases. In the first, which is the more 
important, the tuning of the resonators is such that each singly would 
respond as much as possible to the primary waves. The ratio of (16) to (17) 
must then, as we have seen, be equal to — r l5 when r x is indefinitely 
diminished. Accordingly 


I — ij c _ v e 
a ^ ~~R 


ikR 


(18) 


which, of course, includes (10). If we write a = Ae ia , then 


A 2 = 


1 /k 2 


~ cos kR} 

2 

[~ ^ sin kR 1 2 

[" kR J 

+ 

[ i+2, kR J 


(19) 


The other case arises when the resonators are so tuned that the aggregate 
responds as much as possible to the primary waves. We may then proceed 
as in the investigation for a single resonator. In order that no work may be 
done at the disturbing centres, (<fi + \[r) and d (cj> + yfr) /dr must be in the 
same phase, and this requires that 


or 


1 1 p-ilcR 

- _j- ik A-% —= real, 

a r Y R 


- = real +ik 4- 
a 


sin JcR 

~~~R~ 


( 20 ) 


The condition of maximum resonance is that the real part in (20) shall 
vanish, so that 


1 L ^ sm kR 
- = M>i 1 + 2— 
a kR 


or 


A =- 


1 /k 


1 + 2 


sin kR' 
~kR~ 


..( 21 ) 

••( 22 ) 


The present value of A 2 is greater than that in (19), as was of course to 
be expected. In either case the disturbance is given by (15) with the value 
of a determined by (18), or (21). 

The simplest example is when there are only two resonators and the 
sign of summation may be omitted in (18). In order to reckon the energy 
dispersed, we may proceed by either of two methods. In the first we con¬ 
sider the value of and its modulus at a great distance r from the resonators. 
It is evident 'that yfr is symmetrical with respect to the line R joining the 
resonators, and if 6 be the angle between r and R } r 2 — r 2 = R cos 6 . Thus 

r 2 . Mod 2 y/r = A 2 {2 + 2 cos (kR cos 8)); 
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and on integration over angular space, 


frr {‘ sin kli) 

27rr 2 I Mod 2 y}r , sin 6 (16 = HwA 2 ; I 4 j ^ * 


27rr a I Mod 2 \fr . sin # f/0 


Introducing the value of A' 2 from (HI)* wt ‘ hove finally 

. /, m\kH\ 

[* . /7/ ) 

27rr 2 1 Mod 2 \fr . si n ^."‘TinTT? ’ —.... a 21 1 

1 + mp*' 2 ™// 

if we suppose that X7£ is large, hut still su <tml H is small •->»ftip.it* d 
with r, (24) reduces to Htt/c”' 2 or 2X, 3 /tt. The energy dispers'd i*. then tie 
double of that which would be* dispersed by each resonator acting al«*n* , 
otherwise the mutual reaction complicates the expression. 

The greatest interference naturally occurs when kit is small C.Ht limn 
becomes 21c 2 It 2 .2X 2 / 7r, or 1 (\ 7 rli 2 , in agreement with 77/cery t*j S § ,121 
The wholes energy dispersed is then much lens than if there were **nh un. 
resonator. 

It is of interest to trace the influence of distance mere closely. If «»• put 
JcH = 27rm, so that It = m\ we may write (24) 

aV = (2X S / t r). F,.....,t 2a t 

where F is the arc‘a of primary wave-front which curries the wuite * nergi u* 
is dispersed by the two resonators and 

27r/a 4 sin (27r/a) 

2ttvi 4* ( imn ) 1 *f 2 sin {2irm) * ....‘ - ' 1 * * 

If 2?a is an integer, the sine vanishes and 


1 4- (27r/a) 2 ’ 

not differing much from unity even when 2 m - ! ; mid whenever 2 m is great. 
F approaches unity. 

The following table gives the values of F for values uf 2m no? mmim 
than 2: 


2 m 

F 

i ^ 

2 m 

0*05 

i 

0-045!) 

0*70 

0*10 : 

0-1514 : 

! 0*80 

0*20 ! 

0-3582 ‘ 

0*90 

0*30 

0-4830 1 

1 IK) 

0*40 

0-5583 1 

, MO 

0*50 

0-6110 i 

| 1 *20 

0*60 

0-0509 

1 *30 


F 


F 

0*7042 

I ‘-40 

1 "20*1 

0*7588 

vm 

t*2H If 

0*8250 

l*«n : 

t *2211 

0*0080 

t *7n 

1*1554 

i *ooo 

I *HC! , 

l *OHh 

MI3 

11H> 

1*020 

1 *208 

2*00 

0075 
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In the case of two resonators the integration in (23) presents no difficulty; 
but when there are a larger number, it is preferable to calculate the emission 
of energy in the dispersed waves from the work which would have to be done 
to generate them at the resonators (in the absence of primary waves)—a 
method which entails no integration. We continue to suppose that all the 
resonators are similarly situated, so that it suffices to consider the work done 
at one of them—say the first. From (15) 


yjr — a 


1 — ihr e 

T" ^ 

r R 


dty a 
dr r 2 * 


The pressure is proportional to i\[r, and the part of it which is in the same 
phase as dty/dr is proportional to 

( 7 ^ sin kR) 

a \ i + t Tr(' 

Accordingly the work done at each source is proportional to 


A 2 


1 + 2 


sin kR 

~JriT, 


(28) 


Hence altogether by (19) the energy dispersed by n resonators is that 
carried by an area S of primary wave-front, where 


5 = 


n \ 2 


1 + 2 


sin kR 
~~kRT 


cos kR 

2 

^ sin kR 


+ 

L I + 1 kR J 


(29) 


the constant factor being determined most simply by a comparison with the 
case of a single resonator, for which n = l and the 2’s vanish. We fall back 
on (24) by merely putting n = 2, and dropping the signs of summation, as 
there is then only one R. 

If the tuning is such as to make the effect of the aggregate of resonators 
a maximum, the cosines in (29) are to be dropped, and we have 


S = 


n\ 2 / 7r 


1 + 2 


sin kR' 
~~kR~ 


(30) 


As an example of (29), we may take 4 resonators at the angular points of 
a square whose side is b. There are then 3 R 's to be included in the sum¬ 
mation, of which two are equal to b and one to 6 V2, so that (28) becomes 


A 2 1 + 2 


sin kb 

~W~ 


sin (kb V2)| 

+ ~T6V2 j ‘ 


(81) 
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A similar result may be arrived at from the value of ^ at an infinite 
distance, by use of the definite integral* 

J 0 (x sin 6) sm 6 dd =..(32) 

Jo X 

As an example where the company of resonators extends to infinity, we 
may suppose that there is a row of them, equally spaced at distance R. 
By ( 18 ) 

1 ( e ~%kR g-2 ikR e -3 ikJR j /QO\ 

5- i - 2 lTT + -5S- + TJr + -f. (83) 

The series may be summed. If we write 

. he~ 2ix h 2 e~ Ux 

t = + + —g—.(34) 

where h is real and less than unity, we have 

<£2 _ i e~ ix 

dx 1 —he~ ix ’ 


and 2 = — jlog(l — he" 4 *), .(35) 

no constant of integration being required, since 

• 2 — — hr 1 log (1 — h ) when x = 0. 

If now we put h= 1, 

2 = — log (1 — e~ i% ) — — log ^2 sin + \i (x — tt) + 2 {nir .(36) 

Thus — “ ^ "" | _ 1°g ^2 sin + \i (JcR — 7r) + 2iWj.(37) 

If kR = 2m7r, or R = m\ where m is an integer, the logarithm becomes 
infinite and a tends to vanish*f\ 

When R is very small, a is also very small, tending to 

a = R -r 2 log (JcR) . (38) 


The longitudinal density of the now approximately linear source may be 
considered to be a/R , and this tends to vanish. The multiplication of 
resonators ultimately annuls the effect at a distance. It must be remembered 
that the tuning of each resonator is supposed to be as for itself alone. 

In connexion with this we may consider for a moment the problem in 
two dimensions of a linear resonator parallel to the primary waves, which 
responds symmetrically. As before, we may take at the resonator 

</) = !, d<p/dr = 0. 


* Enc. Brit. 1. c. equation (43); Scientific Papers , Yol. in. p. 98. 
t Phil. Mag. Vol. xiv. p. 60 (1907); Scientific Papers , Yol. v. p. 409. 










1915] 


RESONATORS EXPOSED TO PRIMARY PLANE WAVES 


As regards the potential of the waves diverging in two dimensions, we 
must use different forms when r is small (compared with X) and when r is 
large*. When r is small 


y{r/a= (7 + 


2 2 2 2 .4 2 


7 cV 2 &V 4 
’ ~2 r _ 2 2 .4 2 


• 2 ( 1 + i) + 22 - 43 - Qi U + i + i)- •••; .(39) 


e-ikrU _ 


...(40) 


and when r is large, 

* /a - - (ai)*'-'! 1 - rle + 1-^5?—-} • •■•<«» 

By the same argument as for a point resonator we find, as the condition that 
no work is done at r = 0, that the imaginary part of 1/a is — w/2. For 
maximum resonance 

a^2i/ir, .(41) 

so that at a distance ^ approximates to 

'y/r = - ~~ n g-itfr-fcO.(42) 

2A 

Thus 2wr.Mod 2 -f= — , .(43) 

7 r 

which expresses the width of primary wave-front carrying the same energy 
as is dispersed by the linear resonator tuned to maximum resonance. 


A subject which naturally presents itself for treatment is the effect of a 
distribution of point resonators over the whole plane of the primary wave- 
front. Such a distribution may be either regular or haphazard. A regular 
distribution, e.g. in square order, has the advantage that all the resonators 
are similarly situated. The whole energy dispersed is then expressed by 
(29), though the interpretation presents difficulties in general. But even 
this would not cover all that it is desirable to know. Unless the side of the 
square (b) is smaller than X , the waves directly reflected back are accom¬ 
panied by lateral a spectra ” whose directions may be very various. When 
b < X, it seems that these are got rid of. For then not only the infinite lines 
forming sides of the squares which may be drawn through the points, but a 
fortiori lines drawn obliquely, such as those forming the diagonals, are too 
close to give spectra. The whole of the effect is then represented by the 
specular reflexion. 

In some respects a haphazard distribution forms a more practical problem, 
especially in connexion with resonating vapours. But a precise calculation 
of the averages then involved is probably not easy. 


* Theory of Sound , § 841. 
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If we suppose that the scale (&) of the regular structure is very small 
compared with X, we can proceed further in the calculation of the regularly 
reflected wave. Let' Q be one of the resonators, 0 the point in the plane of 
the resonators opposite to P, at which ^ is required; OP = a, OQ = y, PQ = r. 
Then if m be the number of resonators per unit area, 


or since ydy = r dr, 


e -ik 

yfr = 2irma j y dy 

r 00 

^ = 27 rma I e~ %kr dr. 

J X 


The integral, as written, is not convergent; but as in the theory of diffraction 
we may omit the integral at the upper limit, if we exclude the case of a 
nearly circular boundary. Thus 


y]r = 


2irma 

ik 


g—ikx 


(44) 


and 


Mod 2 yjr = 


47t 2 to 2 M 2 


(45) 


The value of A 2 is given by (19). We find, with the same limitation as 
above, 

2 = 2Trm cos kR dR = 0, 

2 _ 27tto [ sin JcRdR = 

JO 

Thus A 2 = l/(k 4- 27 rm/k) 2 

and Mod ^= ( w^W 2 : .<“> 

When the structure is very fine compared with X, k 2 in the denominator 
may be omitted, and then Mod* 2 ^ = 1, that is the regular reflexion becomes 
total. 

The above calculation is applicable in strictness only to resonators arranged 
in regular order and very closely distributed. It seems not unlikely that a 
similar result, viz. a nearly total specular reflexion, w r ould ensue even when 
there are only a few resonators bo the square wave-length, and these are in 
motion, after the manner of gaseous molecules; but this requires further 
examination. 


In the foregoing investigation we have been dealing solely with forced 
vibrations, executed in synchronism with primary waves incident upon the 
resonators, and it has not been necessary to enter into details respecting the 
constitution of the resonators. All that is required is a suitable adjustment 
to one another of the virtual mass and spring. But it is also of interest to 
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consider free vibrations. These are of necessity subject to damping, owing 
to the communication of energy to the medium, forthwith propagated away; 
and their persistence depends upon the nature of the resonator as regards 
mass and spring, and not merely upon the ratio of these quantities. 

Taking first the case of a single resonator, regarded as bounded at the 
surface of a small sphere, we have to establish the connexion • between the 
motion of this surface and the aerial pressure operative upon it as the result 
of vibration. We suppose that the vibrations have such a high degree of 
persistence that we may calculate the pressure as if they were permanent. 
Thus if yjr be the velocity-potential, we have as before with sufficient approxi¬ 
mation 

, , 1 - ikr 1 dylr 1 

ilr/a =-, =- 

1 . r a dr r- 

so that, if p be the radial displacement of the spherical surface, dp/dt = — a/r 2 , 
and 

^Jr = — r (1 — ikr) dp/dt .(47) 

Again, if a be the density of the fluid and Bp the variable part of the 
pressure, 

Bp = — crd^/dt = ar (1 — ikr) d 2 p/dtf, .(48) 

which gives the pressure in terms of the displacement p at the surface of a 
sphere of small radius r. Under the circumstances contemplated we may 
use (48) although the vibration slowly dies down according to the law of e int , 
where n is not wholly real. 

If M denotes the “ mass ” and p the coefficient of restitution applicable 
to p, the equation of motion is 

M^ + fip + ^rar^il-ikr^^O, .(49) 


or if we introduce e int and write M' for M 4- 47TOT 3 , • 

n 2 (— M f 4- 47rcr/cr 4 . i) -f pu = 0 . (50) : 

Approximately, 

n = \!(p / M f ). {1 + i . 27 T<rkr 4 /M '}; 
and if we write n = p 4- iq, 

p = vW M f ), q = p . 2t rakr^/M' .(51) 

If T be the time in which vibrations die down in the ratio of e : 1, T= lfq. 

If there be a second precisely similar vibrator at a distance R from the 
first, we have for the potential 

,i._ = - r l «-«vR^ .C52'» 


R. VI. 


19 
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and for the pressure due to it at the surface of the first vibrator 

s or 2 _ 

8p = -ji e 


. 07-2 „-iAB ^pi 


dtf ' 


.(53) 


The equation, of motion for p x is accordingly 

M + pup 1 4- 47 Terr* 

and that for p 2 differs only by the interchange of and p 2 . Assuming that 
both p x and p 2 are as functions of the time proportional to e int , we get to 
determine n 

n 2 [M' — 47r<rr 3 . ikr] — \x = + w?. 47rcrr 4 i? -1 e~ tfcR y 
or approximately 


. 

.(54)' 

If, as before, we take n—p + iq, 



II 

(^ 27rcrr 4 . n \ 

l 1 * MM' coskR )> . 

.(55) 

27 rar 4 
q ~ p ‘ MM' 

(kR + sin kR) . 

.(56) 


We may observe that the reaction of the neighbour does not disturb the 
frequency if cos&P = 0, or the damping if sin&jR = 0. When kR is small, 
the damping in one alternative disappears. The two vibrators then execute 
their movements in opposite phases and nothing is propagated to a distance. 

The importance of the disturbance of frequency in (55) cannot be estimated 
without regard to the damping. The question is whether the two vibrations 
get out of step while they still remain considerable. Let us suppose that 
there is a relative gain or loss of half a period while the vibration dies down 
in the ratio of e : 1, viz. in the time denoted previously by T ’, so that 

(,Pi-Pi)T=ir. 

Calling the undisturbed values of p and q respectively P and Q, and supposing 
kR to be small, we have 

P 47r<rr 4 _ 

q m r= ^’ 

in which Q/P — Ziro-kr*!M'. According to this standard the disturbance of 
frequency becomes important only when kR< 1 /tt, or R less than X/ 7 r 2 . It 
has been assumed throughout that r is much less than R. 


a 


.ikr)*& + r * 


dt 2 


n 


ElEiI _ 0 • 
dt 2 1 ’ 
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ON THE WIDENING OF SPECTRUM LINES. 

[Philosophical Magazine ,, Vol. xxix. pp. 274—284, 1915.] 

Modern improvements in optical methods lend additional interest to an 
examination of the causes which interfere with the absolute homogeneity of 
spectrum lines. So far as we know these may be considered under five heads, 
and it appears probable that the list is exhaustive: 

(i) The translatory motion of the radiating particles in the line of sight, 
operating in accordance with Dopplers principle. 

(ii) A possible effect of the rotation of the particles. 

(iii) Disturbance depending on collision with other particles either of the 
same or of another kind. 

(iv) Gradual dying down of the luminous vibrations as energy is radiated 
away. 

(v) Complications arising from the multiplicity of sources in the line of 
sight. Thus if the light from a flame be observed through a similar one, the 
increase of illumination near the centre of the spectrum line is not so great 
as towards the edges, in accordance with the principles laid down by Stewart 
and Kirchhoff; and the line is effectively widened. It will be seen that this 
cause of widening cannot act alone, but merely aggravates the effect of other 
causes. 

There is reason to think that in many cases, especially when vapours in a 
highly rarefied condition are excited electrically, the first cause is the most 
important. It was first considered by Lippich* and somewhat later inde¬ 
pendently by myself f. Subsequently, in reply to Ebert, who claimed to 
have discovered that the high interference actually observed was inconsistent 
with Doppler’s principle and the theory of gases, I gave a more complete 


* Fogg. Ann. Yol. cxxxix. p. 465 (1870). 

f Nature, Vol. vm. p. 474 (1873); Scientific Papers, Yol. i. p. 183. 
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calculation*, taking into account the variable velocity of the molecules as 
defined by Maxwell’s law, from which it appeared that there was really no dis¬ 
agreement with observation. Michelson compared these theoretical results 
with those of his important observations upon light from vacuum-tubes and 
found an agreement which was thought sufficient, although there remained 
some points of uncertainty. 

The same ground was traversed by Schonrockj", who made the notable 
remark that while the agreement was good for the monatomic gases it failed 
for diatomic hydrogen, oxygen, and nitrogen; and he put forward the sugges¬ 
tion that in these cases the chemical atom, rather than the usual molecule, was 
to be regarded as the carrier of the emission-centres, By this substitution, 
entailing an' increase of velocity in the ratio sJ2 :1, the agreement was much 
improved. 

While I do not doubt that Schonrock’s comparison is substantially correct, 
I think that his presentation of the theory is confused and unnecessarily com¬ 
plicated by the introduction (in two senses) of the “ width of the spectrum 
line,” a quantity not usually susceptible of direct observation. Unless I 
misunderstand, what he calls the observed width is a quantity not itself 
observed at all but deduced from the visibility of interference bands by 
arguments which already assume Doppler s principle and the theory of gases. 
I do not see what is gained by introducing this quantity. Given the nature of 
the radiating gas and its temperature, we can calculate from known data the 
distribution of light in the bands corresponding to any given retardation, and 
from photometric experience we can form a pretty good judgment as to the 
maximum retardation at which they should still be visible. This theoretical 
result can then be compared with a purely experimental one, and an agree¬ 
ment will confirm the principles on which the calculation was founded. 
I think it desirable to include here a sketch of this treatment of the question 
on the lines followed in 1889, but with a few slight changes of notation. 

The phenomenon of interference in its simplest form occurs when two 
equal trains of waves are superposed, both trains having the same frequency 
and one being retarded relatively to the other by a linear retardation X\. 
Then if X denote the wave-length, the aggregate may be represented by 


cos nt + cos {nt — 2ttX/X) — 2 cos (ttX/X) . cos {nt — ttX/X) . (1) 

The intensity is given by 

7 = 4 cos 2 (ttX/X) = 2 {1 -b cos (2ttX/X)\ .(2) 


If we regard X as gradually increasing .from zero, I is periodic, the maxima 
(4) occurring when X is a multiple of X and the minima (0) when X is an odd 

* “On the limits to interference when light is radiated from moving molecules,’ 1 Phil. Mag. 
Yol. xxvii. p. 298 (1889); Scientific Papers, Yol. hi. p. 258. 
t Ann. der Physik , Yol. xx. p. 995 (1906). 

X In the paper of 1889 the retardation was denoted by 2A. 
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and this is now to be integrated with respect to £ between the limits ± oo. 
The bracket in (8) is 

. 2ttX . 2t tX% 

• sin —t— sin —;— 5 * 

A Ac 


, 2t tX 2t tX% 

1 4- cos —r— cos t— 5 - 
A Ac 


The third term, being uneven in contributes nothing. The remaining 
integrals are included in the well-known formula 


/ 


-j- OO if rrr 

e -a-x* cos (2rx) dx= — e~ r, / a ‘. 
00 ® 


Thus 


2-v/tt 

V/3 


1 + cos 



7T°-X-\ 

c 2 /3AV 


(9) 


The intensity Ij at the darkest part of the bands is found by making X an 
odd multiple of and / 2 the maximum brightness by making X a multiple 
of \. 


Thus 



t r 2 X 2 \ _ J 2 -J] _ pr 
c 2 /3A 2 / + Ii 


( 10 ) 


where F denotes the <£ visibility ” according to Michelson’s definition. Equa¬ 
tion (10) is the result arrived at in my former paper, and can be expressed 
in terms of either the mean velocity v, or preferably of the velocity of mean 
square t/* 

The next question is what is the smallest value of V for which the bands 
are recognizable. Belying on photometric experience, I estimated that a rela¬ 
tive difference of 5 per cent, between I I and I 2 would be about the limit in 
the case of high interference bands, and I took F = *025. Shortly afterwards*)* 
I made special experiments upon bands well under control, obtained by means 
of double refraction, and I found that in this very favourable case the bands 
were still just distinctly seen when the relative difference between lx and I 2 
was reduced to 4 per cent. It would seem then that the estimate F = *025 
can hardly be improved upon. On this basis (10) gives in terms of v 

log, 40)--6901.(11) 


as before. In terms of v' by (6) 

. V .< 12 > 

As an example of (12), let us apply it to hydrogen molecules at 0° C. 
Here v' = 1839 x 10 2 cm./sec. J, and c = 3 x 10 10 . Thus 

A/A = 1*222 x 10 5 .(13) 

* See also Proc. Roy. Soc. Yol. lxxvi A. p. 440 (1905); Scientific Papers , Yol. v. p. 261. 
t Phil. Mag. Yol. xxvn. p. 484 (1889); Scientific Papers, Yol. m. p. 277. 
t It seems to be often forgotten that the first published calculation of molecular velocities was 
that of Joule (Manchester flemoirs, Oct. 1848, Phil. Mag. ser. 4, Yol. xiv. p. 211). 








’1915] 


ON THE WIDENING OF SPECTRUM LINES 


295 


This is for the hydrogen molecule. For the hydrogen atom (IB) must be 
divided by >J2. Thus for absolute temperature T and for radiating centres 
whose mass is m times that of the hydrogen atom, we have 

In Buisson and Fabry’s corresponding formula, which appears to be derived 
from Schonrock, 1*427 is replaced by the appreciably different number 1*22*. 

The above value of X is the retardation corresponding to the limit of visi¬ 
bility, taken to be represented by F= *025. In Schonrock’s calculation the 
retardation X 1} corresponding to F=*5, is considered. In (12), f(log e 40) 
would then be replaced by V(l°ge 2), and instead of (14) we should have 

^ = 6186 x 10* yg).,....(15) 

But I do not understand how F= *5 could be recognized in practice with any 
precision. 


Although it is not needed in connexion with high interference, we can of 
course calculate the width of a spectrum line according to any conventional 
definition. Mathematically speaking, the width is infinite; but if we dis¬ 
regard the outer parts where the intensity is less than one-half the maximum' 
the limiting value of £ by (3) is given by 

/8p = log a 2, .(16) 

and the corresponding value of X by 

X -A |r y / (log e 2) ^7^ 

, ' A c cV£ . . . V 

Thus, if 8X denote the half-width of the line according to the above definition, 


<$X 

A 


VC6981) 
0 V/3 


= 3'57xl0->y/(^), 


(18) 


T denoting absolute temperature and m the mass of the particles in terms of 
that of the hydrogen atom, in agreement with Schonrock. 

In the application to particular cases the question at once arises as to what 
we are to understand by T and m. In dealing with a flame it is natural to 
take the temperature of the flame as ordinarily understood, but when we pass 
to the rare vapour of a vacuum-tube electrically excited, the matter is not so 
simple. Michelson assumed from the beginning that the temperature with 
which we are concerned is that of the tube itself or not much higher. This 
view is amply confirmed by the beautiful experiments of Buisson and Fabry*(*, 


* [1916. I understand from M. Fabry that the difference between our numbers has its 
origin in a somewhat different estimate of the minimum value of V. The French authors admit 
an allowance for the more difficult conditions under which high interference is observed.] 
t Journ. de Physique, t. ii. p. 442 (1912). 
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who observed the limit of interference when tubes containing helium, neon, 
and krypton were cooled in liquid air. Under these conditions bands 
which had already disappeared at room temperature again became distinct, 
and the ratios of maximum retardations in the two cases (1*66, 1*60, 1*58) 
were not much less than the theoretical 1*73 calculated on the supposition that 
the temperature of the gas is that of the tube. The highest value of X/A, in 
their notation N, hitherto observed is 950,000, obtained from krypton in 
liquid air. With all three gases the agreement at room temperature between 
the observed and calculated values of JS r is extremely good, but as already 
remarked their theoretical numbers are a little lower than mine (14). We 
may say not only that the observed effects are accounted for almost completely 
by Doppler’s principle and the theory of gases, but that the temperature of 
the emitting gas is not much higher than that of the containing tube. 

As regards m, no question arises for the inert monatomic gases. In the 
case of hydrogen Buisson and Fabry follow Schonrock in taking the atom 
rather than the molecule as the moving source, so that m — 1; and further 
they find that this value suits not only the lines of the first spectrum of 
hydrogen but equally those of the second spectrum whose origin has some¬ 
times been attributed to impurities or aggregations. 

In the case of sodium, employed in a vacuum-tube, Schonrock found a fair 
agreement with the observations of Michelson, on the assumption that the 
atom is in question. It may be worth while to make an estimate for the D 
lines from soda in a Bunsen flame. Here m = 23, and we may perhaps take 
T at 2500. These data give in (14) as the maximum number of bands 

X/A = 137,000. 

The number of bands actually seen is very dependent upon the amount of soda 
present. By reducing this Fizeau was able to count 50,000 bands, and it 
would seem that this number cannot be much increased*, so that observation 
falls very distinctly behind calculationf. With a large supply of soda the 
number of bands may drop to two or three thousand, or even further. 

The second of the possible causes of loss of homogeneity enumerated above, 
viz. rotation of the emitting centres, was briefly discussed many years ago in 
a letter to Michelson J, where it appeared that according to the views then 

* “Interference Bands and their Applications,” Nature, Vol. xlviii. p. 212 (1898); Scientific 
Papers , Vol. iv. p. 59. The parallel plate was a layer of water superposed upon mercury. An 
enhanced illumination may be obtained by substituting nitro-benzol for water, and the reflexions 
from the mercury and oil may be balanced by staining the latter with aniline blue. But a thin 
layer of nitro-benzol takes a surprisingly long time to become level. 

t Smithells {Phil. Mag. Vol. xxxvh. p. 245, 1894) argues with much force that the actually 
operative parts of the flame may be at a much higher temperature (if the word may be admitted) 
than is usually supposed, but it would need an almost impossible allowance to meet the dis¬ 
crepancy. The chemical questions involved are very obscure. The coloration with soda appears 
to require the presence of oxygen (Mitcherlich, Smithells). 

X PhiL Mag. VoL xxxiv. p. 407 (1892) ; Scientific Papers , Vol. iv. p. 15. 
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Widely held this cause should be more potent than (i). The transverse vibra¬ 
tions emitted from a luminous source cannot be uniform in all directions, and 
tbe effect perceived in a fixed direction from a rotating source cannot in 
general be simple harmonic. In illustration it may suffice to mention the 
^ase of a bell vibrating in four segments and rotating about the axis of 
Symmetry. The sound received by a stationary observer is intermittent and 
therefore not homogeneous. On the principle of equiparfcition of energy 
between translatory and rotatory motions, and from the circumstance that the 
dimensions of molecules are much less than optical wave-lengths, it followed 
that the loss of homogeneity from (ii) was much greater than from (i). I had 
view diatomic molecules—for at that time -mercury vapour was the only 
l^nown exception; and the specific heats at ordinary temperatures showed that 
two of the possible three rotations actually occurred in accordance with equi- 
J>artition of energy. It is now abundantly clear that the widening of spectrum 
lines at present under consideration does not in fact occur; and the difficulty 
that might be felt is largely met when we accept Schonrock’s supposition that 
the radiating centres are in all cases monatomic. Still there are questions 
remaining behind. Do the .atoms rotate, and if not, why not ? I suppose that 
the quantum theory would help here, but it may be noticed that the question 
is not merely of acquiring rotation. A permanent rotation, not susceptible of 
alteration, should apparently make itself felt. These are problems relating 
to the constitution of the atom and the nature of radiation, which I do not 
venture further to touch upon. 

The third cause of widening is the disturbance of free vibration due to 
encounters with other bodies. That something of this kind is to be expected 
has long been recognized, and it would seem that the widening of the 1 ) lines 
when more than a very little soda is present in a Bunsen flame can hardly be 
accounted for otherwise. The simplest supposition open to us is that an 
entirely fresh start is made at each collision, so that we have to deal with a 
series of regular vibrations limited at both ends. The problem thus arising 
has been treated by Godfrey* and by Schonrock“f\ The Fourier analysis of 
the limited train of waves of length r gives for the intensity of various parts 
of the spectrum line 

jc ~2 s in 2 ( 7 rrk), .(19) 

where k is the reciprocal- of the wave-length, measured from the centre of the 
line. In the application to radiating vapours, integrations are required with 
respect to r. 

Calculations of this kind serve as illustrations; but it is not to be sup¬ 
posed that they can represent the facts at all completely. There must surely 

* Phil. Trans. A. Vol. cxcv. p. 346 (1899). See also Proc. Boy . Soc. Vol. lxxvi. A. p. 440 (1905); 
Scientific Papers, Vol. v. p. 257. 

+ Ann. der Physih , Vol. xxn. p. 209 (1907). 
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be encounters of a milder kind where the free vibrations are influenced but 
yet not in such a degree that the vibrations after the encounter have no rela¬ 
tion to the previous ones. And in the case of flames there is another question 
to be faced: Is there no distinction in kind between encounters first of two 
sodium atoms and secondly of one sodium atom and an atom say of nitrogen ? 
The behaviour of soda flames shows that there is. Otherwise it seems im¬ 
possible to explain the great effect of relatively very small additions of soda 
in presence of large quantities of other gases. The phenomena suggest that 
the failure of the least coloured flames to give so high an interference as is 
calculated from Doppler's principle may be due to encounters with other gases, 
but that the rapid falling off when the supply of soda is increased is due to 
something special. This might be of a quasi-chemical character, e.g. tem¬ 
porary associations of atoms; or again to vibrators in close proximity putting 
one another out of tune. In illustration of such effects a calculation has been 
given in the previous paper * It is in accordance with this view that, as 
Gouy found, the emission of light tends to increase as the square root of the 
amount of soda present. 

We come now to cause (iv). Although it is certain that this cause must 
operate, we are not able at the present time to point to any experimental 
verification of its influence. As a theoretical illustration “ we may consider 
the analysis by Fourier’s theorem of a vibration in which the amplitude follows 
an exponential law, rising from zero to a maximum and afterwards falling 
again to zero. It is easily proved that 

g-atx* CQS rx . \ .- f d u cos ux [e~(w-r) 2 M2 _j_ 6 -(u+r)2/4«2j ^. .(20) 

2<x y 7T J o L J 

in which the second member expresses an aggregate of trains of waves, each 
individual train being absolutely homogeneous. If a be small in comparison 
with r, as will happen when the amplitude on the left varies but slowly, 
e ~(u+r)*i4a z ma y b e neglected, and e~ {u ~~ r)2 ^ a ' 2 is sensible only when u is very 
nearly equal to r”f. 

An analogous problem, in which the vibration is represented by e~ at sin bt, 
has been treated by GarbassoJ. I presume that the form quoted relates to 
positive values of t and that for negative values of t it is to be replaced by 
zero. But I am not able to confirm Garbasso’s formula^. 

As regards the fifth cause of (additional) widening enumerated at the 
beginning of this paper, the case is somewhat similar to that of the fourth. 
It must certainly operate, and yet it does not appear to be important in prac¬ 
tice. In such rather rough observations as I have made, it seems to make no 

* Phil. Mag. supra , p. 209. [This volume, Art. 390.] 
f Phil. Mag. Vol. xxxiv. p. 407 (1892); Scientific Papers , Vol. iv. p. 16. 
t Ann. der Physik, Vol. xx. p. 848 (1906). 

§ Possibly the sign of a is supposed to change when t passes through zero. But even then 
what are perhaps misprints would need correction. 
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great difference whether two surfaces of a Bunsen soda flame (front and back) 
are in action or only one. If the supply of soda to each be insufficient to 
cause dilatation, the multiplication of flames in line (3 or 4) has no important 
effect either upon the brightness or the width of the lines. Actual measures, 
in which no high accuracy is needed, would here be of service. 

The observations referred to led me many years ago to make a very rough 
comparison between the light actually obtained from a nearly undilated soda 
line and that of the corresponding part of the spectrum from a black body at 
the same temperature as the flame. I quote it here rather as a suggestion to 
be developed than as having much value in itself. Doubtless, better data are 
now available. 


How does the intrinsic brightness of a just undilated soda flame compare 
with the total brightness of a black body at the temperature of the flame ? 
As a source of light Violle’s standard, viz. one sq. cm. of just melting platinum, 
is equal to about 20 candles. The candle presents about 2 sq. cm. of area, so 
that the radiating platinum is about 40 times as bright. Now platinum is 
not a black body and the Bunsen flame is a good deal hotter than the melting 
metal. I estimated (and perhaps under estimated) that a factor of 5 might 
therefore be introduced, making the black body at flame temperature 200 times 
as bright as the candle. 

To compare with a candle a soda flame of which the D-lines were just 
beginning to dilate, I reflected the former nearly perpendicularly from a single 
glass surface. The soda flame seemed about half as bright. At this rate the 


intrinsic brightness of the flame was ^ x 


_1 

25 "“50 


of that of the candle, and 


accordingly 


10,000 


of that of the black body. 


The black body gives a continuous spectrum. What would its brightness 
be when cut down to the narrow regions occupied by the D-lines ? According 
to Abney’s measures the brightness of that part of sunlight which lies between 

the D’s would be about °f the whole. We may perhaps estimate the 

region actually covered by the soda lines as of this. At this rate we 

should get 

! 1 i 

25 X 250 _ 6250 ’ . 


as the fraction of the whole radiation of the black body which has the wave¬ 
lengths of the soda lines. The actual brightness of a soda flame is thus of 
the same order of magnitude as that calculated for a black body when its 
spectrum is cut down to that of the flame, and we may infer that the light of 
a powerful soda flame is due much more to the widening of the spectrum lines 
than to an increased brightness of their central parts. 
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THE PRINCIPLE OF SIMILITUDE. 

{Nature, Vol. xcv. pp. 66-68, March, 1915.] 

I have often been impressed by the scanty attention paid even by original 
workers in physics to the great principle of similitude. It happens not infre- 
quently that results in the form of “ laws ” are put forward as novelties on the 
basis of elaborate experiments, which might have been predicted a priori after 
a few minutes’ consideration. However useful verification may be, whether 
to solve doubts or to exercise students, this seems to be an inversion of the 
natural order. One reason for the neglect of the principle may be that, at 
any rate in its applications to particular cases, it does not much interest 
mathematicians. On the other hand, engineers, who might make much more 
use of it than they have done, employ a notation which tends to obscure it. 
I refer to the manner in which gravity is treated. When the question under 
consideration depends essentially upon gravity, the symbol of gravity (g) makes 
no appearance, but when gravity does not enter into the question at all, g 
obtrudes itself conspicuously. 

I have thought that a few examples, chosen almost at random from various 
fields, may help to direct the attention of workers and teachers to the great 
importance of the principle. The statement made is brief and in some cases 
inadequate, but may perhaps suffice for the purpose. Some foreign considera¬ 
tions of a more or less obvious character have been invoked in aid. In using 
the method practically, two cautions should be borne in mind. First, there 
is no prospect of determining a numerical coefficient from the principle of 
similarity alone ; it 'must be found, if at all, by further calculation, or experi¬ 
mentally. Secondly, it is necessary as a preliminary step to specify clearly 
all the quantities on which the desired result may reasonably 'be supposed to 
depend, after which it may be possible to drop one or more if further considera¬ 
tion shows that in the circumstances they cannot enter. The following, then, 
are some conclusions, which may be arrived at by this method: 

Geometrical similarity being presupposed here as always, how does the 
strength of a bridge depend upon the linear dimension and the force of gravity? 
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In order to entail the same strains, the force of gravity must be inversely 
as the linear dimension. Under a given gravity the larger structure is the 
weaker. 

The velocity of propagation of periodic waves on the surface of deep water 
is as the square root of the wave-length. 

The periodic time of liquid vibration under gravity in a deep cylindrical 
vessel of any section is as the square root of the linear dimension. 

The periodic time of a tuning-fork, or of a Helmholtz resonator, is directly 
as the linear dimension. 

The intensity of light scattered in an otherwise uniform medium from a 
small particle of different refractive index is inversely as the fourth power of 
the wave-length. 

The resolving power of an object-glass, measured by the reciprocal of the 
angle with which it can deal, is directly as the diameter and inversely as the 
wave-length of the light. 

* The frequency of vibration of a globe of liquid, vibrating in any of its 
modes under its own gravitation, is independent of the diameter and directly 
as the square root of the density. 

The frequency of vibration of a drop of liquid, vibrating under capillary 
force, is directly as the square root of the capillary tension and inversely as the 
square root of the density and as the \\ power of the diameter. 

The time-constant (i.e. the time in which a current falls in the ratio e : 1) 
of a linear conducting electric circuit is directly as the inductance and inversely 
as the resistance, measured in electro-magnetic measure. 

The time-constant of circumferential electric currents in an infinite con¬ 
ducting cylinder is as the square of the diameter. 

In a gaseous medium, of which the particles repel one another with a force 
inversely as the nth power of the distance, the viscosity is as the (n 4- 3)/(2 n — 2) 
power of the absolute temperature. Thus, if n = 5, the viscosity is proportional 
to temperature. 

Eiffel found that the resistance to a sphere moving through air changes 
its character somewhat suddenly at a certain velocity. The consideration of 
viscosity shows that the critical velocity is inversely proportional to the 
diameter of the sphere. 

If viscosity may be neglected, the mass (M) of a drop of liquid, delivered 
slowly from a tube of diameter (a), depends further upon ( T) the capillary 
tension, the density (<r), and the acceleration of gravity (g). If these data 
suffice, it follows from similarity that 
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where F denotes an arbitrary function. Experiment shows that F varies hut 
little and that within somewhat wide limits it may be taken to be 3*8. 
Within these limits Tate’s law that M varies as a holds good. 

In the iEolian harp, if we may put out of account the compressibility and 
the viscosity of the air, the pitch (n) is a function of the velocity of the wind 
(v) and the diameter ( d) of the wire. It then follows from similarity that the 
pitch is directly as v and inversely as d , as was found experimentally by 
Strouhal. If we include viscosity (v), the form is 

n = v[d.f(v/vd ), 

where / is arbitrary. 

As a last example let us consider, somewhat in detail, Boussinesq’s problem 
of the steady passage of heat from a good conductor immersed in a stream of 
fluid moving (at a distance from the solid) with velocity v. The fluid is 
treated as incompressible and for the present as in viscid, while the solid has 
always the same shape and presentation to the stream. In these circum¬ 
stances the total heat (A) passing in unit time is a function of the linear 
dimension of the solid ( a ), the temperature-difference ( 6 ), the stream-velocity 
(■ v ), the capacity for heat of the fluid per unit volume (c), and the conductivity 
( k ). The density of the fluid clearly does not enter into the question. We 
have now to consider the “ dimensions ” of the various symbols. 


Those of a are 

33 33 ^ 33 

A 

33 33 & 33 

33 33 ^ 33 

3 ) 33 & 33 

33 33 "h 33 

Hence if we assume 
we have 


(Length) 1 , 

(Length) 1 (Time) -1 , 

(Temperature) 1 , 

(Heat) 1 (Length) -3 (Temp.) -1 , 

(Heat) 1 (Length) -1 (Temp.) -1 (Time) -1 , 
(Heat) 1 (Time) -1 . 

h=a x dyv z c u /c v , 


so that 


by heat 1 = u + v, 

by temperature 0 = y — u — v, 
by length 0 = % + z — Sti - v, 

by time — 


favc\ z 


h = fcaO —j , 


Since 5 is undetermined, any number of terms of this form may be com¬ 
bined, and* all that we can conclude is that 


h = kcl6 . F ( avc/fc ), 
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where F is an arbitrary function of the one variable avc/tc. An important 
particular case arises when the solid takes the form of a cylindrical wire of 
any section, the length of which is perpendicular to the stream. In strictness 
similarity requires that the length l be proportional to the linear dimension 
of the section b ; but when l is relatively very great h must become proportional 
to l and a under the functional symbol may be replaced by b. Thus 

h = kW . F(bvc/fc). 

We see that in all cases h is proportional to 0 , and that for a given fluid 
F is constant provided v be taken inversely as a or b. 

In an important class of cases Boussinesq has shown that it is possible to go 
further and actually to determine the form of F. When the layer of fluid which 
receives heat during its passage is very thin, the flow of heat is practically in 
one dimension and the circumstances are the same as when the plane boundary 
of a uniform conductor is suddenly raised in temperature and so maintained. 
From these considerations it follows that F varies as v%, so that in the case of 
the wire 

h oc 10. \Z(bvc//c), 

the remaining constant factor being dependent upon the shape and purely 
numerical. But this development scarcely belongs to my present subject. 

It will be remarked that since viscosity is neglected, the fluid is regarded 
as flowing past the surface of the solid with finite velocity, a serious departure 
from what happens in practice. If we include viscosity in our discussion, the 
question is of course complicated, but perhaps not so much as might be ex¬ 
pected. We have merely to include another factor, v w , where v is the kine¬ 
matic viscosity of dimensions (Length) 2 (Time) - " 1 , and we find by the same 
process as before 

Here z and w are both undetermined, and the conclusion is that 

7 A n \ avc Cv 1 

h = KCL0 . F ] — , — K 

( K K ) 

where F is an arbitrary function of the two variables avc/tc and cvjtc . The 
latter of these, being the ratio of the two diffusivities (for momentum and for 
temperature), is of no dimensions; it appears to be constant for a given kind 
of gas, and to vary only moderately from one gas to another. If we may 
assume the accuracy and universality of this law, cvjic is a merely numerical 
constant, the same for all gases, and may be omitted, so that h reduces to the 
forms already given when viscosity is neglected altogether, F being again a 
function of a single variable, avc Ik or bvc[K. In any case F is constant for 
a given fluid, provided v be taken inversely as a or b. 
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[A r oiare, Vol. xcv. p. W4 t Aug. 1915. | 

The question raised by Dr Riabouehinsky {Nature, duly 29, j>. 105)* 
belongs rather to the logic than to the use of the principle of similittitle. with 
which I was mainly concerned. It would be well worthy of turf her dismission. 
The conclusion that I gave follows on t he basis oi t he usual I< mirier equal ion 
for tile conduction of heat, in which heat and temperature an* regarded as 
mi generis. It would indeed be a paradox if further knowledge of the nature 
of heat afforded by molecular theory put uh in a worst* position than before 
in dealing with a particular problem. The solution would seem to he that 
the Fourier equations embody something as to the nature of heat and tempera- 
tare which is ignored in the alternative argument of Dr Riabouehmsky, 

[1917. Reference may he made also to a letter signed J, L in the same 
number of Nature, and to Nature, April 22, 1915. See further Buckingham, 
Nature, Vol. xnv I. p. 390, Doc, 1915. Mr Buckingham hud at an earlier date 
(Oct. 1914) given a valuable discussion of the whole theory (Phgm'ml Itrrieu', 
Vol iv. p, 345), and further questions have been raised in the same Review 
by Tolnutn. 

As a variation of the last example, we may consider the passage of heat 
between two infinite parallel plant* surfaces maintained at fixed temperatures 
differing by 6, when the intervening space is occupied by a stream of ineotm 
pressible viscous fluid ( e.g, water) of mean velocity i\ In a uniform regime 
the heat passing across is proportional to the tins* and to the urea considered ; 
but in many cases the uniformity is not absolute and if is necessary to take 
the mean passage over either a large enough urea or a long enough time. On 
this understanding there is a definite quantity h\ representing the passage 
of heat per unit area and per unit time. 

If there be no stream (i;« 0), or in any case jf the kinematic viscosity (jA 
is infinite*, we have 

h f =» K0j(t, 

a being the distance between the surfaces* since then the motion, if any, 
takes place in plane strata. But when the velocity is high enough, or the 
viscosity low enough, the motion becomes turbulent, ami tin* flow of heat 
may Ik* greatly augmented. With the same reasoning and with the same 
notation as before we have 



* “In Nature of March IB, Lord Rayleigh give* thin formula h -unit. Futeelnh eou*iI»h*sf log 

heat, temperatuie, length, and time a« four 4 independent ’ uni la. If we Mippoxe that only three 
of them* quantitieH arc really independent, wo obtain a dift rout mailt. For example, if the 
temperature i« defined an the mean kinetic energy of the moleenlee, the principle of similarity 
allowe hr only to affirm that . F(e/^i 2 , 
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or which comes to the same ' s 

av cv\ 
v ’ k ) ’ 

F, Fj being arbitrary functions of two variables. And, as we have seen, 
F( 0, cv/k) = 1. 

For a given fluid cvjfc is constant and may be omitted. Dynamical 
similarity is attained when av is kept constant, so that a complete determi¬ 
nation of F , experimentally or otherwise, does not require a variation of both 
a and v. There is advantage in retaining a constant; for if a varies, geo¬ 
metrical similarity demands that any roughnesses shall be in proportion. 

It should not be overlooked that in the above argument, c, k, v are treated 
as constants, whereas they would really vary with the temperature. The 
assumption is completely justified only when the temperature difference 6 
is very small. 

Another point calls for attention. The regime ultimately established may 
in some cases depend upon the initial condition. Reynolds’ observations 
suggest that with certain values of avjv the simple stratified motion once 
established may persist; but that the introduction of disturbances exceeding 
a certain amount may lead to an entirely different (turbulent) regime. Over 
part of the range F would have double values. 

It would be of interest to know what F becomes when av tends to infinity. 
It seems probable that F too becomes infinite, but perhaps very slowly.] 


a V 


R. VI. 


20 
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DEEP WATER WAVES, PROGRESSIVE OR STATIONARY, 

TO THE THIRD ORDER OF APPROXIMATION. 

[.Proceedings of the Royal Society , A, Vol. xci. pp. 345—353, 1915.] 

As is well known, the form of periodic waves progressing over deep water 
without change of type was determined by Stokes* to a high degree of approxi¬ 
mation. The wave-length (X) in the direction of x being 2tt and the velocity 


of propagation unity, the form of the surface is given by 

y — a cos (x — t) — | a 2 cos 2 (x — t) + -fa 3 cos 3 {x — t), .(1) 

iand the corresponding gravity necessary to maintain the motion by 

g = \-a\ ...(2) 


The generalisation to other wave-lengths and velocities follows by “ dimen- 
sions.” 

These and further results for progressive waves of permanent type are 
most easily arrived at by use of the stream-function on the supposition that 
the waves are reduced to rest by an opposite motion of the water as a whole, 
when the problem becomes one of steady motionf. My object at present is 
to extend the scope of the investigation by abandoning the initial restriction 
to progressive waves of permanent type. The more general equations may 
then be applied to progressive waves as a particular case, or to stationary 
waves in which the principal motion is proportional to a simple circular 
function of the time, and further to ascertain what occurs when the conditions 
necessary for the particular cases are not satisfied. Under these circumstances 
the use of the stream-function loses much of its advantage, and the method 
followed is akin to that originally adopted by Stokes. 

* Camb. Phil. Trans. Vol. vm. p. 441 (1847); Math, and Phys. Papers, Vol. i. p. 197. 

t Phil. Mag. Yol. i. p. 257 (1876); Scientific Papers, Vol. i. p. 262. Also Phil. Mag. Vol. xxi. 
p r 188 (1911); [This volume, p. 11]. 
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The velocity-potential <£, being periodic in a?, may be expressed by the series 

<£ = ae~ y sin a? — cl e~ y cos x 4 /3e~ 2y sin 2a? 

- ft'e~ 2y cos 2 a? 4 <ye~ sy sin 3a? — ye~ Sy cos 3a? 4..., .. .(3) 

where a, a', /3, etc., are functions of the time only, and y is measured down¬ 
wards from mean level. In accordance with (3) the component velocities are 
given by 

u = d<j>jdx = e~ y [a cos x 4 a f sin x) 4 2e~~ 2y (/3 cos 2x 4 j8' sin 2x) -1-... 

— v = d(f>fdy = e~ y (a sin x — a cos x) 4 2e~~ 2y (/3 sin 2a? — /3' cos 2a?) 4 .... 

The density being taken as unity, the pressure equation is 

p — — d<j>/dt 4 F + gy - 4- -y 2 ), .(4) 

in which F is a function of the time. 


In applying ( 4 ) we will regard a, a', as small quantities of the first order, 
while / 3 , ft', 7 , y, are small quantities of the second order at most; and for 
the present we retain only quantities of the second order. /3,'etc., will then 
not appear in the expression for u 2 4 v 2 . In fact 


n? 4 v 2 = e~ 2y (a 2 4 a' 2 ), 


and 


da . da' d/3 ~ , 

p =* — e~~ y sin x 4- -rr €~ v cos a? — T , e ~ y sm 2a? 4 ... 


dt 


dt 


dt 


4 gy — \ ( a2 H 8, a ' 2 ) + F. 

The surface conditions are (i) that p be there zero, and (ii) that 

^ = ^ + = 0 . 

Dt dt + dx dy 

The first is already virtually expressed in (5). For the second 


dp _ (Pa 

dt 3 


d 2 a' 


dt 


“ e -, sin * + ^ cos * -... - («+■d -) + r. 


da , da 


.(5) 

.( 6 ) 


dp 

dx 


da da . 

~y~ e~ y cos x - 7 - e y sm x ■ 

dt dt 


^E — e -y si n x — ~~ e y cos a? 4 ... 4- g 4 e 2y (a 2 4 a /2 ). 
dy dt dt 

In forming equation ( 6 ) to the second order of small quantities we need to 
include only the principal term of u> but v must be taken correct to the 
second order. As the equation of the free surface we assume 

y = a cos x 4 a' sin a? + b cos 2a? 4 sin 2a? 4 c cos 3a? 4 d sin 3a? 4. 0) 
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in which b, b', c, c', are small compared with a, a'. Thus (6) gives 

/ d 2 a . d 2 a' \ d 2 0 . n 

(1 — a cos x — a sin x) / — ^ sin x + cos xj — sin 2x 

, d 2 /3' d 2 y . „ , d 2 y _ da' ,daf , 

+ W C0S 2a; " Sm 3^ + ^ cos 3* - a -%- tt di + F 

— (a cos x + a' sin x) cos x 4- ^ sin tcj — {(1 — a cos x—a' sin x) 

x (a sin x — a! cos x) 4 - 2/3 sin 2x — 2/3' cos 2# + 87 sin 3# — 37 ' cos 3#} 

( da . da' ) _ /ON 

x Y + dt sma; -dt cosx \= 0 . (8) 

This equation is to hold good to the second order for all values of x, and 
therefore for each Fourier component separately. The terms in sin# and 
cos x give 

d 2 a . „ d 2 a! . , „ 


: + go. = 0 , 


7r+^ = 0. 


The term in sin 2 # gives 

d 2 /3 , n n a fd 2 a 
W + 2 ^ = 2 [dt 2+ga . 

and, similarly, that in cos 2x gives 

d*fi‘ , , 


a fd 2 a! 


2 \dt 2 


+ gd = 0 , 


In like manner 


+ 3#7 = 


+ 2^-0 .( 11 ) 


+ 3gy = 0 ,. 


and so on. These are the results of the surface condition DpjDt = 0 . From 
the other surface condition (p = 0 ) we find in the same way 


da , . 

~it +ga =0> 

da' 

Tt +ga -° . 

.(13) 

,, d/3 a da' 

gb ~dl + zTt 

a da d/3 . 

-2 dt = -dt-$ aa . 

.(14) 

7 d/3 a' da a 

" t = -ff + 23i + 2 

da'_ dS , ( , 2 ■ 

~dt ~ dt + ^ g( ' '• ’• 

.(15) 


§?|-< 

+ 

0 

II 

O 

.(16) 


From equations (9) to (16) we see that a, a' satisfy the same equations ( 9 ) 
as do a, a', and also that c, d satisfy the same equations ( 12 ) as do 7 , y ; hut 
that b, ¥ are not quite so simply related to / 3 , ft. 
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Let us now suppose that the principal terms represent a progressive wave. 
In accordance with (9) we may take 

a = A cos t\ a' = A sin t\ .(17) 

where — Then if /3, /S', 7 , 7 ', do not appear, c, c', are zero, and 

b = (sin 2 if - cos 2 1'\ b' = -A 2 cos t' sin if ; so that 

y = A cos (x — if) - \A 2 cos 2 (x — t'), .(18) 

representing a permanent wave-form propagated with velocity *Jg. So far 
as it goes, this agrees with ( 1 ). But now in addition to these terms we may 
have others, for which b , V need only to satisfy 

(d 2 jdt' 2 A 2 ) ( 6 , &') = 0 ,.(19) 

and G y <f need only to satisfy 

(d 2 /dt /2 A3)(c, c') — 0 .( 20 ) 

The corresponding terms in y represent merely such waves, propagated in 
either direction, and of wave-lengths equal to an aliquot part of the principal 
wave-length, as might exist alone of infinitesimal height, when there is no 
primary wave at all. When these are included, the aggregate, even though 
it be all propagated in the same direction, loses its character of possessing 
a permanent wave-shape, and further it has no tendency to acquire such 


a character as time advances. 

If the principal wave is stationary we may take 

a = A cos t\ a' = 0.( 21 ) 

If /3, /3', 7 , y'y vanish, 

b = — ^ a 2 , b r = 0 , c = 0 , c' = 0y 

and y = A cos x . cos t' — \ A 2 cos 2x . cos 2 1' .(22) 

According to ( 22 ) the surface comes to its zero position everywhere when 
cos if = 0, and the displacement is a maximum when cos t r = ± 1. Then 

y = ±A cos x — \A 2 cos 2x } .(23) 


so that at this moment the wave-form is the same as for the progressive 
wave (18). Since y is measured downwards, the maximum elevation above 
the mean level exceeds numerically the maximum depression below it. 

In the more general case (still with etc., evanescent) we may write 
a = A cos if A B sin t', a ' = A' cos if 4- B' sin t\ 
with V = — aa\ b = ^ (a ' 2 — a 2 ), c' = 0 , c — 0 . 

When /3, /S', 7 , y, are finite, waves such as might exist alone, of lengths 
equal to aliquot parts of the principal wave-length and of corresponding 
frequencies, are superposed. In these waves the amplitude and phase are 
arbitrary. 
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When we retain the third order of small quantities, the equations naturally 
become more complicated. We now assume that in (3) ft, ft', are small 
quantities of the second order, and 7, 7', small quantities of the third order. 
For p,.as an extension of (5), we get 

, / da . da' \ / dft . ~ dft' n \ 

P= e ~\-dt smx "dt cos V + e (- it sin 2x+ -dt cos 2x ) 

+ e~ iy (— ~ sin 3«+~ cos 3#j + gy + F — (a 2 + a' 2 ) 

— 2e~~ 2y {(aft 4- a'ft') cos x 4- (aft' — a'ft) sin x] .•—(24) 

This is to be made to vanish at the surface. Also we find, on reduction, 

+ (1 - W> j(^f + 2g&) sin 2* - (~ + %rj9') cos 2asj 
+ (^ + %v) sin Sa.- - (^ + Sgf 7 ') cos 3a! - 
+ 2( l_ 2s , ) („* + a .") + 4 si„4(a^-« W 

4- 4 cos x ~ (aft' 4- a'ft) 4- (a 2 4- a' 2 ) (a sin x — a' cos x); .(25) 


and at the surface BpjBt — 0 for all values of x. In (25) y is of the form (7), 
where b , b\ are of the second order, c, o', of the third order. 

Considering the coefficients of sin x , cos x, in (25) when reduced to Fourier’s 
form, we see that d 2 ajdt 2 4 ga, d 2 a'/dt 2 + ga' } are both of the third order of 
small quantities, so that in the first line the factor (1 — y + ^y 2 ) may be re¬ 
placed by unity. Again, from the coefficients of sin 2x, cos 2x, we see that to 
the third order inclusive 

J20 O' 

J + W = 0, + 2gfi' = 0,.(26) 


and from the coefficients of sin Sx, cos 3* that to the third order inclusive 
d 2 7 


dt* 


+ 3gy = 0, 


d V , 

^+3^=°- 


(27) 


And now returning to the coefficients of sin x, cos x, we get 

~ + got - 2d j t (a 2 + a' 2 ) + 4 ^ (a/9' - a'/9) + a (a 2 + a' 2 ) = 0, ...(28) 

+ d«' + 2a j t (a 2 + a' 2 ) - 4 ^ (a/9' + a'j8) + «' (a 2 + a' 2 ) = 0. (29) 
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Passing next to the condition p = 0, we see from (24), by considering the 
coefficients of sin x, cos x, that 

dot 

— ■+* 9 a '+ terms of 3rd order = 0, 

4- ga + terms of 3rd order = 0. 

The coefficients of sin 2x, cos 2x, require, as in (14), (15), that 

7/1 d/3 , , 1 df? a' 2 —a? /OA . 

.W 

Again, the coefficients of sin 3x, cos give 

c=^ g Cl g-Uab + ah') + fa' (a' 2 - 3a*) 

_ljdy Zad& 3a' 

~ g \ dt ~ ~2 dt ~dt j ~ 8 ( “ “ 3a)l . (31) 

c=_ +f (a ' 6 ' “ a&)+ v (3 “ /2 - a2 > 

.< 32 > 

When /?, ft', y, y, vanish, these results are much simplified. We have 
b' = — aa, b = \ (a' 2 — a 2 ),.(33) 

c' = - 3 “- (a' 2 - 3a 2 ), c = - ~ (3a' 2 - a 2 ).(34) 

O O' 

If the principal terms represent a purely progressive wave, we may take, 
as in (17), 

a — A cos nt, a' ■•= A sin nt, .(35) 

where n is for the moment undetermined. Accordingly 

b' = — JA 2 sin 2nt, b = — ^A 2 cos 2 nt, 

c' = | A 3 sin 3 nt, c = § A 8 cos 3nt; 

so that 

y = A cos(# — w£) — | A 2 cos 2 (x — nt) |A 3 cos 3 (x— nt),, .(36) 

representing a progressive wave of permanent type, as found by Stokes. 

To determine n we utilize (28), (29), in the small terms of which we may 
take 

a = q [adt = — cos nt, of = — q fadt = — — sin nt, 
so that. a 2 + a' 2 = g 2 A 2 jn 2 . 

ThuS d l^} + [g + i^ {a>a ' )=Q> 

and n 2 = g + g 2 A 2 /n 2 — g (1 4- A 2 ), .(37) 
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or, if we restore homogeneity by introduction of Jc (= 2tt/\), 

n* = g/k.(l+t?A*) .(38) 

Let us next suppose that the principal terms represent a stationary, 
instead of a progressive, wave and take 

a = A cos nt, a = 0 .(39) 

Then by (33), (34), 

b' = 0 , b = - ^A 1 cos 2 nt, c' = 0 , c = § A cos* ; 

and 

y = A cos cos x — £ J. 2 cos 2 nt cos 2# + $ A* cos* cos 3x. .. .(40) 


When cos nt = 0, y = 0 throughout; when cos — 1, 

y = A cos a? — cos 2& 4- cos 3$, 

so that at this moment of maximum displacement the form is the same as for 
the progressive wave (36). 

We have still to determine n so as to satisfy (28), (29), with evanescent 
/3, /3'. The first is satisfied by a = 0, since a' = 0. The second becomes 

d 2 a , A ,da! , 

“ 7 -r- 4- qa 4- 4aa -=- 4- a * = 0. 
cfe 2 * dt 

In the small terms we may take a = — g Jadt = — sin nt, so that 

d 2 a' , q 2 A*, . , , r . 0 .\ A 

4- go! 4- "v " ( sm n t + 5 sin Znt) = 0. 

UiP tB/6 


To satisfy this we assume 

a! = JT sin + K sin 3 nt. 


Then 


S(i 7 -» s )+^ = °. K{g-u*) + 


4?i 


- 0 , 


from the first of which 


- 9 - 


gA 
4 

or, if we restore homogeneity by introduction of Ic, 


„ g-A* 
n 2 = g 4- f—rr : 
* 47? H 


(41) 


n 2 = g/Jc.( 1 — ^A? 2 J. 2 )...(42) 

With this value of n the stationary vibration 
y — A cos nt cos lex — ^IcA 2 cos 2 nt cos 2kx 4 - %k 2 A* cos* nt cos 3 Jcx ,.. .(43) 
satisfies all the conditions. It may be remarked that according to (42) the 
frequency of vibration is diminished by increase of amplitude. 


The special cases above considered of purely progressive or purely stationary 
waves possess an exceptional simplicity. In general, with omission of ft, j3\ 
equations (28), (29), become 

d 2 a 2 dad (a 2 4- a' 2 ) 

dt- 


+ ga — -y- 
9 dt 


dt 


+ a (a 2 + a' 2 ) = 0, 


.(44) 
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and a like equation in which a and cl are interchanged. In the terms of the 
third order, we take 

ol = P cos nt 4- Q sin nt, a ' = F cos nt 4- Q' sin nt, .(45) 

so that 

a 2 + a' 2 = i (P 2 4- Q 2 + P 2 + Q' 2 ) + i (P 2 4- P' 2 -Q 2 - Q' 2 ) cos 2nt 

4 - (PQ 4- P'Q') sin 2?^. 

The third order terms in (44) are 
£ (P 2 4- P' 2 4- Q 2 4- Q' 2 ) (P cos wi + Q sin nt) 

4- 2 cos nt cos 2w£ jjP (P 2 4- P' 2 — Q 2 — Q' 2 ) — (PQ 4- P'Qoj 
+ 2 sin nt sin 2^ j^Q (PQ 4- P'Q') — (P 2 4* P' 2 ~ Q 2 - Q /2 )| 

4- 2 sin wtf cos 2w< jjQ (P 2 4- P /2 - Q 2 — Q' 2 ) H—— (PQ 4- P^Oj 

4- 2 cos sin 2 nt j^P (PQ 4- P'Q') 4- —— (P 2 4- P' 2 — Q 2 - Q 2 )j , 
of which the part in sin nt has the coefficient 

Q {i (P 2 4 P' 2 ) + f (Q 2 + Q' 2 )) + iP (PQ + P'Q') 

+ n*lg . {Q (P 2 + P' 2 -Q 2 - Q /2 ) - 2P (PQ + P'Q')} 

or, since n 2 = g approximately, 

Q J4 (P 2 + P' 2 ) - i (Q 2 + Q' 2 )} - l-P (-PQ + P 'Q').( 46 ) 

In like manner the coefficient of cos nt is 

P {f (Q 2 + O' 2 ) -|(- f)2 + p ' 2 )} ~ f <2 ( p< 2 + P 'W> .( 47 ) 

differing merely by the interchange of P and Q. 

But when these values are employed in (44), it is not, in general, possible, 
with constant values of P, Q, P', Q', to annul the terms in sin nt, cos nt. We 
obtain from the first, • 

op 

= g + $ ( j* + p-i) - i (Q 2 + Q' 2 ) - 2Q ( p « + -P'Q')- .(48) 

and from the second 

n> = g + |(Q 2 + Q' 2 ) - i (P 2 + P' 2 ) ~ ( p Q + p '<2');.( 49 ) 

and these are inconsistent, unless 

(PP' + QQO (PQ' - P'Q ) - 0.(50) 

The latter condition is unaltered by interchange of dashed and undashed 
letters, and thus it selves equally for the equation in a. 
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The two alternatives indicated in (50) correspond to the particular cases 
already considered. In the first (PP / + QQ' = 0 ) we have a purely progressive 
wave and in the second a purely stationary one. 

When the condition (50) does not hold good, it is impossible to satisfy our 
equations as before with constant values of n, P, Q, P\ Q; and it is perhaps 
hardly worth while to pursue the more complicated questions which then 
arise. It may suffice to remark that an approximately stationary wave can 
never pass into an approximately progressive wave, nor vice versa . The 
progressive wave has momentum, while the stationary wave has none, and 
momentum is necessarily conserved. 

When ft, ft', 7 , 7 ', are not zero, additional terms enter. Equations (26), 
(30), show that the additions to 6 , b', vary as the sine and cosine of 
and represent waves which might exist in the complete absence of the 
principal wave. 

The additions to c, o', are more complicated. As regards the parts depend¬ 
ing in (31), (32), on dy/dt , dyjdt , they are proportional to the sine and cosine 
of v (%) • t, and represent waves which might exist alone. But besides these 
there are other parts, analogous to the combination-tones of Acoustics, result¬ 
ing from the interaction of the ft -waves with the principal wave. These vary 
as the sine and cosine of {V 2 ± 1 } t, thus possessing frequencies differing 
from the former frequencies. Similar terms will enter into the expression for 
ft 2 as determined from (28), (29). 

In the particular case of ft , ft', vanishing, even though 7 , y (assumed still 
to be of the third order) remain, we recover most of the former simplicity, 
the only difference being the occurrence in c, c , of terms in -\/(3g).t, such as 
might exist alofie. 
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j Plti/ihHopliiatl Magazine, Vol. xxix, pp. 4^3—444, H)5, 1{)15.] 

Ix what hits long boon known as the /Eolian Harp, a stretched Hiring, 
snrh as u pianoforte* wire or a violin Hiring, is caused to vibrato in one of its 
possible modes by the impact of wind ; and it was usually supposed that the 
action was analogous to that of a violin bow, so that the vibrations were 
i*\eeitted in fin* plain* containing flu* direction of the wind. A closer examina¬ 
tion showed, however, that this opinion was erroneous and that in fact the 
vibrations are transverse to the wind*. It is not essential to the production 
**f sound that the string should take part in the vibration, and tin* general 
phenomenon, exemplified in the whistling of wind among trees, has been 
investigated by Stnmhalf under the name of Ileibungxtone. 

In Strou hul's experiments a vertical win* or rod attached to a suitable 
frame was caused to revolve with uniform velocity about a parallel axis. The* 
pitch of the leolian tone generated by the* relative motion of the wire and of 
tin* air was found to he independent of the length and of the tension of the* 
wire, but to vary with the diameter (/)) and with the speed (F) of the motion. 
Within certain limits the relation between the frequency of vibration (iV) and 
these data was expressible by 

iV=i85F//), .....<1)J 

the centimetre and the second being units. 

When the speed is such that the median tone coincides with one of tin* 
proper tones of the wire, supported so as to 'be capable of free independent 
vibration, the sound is greatly reinforced, and with this advantage Strouhal 
found it possible to extend the range of his observations. Under the more 
extreme conditions then practicable the observed pitch deviated considerably 


* Phil Mug, Vol. vxi. p. 149 (1879); Scientific Papers , Vol. i. p. 413. 
f Wied . Ann . Vol. v. p. 210 (1878). 

+ In (1) V is the velocity of the wire relatively to the walla of the laboratory. 
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from the value given by (1). He further showed that with a given diameter 
and a given speed a rise of temperature was attended by a fall in piteh. 

If, as appears probable, the compressibility of the fluid may be left out <»! 
account, we may regard A r as a function of the relative velocity 1 , IK ; nal v 
the kinematic coefficient of viscosity. In this cast* N is necessarily <*t the 
form 

N^V/D.fir/VI)), ... 

when* f represents an arbitrary function; and there is dynamical similarity, 
if v oc VI), In observations upon air at one temperature v is constant ; and 
if I) vary inversely as V, ND/V should la* constant, a result fairly in harnmm 
with the observations of Strouhal. Again, if the* temperature rises, v increases, 
and in order to accord with observation, we must suppose that tin* fuuetion j 
diminishes with increasing argument, 

“An examination of tin*, actual values in Strouhal’s experiments slmws 
that vjVJ) was always small; and we are thus led to represent J by a feu 
terms of MacLaurin’s series. If we fake 


we get 


f(j') = a -f biv. -f 


hr V . p 

N = a l) + l> IP + V 


V- 

VIP ■ 


Alii 


“If the third term in (3) maybe neglected, the relation between A” and V 
is linear. This law was formulated by Strouhal, and his diagrams show that 
the coefficient b is negative, as is also required to express Ule observed eifeel 
of a rise of temperature. Further, 


n _ Cyi 

<IV~" “ V‘IP' 


(4) 


so that DdJS r /d V is very nearly constant, a result also given by Strouhal on 
the basis of his measurements. 


“On the whole it would appear that the phenomena are sat intact oil 1\ 
represented by (2) or (3), but a dynamical theory has yet to be given. It 
would be of interest to extend the experiments to liquids*." 


Before the above paragraphs were written I had commenced a systematic 
deduction of the form of f from Strouhal \s observations by plotting A7> V 
against VJ), Lately I have returned to tin* subject, and I find that ne?irh 
all his results are fairly well represented hy two terms of (3). In c,u,\ 
measure 


ND 

V 


= •195 0 - 


3-02' 

171 


(5 > 


Although the agreement is fairly good, then* are signs that a change of 
wire introduces greater discrepancies than a change in F~ a circumstance 


Theory of Hound, 2nd od. Vol. xx, § 872 (1B90). 
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which may possibly be attributed to alterations in the character of the 
surface. The simple form ( 2 ) assumes that the wires are smooth, or else 
that the roughnesses are in proportion to D, so as to secure geometrical 
similarity. 

The completion of (5) from the theoretical point of view requires the 
introduction of v. The temperature for the experiments in which v would 
enter most was about 20 ° C., and for this temperature 


_ yC6 _ 1.806 X 10-* 

v P 00120 

The generalized form of (5) is accordingly 


= •1505 C.G.S. 


NB 
V : 


•195 1 - 


201 v 
VB 


•( 6 ) 


applicable now to any fluid when the appropriate value of v is introduced. 
Kor water at 15° C., v - ‘0115, much less than for air. 

Strouhal’s observations have recently been discussed by Kruger and 
Lauth*, who appear not to be acquainted with my theory. Although they 
do not introduce viscosity, they recognize that there is probably some cause 
for the observed deviations from the simplest formula ( 1 ), other than the 
complication arising from the circulation of the air set in motion by the 
revolving parts of the apparatus. Undoubtedly this circulation marks a weak 
place in the method, and it is one not easy to deal with. On this account the 
numerical quantities in ( 6 ) may probably require some correction in order to 
express the true formula when V denotes the velocity of the wire through 
otherwise undisturbed fluid. 

We may find confirmation of the view that viscosity enters into the 
question, much as in ( 6 ), from some observations of Strouhal on the effect 
of ternpemture. Changes in v will tell most when VB is small, and therefore 
I take' Strouhal’s table XX., where D=0179 cm. In this there appears 

i, = ll°, Fj = 385, AT,/7 = 6-70, -v l3 
t,= 3V, 7,-381, iV 2 /7 = 6-48, v a . 


Introducing these into ( 6 ), we get 


(1-70 - 6-48: 


\L95 

B 


20’1 v{ 

V,B . 



201 v 2 \ 

T 2 D ) ’ 


or with sufficient approximation 


•52 B-V 

v2 I ' 1 ~ -195 x20-1 


= -016 c.G.s. 


* “Theorie der Hiebtone,” Aim. d. Physik, Vol. xliv. p. 801 (1914). 
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We may now compare this with the known values of v for the temperatures 
in question. We have 

fi zl = 1853 x 10-*, p 31 = *001161, 
fx n = 1765 x 10~ 7 , p n = *001243 ; 
so that v 2 = *1596, Vj = *1420, 

and v 2 ~ Vj — *018. 

The difference in the values of v at the two temperatures thus accounts in (6) 
for the change of frequency both in sign and in order of magnitude. 

As regards dynamical explanation it was evident all along that the origin 
of vibration was connected with the instability of the vortex sheets which 
tend to form on the two sides of the obstacle, and that, at any rate when a 
wire is maintained in transverse vibration, the phenomenon must be unsym- 
metrical. The alternate formation in water of detached vortices on the two 
sides is clearly described by H. Benard*. “Pour une vitesse suffisante, 
au-dessous de laquelle il n’y a pas de tourbillons (cette vitesse limite croit 
avec la viscosite et decroit quand Fepaisseur transversale des obstacles aug- 
mente), les tourbillons produits periodiquement se detachent alternativement d 
droite et d gauche du remous d’arriere qui suit le solide ; Us gagnent presque 
immediatement leur emplacement definitif de sorte qua Varriere de Vobstacle 
se forme une double rangde alternde d’entonnoirs stationnaires , ceux de droite 
dextrogyres, ceux de gauche levogyres, separes par des intervalles egaux 

The symmetrical and unsymmetrical processions of vortices were also 
figured by Mallockf from direct observation. 

In a remarkable theoretical investigation^: K^rm4n has examined the 
question of the stability of such processions. The fluid is supposed to be 
incompressible, to be devoid of viscosity, and to move in two dimensions. 
The vortices are concentrated in points and are disposed at equal intervals (l) 
along two parallel lines distant L Numerically the vortices are all equal, but 
those on different lines have opposite signs. 

Apart from stability, steady motion is possible in two arrangements (a) 
and (6), fig. 1, of which (a) is symmetrical. Kdrm^n shows that (a) is always 
unstable, whatever may be the ratio of h to l ; and further that (b) is usually 
unstable also. The single exception occurs when cosh (7 rhjl) = or hjl = 0283. 
With this ratio of hjl, ( b) is stable for every kind of displacement except 
one, for which there is neutrality. The only procession which can possess a 
practical permanence is thus defined. 

* G. JR. t. 147, p. 839 (1908). 

t JProc. Boy. Soc. Vol. lxxxiv. A, p. 490 (1910). 

X Gottingen Nachrichten , 1912, Heft 5, S. 547; Karman and Bubaeli, Physik. Zeitschrift , 
1912, p. 49. I have verified the more important results. 
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Lhe corresponding motion is expressed by the complex potential (<& 
potential, yfr stream-function) 


<f> + Or = * log !jg>(^ZfVS 

2tt ® sill {7t(Zq + z)/l] ’ 


•a) 


— (k 

L,_d 

A 


V 

_ A 


t __3 

V 

A. 

(*) 


Z^ 

-q 



-a 

5-5. 

F--- 

h v 

_ A 

-- 

l_ 

* to 

V 

!- z ^ 

-- C’ - 


Fig. 1. 


in which f denotes the strength of a vortex, s = af + iy, z^\l + ih. The 
./'-axis is drawn midway between the two lines of vortices and the y-axis 
halves the distance between neighbouring vortices with opposite rotation. 
Kami an gives a drawing of the stream-lines thus defined. 

The constant velocity of the processions is given by 

£ , 7 rh t 

" - I ~i va .(*> 

This velocity is relative to the fluid at a distance. 

The* observers who have experimented upon water seem all to have used 
obstacles not susceptible of vibration. For many years I have had it in my 
mind to repeat the molian harp effect with water*, but only recently have 
brought the matter to a test. The water was contained in a basin, about 
:ibem. in diameter, which stood upon a sort of turn-table. The upper part, 
however, was not properly a table, but was formed of two horizontal beams 
crossing one another at right angles, so that the whole apparatus resembled 
rather a turnstile, with four spokes. It had been intended to drive from a 
small water-engine, but ultimately it was found that all that was needed 
could more conveniently be done by hand after a little practice. A metro¬ 
nome* beat approximate half seconds, and the spokes (which projected beyond 
the basin) were pushed gently by one or both hands until the rotation was 
uniform with passage of one or two spokes in correspondence with an assigned 
number of beats. It was necessary to allow several minutes in order to 

* From an old note-hook. “Bath, Jan. 1884. I find in the baths here that if the spread 
fingers be drawn pretty quickly through the water (palm foremost was best), they are thrown into 
transverse vibration and strike one another. This seems like seolian string.... The blade of a 
flesh-brush about inch broad seemed to vibrate transversely in its own plane when moved 
through water broadways forward. It is pretty certain that with proper apparatus these vibrations 
might be developed and observed.” 
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make sure that the water had attained its ultimate velocity. The axis of 
rotation was indicated by a pointer affixed to a small stand resting on the 
bottom of the basin and rising slightly above the ] evel of the water. 

The pendulum (fig. 2), of which the lower part was immersed, was 
supported on two points (A, B) so that the possible vibrations were limited 
to one vertical plane. In the usual arrangement the vibrations of the rod 
would be radial, i.e . transverse to the motion of the water, but it was easy to 
turn the pendulum round when it was desired to test whether a circumferential 
vibration could be maintained. The rod G itself was of brass tube 8£ mm. 
in diameter, and to it was clamped a hollow cylinder of lead D . The time 



of complete vibration (r) was about half a second. When it was desired to 
change the diameter of the immersed part, the rod G was drawn up higher 
and prolonged below by an additional piece—a change which did not much 
affect the period r. In all cases the length of the part immersed was 
about 6 cm. 

Preliminary observations showed that in no case were vibrations generated 
when the pendulum was so mounted that the motion of the rod would be 
circumferential, viz. in the direction of the stream, agreeably to what had 
been found for the seolian harp. In what follows the vibrations, if any, are 
radial, that is transverse to the stream. 

In conducting a set of observations it was found convenient to begin with 
the highest speed, passing after a sufficient time to the next lower, and so on, 
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with the minimum of intermission. I will take an example relating to the 
main rod, whose diameter (D) is 8£ mm., r = 60/106 sec., beats of metronome 
62 in 30 sec. Ihe speed is recorded by the number of beats corresponding 
to the passage of two spokes, and the vibration of the pendulum (after the 
lapse ot a sufficient time) is described as small, fair, good, and so on. Thus on 
Dec. 21, 1914 : 

2 spokes to 4 beats gave fair vibration, 


5 .good.•. 

6 .rather more . . . 

7 .good. 

8 .fair. 


from which wc may conclude that the maximum effect corresponds to 6 beats, 
or to a time (T) of revolution of the turn-table equal to 2 x 6 x 30/62 sec. 
The distance (r) of the rod from the axis of rotation was 116 mm., and the 
•speed of the water, supposed to move with the basin, is lirrjT . The result 
of the observations may intelligibly be expressed by the ratio of the distance 
travelled by the water during one complete vibration of the pendulum to the 
diameter of the latter, viz. 

t . 2rrrjT 2i rx 116 x 62 0 0 

~J) = "8*5 x 6 x 106 = ^ 

Concordant numbers were obtained on other occasions. 

In the above calculation the speed of the water is taken as if it were 
rigidly connected with the basin, and must be an over estimate. When the 
pendulum is away, the water may be observed to move as a solid body after 
the rotation has been continued for two or three minutes. For this purpose 
the otherwise clean surface may be lightly dusted over with sulphur. But 
when the pendulum is immersed, the rotation is evidently hindered, and that 
not merely in the neighbourhood of the pendulum itself. The difficulty 
thence arising has already been referred to in connexion with Strouhal’s 
experiments and it cannot easily be met in its entirety. It may be mitigated 
by increasing r , or by diminishing D. The latter remedy is easily applied up 
to a certain point, and I have experimented with rods 5 mm. and 3-J mm. in 
diameter. With a 2 mm. rod no vibration could be observed. The final 
results were thus tabulated : 

Diameter ... 8*5 mm. 5*0 mm. 3*5 mm. 

Ratio ... 8*35 7*5 7*8 

from which it would appear that the disturbance is not very serious. The 
difference between the ratios for the 5*0 mm. and 3*5 mm. rods is hardly out¬ 
side the limits of error; and the prospect of reducing the ratio much below 7 
seemed remote. 

The instinct of an experimenter is to try to get rid of a disturbance, even 
though only partially; but it is often equally instructive to increase it. The 
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observations of Dec. 21 were made with this object in view; besides those 
already given they included others in which the disturbance due to the 
vibrating pendulum was augmented by the addition of a similar rod (8^- mm.) 
immersed to the same depth and situated symmetrically on the same diameter 
of the basin. The anomalous effect would thus be doubled. The record was 
as follows : 

2 spokes to 3 beats gave little or no vibration, 


.4.fair 

.5.large 

.6.less 

1 .7.little or no 


; As the result of this and another day’s similar observations it was concluded 

'} that the 5 beats with additional obstruction corresponded with 6 beats with¬ 

out it. An approximate correction for the disturbance due to improper 
; action of the pendulum may thus be arrived at by decreasing the calculated 

ratio in the proportion of 6 :5; thus 

f (8*35) = 70 

: is the ratio to be expected in a uniform stream. * It would seem that this 

■ cannot be far from the mark, as representing the travel at a distance from 

the pendulum in an otherwise uniform stream during the time of one com- 
|>j plete vibration of the latter. Since the correction for the other diameters 

will be decidedly less, the above number may be considered to apply to all 
three diameters experimented on. 

In order to compare with results obtained from air, we must know the 
value of v/VD. For water at 15° 0. v = n = *0115 C.G.S.; and for the 8*5 mm. 
pendulum z//7D = •0011. Thus from(6) it appears that NBjV should have 
nearly the full value, say T90. The reciprocal of this, or 5*3, should agree 
with the ratio found above as 7*0; and the discrepancy is larger than it 
should be. 

An experiment to try whether a change of viscosity had appreciable 
influence may be briefly mentioned. Observations were made upon water 
heated to about 60° O. and at 12° C. No difference of behaviour was detected. 
At 60° C. fju = *0049, and at 12° C. ft - *0124 

. I have described the simple pendulum apparatus in some detail, as apart 
from any question of measurements it demonstrates easily the general prin¬ 
ciple that the vibrations are transverse to the stream, and when in good 
action it exhibits very well the double row of vortices as witnessed by dimples 
upon the surface of the water. 

The discrepancy found between the number from water (7*0) and that 
derived from Strouhal’s experiments on air (5*3) raises the question whether 
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the latter can be in error. So far as I know, Strouhal’s work has not been 
repeated; but the error most to be feared, that arising from the circulation 
of the air, acts in the wrong direction. In the hope of further light I have 
remounted my apparatus of 1879. The draught is obtained from a chimney. 
A structure of wood and paper is fitted to the fire-place, which may prevent 
all access of air to the chimney except through an elongated horizontal 
aperture in the front (vertical) wall. The length of the aperture is 26 inches 
(66 cm.), and the width 4 inches (102 cm.); and along its middle a gut string 
is stretched over bridges. 

The draught is regulated mainly by the amount of fire. It is well to 
have a margin, as it is easy to shunt a part through an aperture at the top of 
the enclosure, which can be closed partially or almost wholly by a superposed 
caid. An adjustment can sometimes be got by opening a door or window. 
A piece of paper thrown on the fire increases the draught considerably for 
about half a minute. 

The string employed had a diameter of *95 mm., and it could readily be 
made to vibrate (in 3 segments) in unison with a fork of pitch 256. The 
octave, not difficult to mistake, was verified by a resonator brought up close 
to the string. That the vibration is transverse to the wind is confirmed by 
the behaviour of the resonator, which goes out of action when held symmetri¬ 
cally. The sound, as heard in the open without assistance, was usually feeble, 
but became loud when the ear was held close to the wooden frame. The 
difficulty of the experiment is to determine the velocity of the wind, where 
it acts upon the string. I have attempted to do this by a pendulum arrange¬ 
ment designed to determine the wind by its action upon an elongated piece 
of mirror (10*1 cm. x 1*6 cm.) held perpendicularly and just in front of the 
string. The pendulum is supported on two points—in this respect like the 
one used for the water experiments; the mirror is above, and there is a 
counter-weight below. An arm projects horizontally forward on which a 
rider can be placed. In commencing observations the wind is cut off by a large 
card inserted across the aperture and just behind the string. The pendulum 
then assumes a sighted position, determined in the usual way by reflexion. 
When the wind operates the mirror is carried with it, but is brought back to 
the sighted position by use of a rider of mass equal to *485 gm. 

Observations have been taken on several occasions, but it will suffice to 
record one set whose result is about equal to the average. The (horizontal) 
t distance of the rider from the axis of rotation was 62 mm., and the vertical 
distance of the centre line of the mirror from the same axis is 77 mm. The 
force of the wind upon the mirror was thus 62 x *485 -h 77 gms. weight. 
The mean pressure P is 

62 x *485 x 981 dynes 


iEOLIAN TONES 


324 


[394 • 


The formula connecting the velocity of the wind V with the pressure P may 
be written 

P=CpV\ 

where p is the density; but there is some uncertainty as to the constancy 
of C. It appears that for large plates C = *62, but for a plate 2 inches square 
Stanton found G = *52. Taking the latter value* we have 

23-7 = 23*7 

'52p ~~ *52 x *00123’ 

on introduction of the value of p appropriate to - the circumstances of the 
experiment. Accordingly 

V= 192 cm./sec. 

The frequency of vibration (t" 1 ) was nearly enough 256; so that 


Vt 

D 


_ 192 

256 x *095 


= 7*9. 


In comparing this with Strouhal, we must introduce the appropriate value 
of VD , that is 19, into (5). Thus 


V 

ND 


Vt 


= 6 * 1 . 


Whether judged from the experiments with water or from those just detailed 
upon air, this (Strouhal’s) number would seem to be too low; but the uncer¬ 
tainty in the value of C above referred to precludes any very confident 
conclusion. It is highly desirable that Strouhal’s number should be further 
checked by some method justifying complete confidence. 


When a wire or string exposed to wind does not itself enter into vibration,, 
the sound produced is uncertain and difficult to estimate. No doubt the wind 
is often different at different parts of the string, and even at the same part it 
may fluctuate rapidly. A remedy for the first named cause of unsteadiness is 
to listen through a tube, whose open end is brought pretty close to the- 
obstacle. This method is specially advantageous if we take advantage of our 
knowledge respecting the mode of action, by using a tube drawn out to a 
narrow bore (say 1 or 2 mm.) and placed so as to face the processions of 
vortices behind the wire. In connexion with the fire-place arrangement the 
drawn out glass tube is conveniently bent round through 180° and continued 
to the ear by a rubber prolongation. In the wake of the obstacle the sound 
is well heard, even at some distance (50 mm.) behind; but little or nothing- 
reaches the ear when the aperture is in front or at the side, even though quite 
close up, unless the wire is itself vibrating. But the special arrangement for 

* But I confess that I feel doubts as to the diminution of C with the linear dimension. 
[1917. See next paper.] 
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a draught, where the observer is on the high pressure side, is not necessary ; 
in a few minutes any one may prepare a little apparatus competent to show 
the effect. Fig. 3 almost explains itself. A is the drawn out glass tube 



* Fig. 3. 

B the loop of iron or brass wire (say 1 mm. in diameter), attached to the tube 
with the aid of a cork C. The rubber prolongation is not shown. Held in 
the crack of a slightly opened door or window, the arrangement yields a sound 
which is often pure and fairly steady. 
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ON THE RESISTANCE EXPERIENCED BY SMALL PLATES 
EXPOSED TO A STREAM OF FLUID. 

[.Philosophical Magazine , Vol. xxx. pp. 179—181, 1915.] 

In a recent paper on iEolian Tones * I had occasion to determine the 
velocity of wind from its action upon a narrow strip of mirror (101 cm. x 1*6 cm.), 
the incidence being normal. But there was some doubt as to the coefficient 
to be employed in deducing the velocity from the density of the air and the 
force per unit area. Observations both by Eiffel and by Stanton had indicated 
that the resultant pressure (force reckoned per unit area) is less on small plane 
areas than on larger ones; and although I used provisionally a diminished 
value of C in the equation P = GpV 2 in view of the narrowness of the strip, it 
was not without hesitation f. I had in fact already commenced experiments 
which appeared to show that no variation in 0 was to be detected. Subse¬ 
quently the matter was carried a little further; and' I think it worth while 
to describe briefly the method employed. In any case I could hardly hope to 
attain finality, which would almost certainly require the aid of a proper wind 
channel, but this is now of less consequence as I learn that the matter is 
engaging attention at the National Physical Laboratory. 

According to the principle of similitude a departure from the simple law 
would be most apparent when the kinematic viscosity is large and the stream 
velocity small. Thus, if the delicacy can be made adequate, the use of air 
resistance and such low speeds as can be reached by walking through a still 
atmosphere should be favourable. The principle of the method consists in 
balancing the two areas to be compared by mounting them upon a vertical axis, 
situated in their common plane, and capable of turning with the minimum 
of friction. If the areas are equal, their centres must be at the same distance 
(on opposite sides) from the axis. When the apparatus is carried forward 
through the air, equality of mean pressures is witnessed by the plane of the 
obstacles assuming a position of perpendicularity to the line of motion. If in 

* Phil. Mag. Vol. xxix. p. 442 (1915). [Art. 394.] 
f See footnote on p. [324]. 
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this position the mean pressure on one side is somewhat deficient, the plane 
on that side advances against the relative stream, until a stable balance is 
attained in an oblique position, in virtue of the displacement (forwards) of the 
centres of pressure from the centres of figure. 

The plates under test can be cut from thin card and of course must be 
accurately measured. In my experiments the axis of rotation was a sewing- 
needle held in a U-shaped strip of brass provided with conical indentations. 
The longitudinal pressure upon the needle, dependent upon the spring of the 
brass, should be no more than is necessary to obviate shift. The arms con¬ 
necting the plates with the needle are as slender as possible consistent with 
the necessary rigidity, not merely in order to save weight but to minimise 
their resistance. They may be made of wood, provided it be accurately shaped, 
or of wire, preferably of aluminium. Regard must be paid to the proper 
balancing of the resistances of these arms, and this may require otherwise 
superfluous additions. It would seem that a practical solution may be attained, 
though it must remain deficient in mathematical exactness. The junctions 
of the various pieces can be effected quite satisfactorily with sealing-wax used 
sparingly. The brass U itself is mounted at the end of a rod held horizontally 
in front of the observer and parallel to the direction of motion. I found it 
best to work indoors in a long room or gallery. 

Although in use the needle is approximately vertical, it is necessary to 
eliminate the possible effect of gravity more completely than can thus be 
attained. When the apparatus is otherwise complete, it is turned so as to 
make the needle horizontal, and small balance weights (finally of wax) adjusted 
behind the plates until equilibrium is neutral. In this process a good opinion 
can be formed respecting the freedom of movement. 

In an experiment, suggested by the case of the mirror above referred to, 
the comparison was between a rectangular plate 2 inches x 1^- inches and an 
elongated strip *51 inch broad, the length of the strip being parallel to the 
needle, i.e. vertical in use. At first this length was a little in excess, but was 
cut down until the resistance balance was attained. For this purpose it 
seemed that equal areas were required to an accuracy of about one per cent., 
nearly on the limit set by the delicacy of the apparatus. 

According to the principle of similitude the influence of linear scale ( l) 
upon the mean pressure should enter only as a function of v/Vl, where v is the 
kinematic viscosity of air and V the velocity of travel. In the present case 
v = 1505, V (4 miles per hour) = 180, and i, identified with the width of the 
strip, = 1*27, all in c.G.S. measure. Thus 

v/Vl = *00066. 

In view of the smallness of this quantity, it is not surprising that the influence 
of linear scale should fail to manifest itself. 
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In virtue of the more complete symmetry realizable when the plates to be 
compared are not merely equal in area but also similar in shape, this method 
would be specially advantageous for the investigation of the possible influence 
of thickness and of the smoothness of the surfaces. 

When the areas to be compared are unequal, so that their centres need to 
be at different distances from the axis, the resistance balance of the auxiliary 
parts demands special attention. I have experimented upon circular disks 
whose areas are as 2:1. When there was but one smaller disk (6 cm. in 
diameter) the arms of the lever had to be also as 2:1 (fig. 1). In another 



experiment two small disks (each 4 cm. in diameter) were balanced against a 
larger one of equal total area (fig. 2). Probably this arrangement is the 
better. In neither case was any difference of mean pressures detected. 



In the figures AA represents the needle, B and 0 the large and small 
disks respectively, B the extra attachments needed for the resistance balance 
of the auxiliary parts. 
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HYDRODYNAMICAL PROBLEMS SUGGESTED BY 
PITOT’S TUBES. 

[Proceedings of the Royal Society , A, Vol. XCL pp. 503—511, 1915.] 

The general use of Pitot’s tubes for measuring the velocity of streams 
suggests hydrodynamical problems. It can hardly be said that these are of 
practical importance, since the action to be observed depends simply upon 
Bernoulli’s law. In the interior of a long tube of any section, closed at the 
* further end and facing the stream, the pressure must be that due to the velocity 
(v) of the stream, i.e. ^pv 2 , p being the density. At least, this must be the 
case if viscosity can be neglected. I am not aware that the influence of 
viscosity here has been detected, and it does not seem likely that it can be 
sensible under ordinary conditions*. It would enter in the combination vjvl, 
where v is the kinematic viscosity and l represents the linear dimension of 
the tube. Experiments directed to show it would therefore be made with 
small tubes and low velocities. 

In practice a tube of circular section is employed. But, even when viscosity . 
is ignored, the problem of determining the motion in the neighbourhood of a 
circular tube is beyond our powers. In what follows, not only is the fluid 
supposed frictionless, but the circular tube is replaced by its two-dimensional 
analogue, i.e. the channel between parallel plane walls. Under this head two 
problems naturally present themselves. 

The first problem proposed for consideration may be defined to be the * 
flow of electricity in two dimensions, when the uniformity is disturbed by the 
presence of a channel whose infinitely thin non-conducting walls are parallel 
to the flow. By themselves these walls, whether finite or infinite, would 
cause no disturbance; but the channel, though open at the finite end, is sup¬ 
posed to be closed at an infinite distance away, so that, on the whole, there 
is no stream through it. If we suppose the flow to be of liquid instead of 
electricity, the arrangement may be regarded as an idealized Pitot’s tube, 
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although we know that, in consequence of the sharp edges, the electrical law 
would be widely departed from. In the recesses of the tube there is no 
motion, and the pressure developed is simply that due to the velocity of the 
stream. 

The problem itself may be treated as a modification of that of Helmholtz*, 
where flow is imagined to take place within the channel and to come to 
evanescence outside at a distance from the mouth. If in the usual notationf 
z = x -f iy , and w^cb + iyfr be the complex potential, the solution of Helm¬ 


holtz’s problem is expressed by 

z = %u + e w , ... ( 1 ) 

or x= oosty, y = '\]r-{-e (f> sinty .(2) 


The walls correspond to ^ = + 7r, where y takes the same values, and they 
extend from # = --00 to x = — 1. Also the stream-line ^ = 0 makes y — 0, 
which is a line of symmetry. In the recesses of the channel <f> is negative 
and large, and the motion becomes a uniform stream. 

To annul the internal stream we must superpose upon this motion, ex¬ 
pressed say by <£ x 4- iyjr l9 another of the form <fi 2 4- iyfr 2 where 

- (£2 4- i^ 2 = — — iy. 

In the resultant motion, 

<f> = <t>i + fa = 4>i - f -t- = V'i - y> 

so that <j6x = 0 4* x, = yfr 4- y } 

and we get 


0 = <f> 4- e^ +x cos (i|r 4- y), 0 = ^ -b e^ x sin 4- y), . (3) 

whence x = - $ 4- log V(<£ 2 4- ^ 2 ), y = - ^ + tan" 1 .(4) 

or, as it may also be written, 

z — — w log w .(5) 


It is easy to verify that these expressions, no matter how arrived at, satisfy 
the necessary conditions. Since x is an even function of yjr, and y an odd 
function, the line y = 0 is an axis of symmetry. When ^ = 0 , we see from 
(3) that sin y =. 0, so that y = 0 or ±7r, and that cos y and cj> have opposite 
signs. Thus when </> is negative, y— 0; and when <f> is positive, y=± nr. 
Again, when <f> is negative, x ranges from +00 to — 00; and when c ft is 
positive x ranges from — 00 to — 1 , the extreme value at the limit of the 
wall, as appears from the equation 

dx/d(f)= — 1 4 - l/(j> = 0 , 

making <f> — 1, x = — 1. The central stream-line may thus be considered to 
pass along y = 0 from x = 00 to x = — 00 . At x = — 00 it divides into two 

* Berlin Monatsber. 1868; Phil. Mag. Yol. xxxvi. p. 387 (1868). In this paper a new path 
was opened. 

f See Lamb’s Hydrodynamics , § 66. 
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branches along y — ±7r. From % = — oo to % = — 1 . the flow is along the 
inner side of the walls, and from a? = — 1 to %=.— oo back again along the 
outer side. At the turn the velocity is of course infinite. 

We see from (4) that when ^ is given the difference in the final values of 
y> corresponding to infinite positive and negative values of <£, amounts to n r, 
and that the smaller is ^ the more rapid is the change in y. 

The corresponding values of % and y for various values of cf >, and for the 
stream-lines yjr = — 1 , — -J, — are given in Table I, and the more important 
parts are exhibited in the accompanying plots (fig. 1 ). 

TABLE I. 


<t> 


-i 

f=- 

-4 


-1 

X 

y 

X 

y 

X 

y 

-10 

12-303 

0-2750 

12-30 

0*550 

12-31 

1-100 

- 5 

6-610 

0*3000 

6-614 

0*600 

6-63 

1-198 

- 3 

4*102 

0-3333 

4-112 

0-665 

4-15 

1-322 

- 2 

2-701 

0-3745 

2-723 

0-745 

2*80 

1-464 

- 1 

1-030 

0-495 

1-111 

0-964 

• 1-35 

1*785 

- 0*50 

0-081 

0-714 

0-153 

1*285 

— 

— 

- 0*25 

-0-790 

1-035 

— 

— 

— 

— 

0*00 

-1-386 

1-821 

-0-693 

2-071 

o-oo 

2*571 

0*25 

-1-290 

2-606 

— 

— 

_ 

— 

0*50 

-1-081 

2-928 

-0-847 

2-881 

- 0*388 

3*035 

1*0 

-0-970 

3*147 

-0-888 

3*178 

- *0-653 

3-356 

2-0 

-1-299 

3*267 

-1-277 

3-397 

- 1-195 

3-678 

3*0 

-1-898 

3*308 

-1-888 

3-477 

— 

— 

4*0 

— 

— 

— 

— 

- 2*584 

3-897 

5-0 

-3-389 

3*342 

-3-386 

3*542 

— 

— 

10-0 

-7-697 

3-367 

— 

— 

- 7-692 

4*042 

20*0 

— 

i 

* — 

- ! 

-17-00 

4-092 


In the second form of the problem we suppose, after Helmholtz and 
Kirchhoff, that the infinite velocity at the edge, encountered when the fluid 
adheres to the wall, is obviated by the formation of a surface of discontinuity 
where the condition to be satisfied is that of constant pressure and velocity. 
It is, in fact, a particular case of one treated many years ago by Prof. Love, 
entitled “Liquid flowing against a disc with an elevated rim,” when the 
height of the rim is made infinite*. I am indebted to Prof. Love for the 
form into which the solution then degrades. The origin 0' (fig. 2 ) of x -f iy 
or z is taken at one edge. The central stream-line (^ = 0) follows the line of 
symmetry AB from f t/ = + oo to 3 / = —oo. At 3 / = —00 it divides, one half 
following the inner side of the wall GO' from y = — 00 to y = 0 , then 
becomes a free surface O'D from 3 / = 0 to 3 / = — oo-. The connexion between 

* Camb. Phil Proc. Vol. vii. p. 185 (1891). 
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z and w (= <fiiyjr) is expressed with the aid of an auxiliary variable 

mi. _ J 


Thus 

Z = tan 6 - 6 - \i tan 2 6 - i log cos 6, .. ...(6) 

w = i sec 2 '0.(7) 

If we put tan 6 - tj + vt\, we get 

ID = i 0 + £ 2 - V 2 + Ijr)), 

*> that <f> = 1(1 + P - v 2 ), ir = Uv .(8) 

We find further (Love),. 

* = f + ti? + ito - \ (P - if) - i tan- 1 y_ -1 tan- 1 

+|io g [(i-^+r} .(9) 

so that m = £ + -f +| tan -1 — + p.-- + tan" 1 , .(10) 

t/ = V~-l V 2 ) + i log {(1 - ?/) 2 + r}.(11) 


The stream-lines, corresponding to a constant may be plotted from 
(10), (11), if we substitute 2^/£ for rj and regard f as the variable parameter. 
Since by (8) 

= i (i + f 2 ) - = if + 2^7^ 

there is no occasion to consider negative values of f, and cf> and f vary always 
in the same direction. 

As regards the fractions under the sign of tan -1 , we see that both vanish 
when f = 0, and also when f=oo. The former, viz., 2£~-(4n|r 2 /f 2 + f 2 —1), 
at first + when f is very small, rises to oc when f 2 = i{l ± V(1 —16^ 2 )}, 
which happens when ty<\, but not otherwise. In the latter case the fraction 
is always positive. When yjr < the fraction passes through oo, there 
changing sign. The numerically least negative value is reached when 
£ 2 = | {V(l+ 487r 2 ) - 1}. The fraction then retraces its entire course, until 
it becomes zero again when f = oo. On the other hand the second fraction, 
at first positive, rises to infinity in all cases when f 2 = i {7 (14-16^ 2 ) — 1}, 
after which it becomes negative and decreases numerically to zero, no part of 
its course being retraced. As regards the ambiguities in the resulting angles, 
it will suffice to suppose both angles to start from zero with f. This choice 
amounts to taking the origin of x at 0, instead of OL 

When yjr is very small the march of the functions is peculiar. The first 
fraction becomes infinite when f = 4f 2 , that is when f is still small. The 
turn occurs when £ 2 = 12^ 2 , and the corresponding least negative value is. 
also small. The first tan -1 thus passes from 0 to 7r while f is still small. 
The second fraction also becomes infinite when f 2 =4^ 2 , there changing 
sign, and again approaches zero while f is of the same order of magnitude. 









334 


HYDRODYNAMICAL PROBLEMS SUGGESTED BY PITOT’S TUBES [396* 


The second tan -1 thus passes from 0 to n r, thereby completing its course, 
while f is still small. 

When ^fr—0 absolutely, either f or 77, or both, must vanish, but we must 
still have regard to the relative values of yfr and £. Thus when £ is small 
enough , x = 0, and this part of the stream-line coincides with the axis of 
symmetry. But while f is still small, x changes from 0 to tt, the new value 
representing the inner face of the wall. The transition occurs when f = 2yfr, 
97 = 1, making in (11) y = —cc. The point O' at the edge of the wall 
(x — Tr,y = 0) corresponds to £ = 0, 77 = 0. 


For the free part of the stream-line we may put 77 = 0, so that 


« = f+ Jtan- 1 ^^Y+|=^-tan- 1 f+ tt, .(12) 

where tan -1 f is to be taken between 0 and ^ ir . Also 

y = -iP + U°g(i + F).(13) 

When £ is very great, 

^ — f + i 7 y= — ilr, .^.(14) 

and the curve approximates to a parabola. 

When f is small, 

x-ir = l^ 3 , 2/ = if, .(15) 


so that the ratio (x — ir)jy starts from zero, as was to be expected. 

The upward movement of y is of but short duration. It may be observed 
that, while dxjd% is always positive, 


dt 2(1 + 1*)’ 


(16) 


which is positive only so long as f < 1. And when £ = 1, 

x — ir = 1 — — 0*2146, y = - £ + log 2 = 0*097. 


Some values of x and y calculated from (12), (13) are given in Table II 
and the corresponding curve is shown in fig. 3. 


TABLE II.—^ = 0. 


* 

X 

y 

i 

£ 

X 

y 

0*0 

3-142 

0 

2*5 

4*451 

- 0*571 

0*5 

3*178 

+ 0*050 

3*0 

4*892 ' 

- 1*098 

1*0 

3*356 

+ 0*097 

4*0 

5*816 

- 2*583 

1*5 

.3*659 

+ 0*027 

5*0 

6*768 

- 4*62 

2*0 

4*034 

-0*195 

20*0 

21*621 

-97*00 
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It is easy to verify that the velocity is constant along the curve defined 
by (12), (13). We have 


and when ^ = 0, 


dx = df 

d(f> 1 -f- £ 2 d<f> ’ 

<A-i(i+rx 


d v ? 1 - f 2 . 

d<j> ~ 2 1 +1 2 ’ 

dcfr/dl; = \%. 



Thus 


and 


dx _ dy _ 1 — f 2 

# _ 1 + P’ d^ _ l+f’ 

(i dx/d(j>y + ( dyjdd >) 2 = 1.(17) 


The square root of the expression on the left of (17) represents the 
reciprocal of the resultant velocity. 


TABLE III.—^= T V 


1 

* 

y 

* 

X 

y 

0 

0 

00 

0*40 

2*9667 

+ 0*076 

0-05 

0-1667 

9*098 

0-50 

3-0467 

0*130 

0*10 

0-2995 

3*008 

0*60 

3*1089 

0-162 

0*13 

0*4668 

1-535 

0*80 

3*2239 

0*198 

0*15 

0*6725 

0*766 

1*00 

3*3454 

0*207 

0*17 

1*0368 

j + 0*109 

1*50 

3*6947 

+ 0*125 

0*18 

1*2977 

; - 0*143 

2*00 

4*0936 

- 0*112 

0-19 

1*5907 

- 0*304 

2*50 

4*5234 

- 0*501 

0-20 

1 *8708 * 

- 0*370 

3*00 

4*9725 

- 1*032 

0*22 

2*2828 

- 0*331 

4*00 

5*9039 

- 2*536 

0*25 

2*5954 

- 0*195 

6*00 

7*8305 

- 7*161 

0-30 

2*8036 

- 0*047 
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When yfr differs from zero, the calculations are naturally more complicated. 
The most interesting and instructive cases occur when ^ is small. I have 
chosen ^=1/10. The corresponding values of x, and y are given in 
Table III, calculated from equations (10), (11), and a plot is shown in fig. 3. 

As in the former problem, where the liquid is supposed to adhere to the 
walls notwithstanding the sharp edges, the pressure in the recesses of the 
tube is simply that due to the velocity at a distance. At other places 
the pressure can be deduced from the stream-function in the usual way. 
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<>N 'i'HK < IIA l!A< "i’KK OK TIIK •• ,S ” SolWK. 


i Y..I \i v. |,j,. tilf., I'tlA.j 


S "' ,l: iu “ T!” 1 i* >r suggestion- j In • formal ion ,,f 

hiss, and I remarked thal the |„.s| | |, ; ,«l limn been able to do was U 
,ul!,n "Oh a nil.lwr lull.- nij.jM-.i ai about hall' an inch (no,, the ..p,.,, 
•n.i uni, M-ivtt .•lamp, inn I hat the sound a.. obtained was p.-rliaj^ m.,!,- Ijk,. 
■ in / I hail .Mi v, llirii- is i'i as. m |n I hink tlml I In' cur,at an\ rail' of < * 1 « {t-ri\- 
|<> "jii- . iir.-s rapnllv I., a maintained hiss. T|„. pitch is ,,f t} M - order ,,f jo.OOO 

jin ini| *, Tic-last remark was founded upon experiments .-dreads hri.-th 

*1* -o'litt, t } 3isi«iiT llio h«'a< 1 “ Pilch «ij Si I u lain 


i ’'•nl.fli-ss tills t„av van <»v.t >t t•• >it!si<l<-mMt• range. In ms experiments 
nr •( in" i nas I hat ot mules ami limps ( 1‘hH. Miii/. \'u|, s u, p, (.pi j 1 .ST! > t ■ 
A, \ ,,i. t. p, Kli; I, eXei'llt ft| with a sensitise (lame ami sliding 
^' 1 ^ 1 ^ U lv, ii IA ^t* i’ltn M 'h, whifh in nil* seemed \a*rv high and mil 

guse a wave length (A) eiplal III 2 a llllm, with good agreement 
■'» I. pi litiun, A hiss which I gas.- was graver and less definife, corresponding 

i” v. H 2 mm. The frequency wi.uld he of the order of 10,000 j H -r set.. 

iic»!o ffi.au t*rf,T\rAi ahmc middle IV’ 


\mi.n^ the replies publicly <n privately given, with which I was favoured, 
».e. 1,in- hum I'tiil. I',. if Tiiehener, of ('ornell (adversity*, who wrote : 

' I...11I itavleiidi's sound more like an /' than an .v is due, according to 
Kohl, i s Ohs, ivaimns, !.. a slightly loo high pilch. A (hdton whistle, set for 

» «*i HltHi \ ,d , will ^iv*» a |Hin* ,v. M 

It was partis m connexion with this thal 1 remarked latcrt* that I donl.ted 
whetlui am pure tone gives the full impression of an *, having often expert 
m. n’.d with hiril-ealls of almut the right pitch. In my published papers I 

41 \ aturt , Vul, s. i». Itt!i» HUH. 


1 Tiiil, U t ? \ n|. \\ 1.1«. l*3A, HHIH ; Scientific Pdpfrn„ Vol. v„ jn IHfl. 

I V.ifwif', \ni, \i i. p, foJ, !<j 13 , 

:j Viifii? r, Vi$l» in. p, ftoH, 1*113, 
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ON THE CHARACTER OF THE "S" SOUND. 

[Nature, VoL xcv. pp. 645, 646, 1915.] 

Some two years ago I asked for suggestions as to the formation of an 
artificial hiss, and I remarked that the best I had then been able to do was by 
blowing through a rubber tube nipped at about half an inch from the open 
end with a screw clamp, but that the sound so obtained was perhaps more like 
an/than an s. “ There is reason to think that the ear, at any rate of elderly 
people, tires rapidly to a maintained hiss. The pitch is of the order of 10,000 
per second*. 55 The last remark was founded upon experiments already briefiy 
described-f* under the head “ Pitch of Sibilants. 55 

“ Doubtless this may vary over a considerable range. In my experiments 
the method was that of nodes and loops (Phil. Mag. Vol. vii. p. 149 (1879); 
Scientific Papers, Vol. i. p. 406), executed with a sensitive flame and sliding 
reflector. A hiss given by Mr Enock, which to me seemed very high and not 
over audible, gave a wave-length (X.) equal to 25 mm., with good agreement 
on repetition. A hiss which I gave was graver and less definite, corresponding 
to X = 32 mm. The frequency would be of the order of 10,000 per second, 
more than 5 octaves above middle C. 55 

Among the replies, publicly or privately given, with which I was favoured, 
was one from Prof. E. B. Titchener, of Cornell University J, who wrote : 

“ Lord Rayleigh's sound more like an f than an s is due, according to 
Kohler’s observations, to a slightly too high pitch. A Galton whistle, set for 
a tone of 8400 v.d., will give a pure s” 

It was partly in connexion with this that I remarked later § that I doubted 
whether any pure tone gives the full impression of an s, having often experi¬ 
mented with bird-calls of about the right pitch. In my published papers I 

* Nature , Yol. xci. p. 319, 1918. 

f Phil. Mag. Yol. xvi. p. 235, 1908 ; Scientific Papers , Yol. v. p. 486. 

J Nature, Yol. xci. p. 451, 1913. 

§ Nature , Yol. xci. p. 558, 1913. 


R. VI. 


22 



338 


ON THE CHARACTER. OF THE “S” SOUND 


[ 397 * 


find references to wave-lengths 31‘2 mm., 1*304in. — 33*1 mm., 1*28in.=32*5 mm/* 
It is true that these are of a pitch too high for Kohler's optimum, which at 
ordinary temperatures corresponds to a wave-length of 40*6 mm., or 1*60 inches; 
but they agree pretty well with the pitch found for actual hisses in my obser- * 
vations with Enock. 

Prof. Titchener has lately returned to the subject. In a communication 
to the American Philosophical Society f he writes : 

“It occurred to me that the question might be put to the test of experiment. 
The sound of a Galton’s whistle set for 8400 v.d. might be imitated by the 
mouth, and a series of observations might be taken upon material composed 
partly of the natural (mouth) sounds and partly of the artificial (whistle) tones. 
If a listening observer were unable to distinguish between the two stimuli, 
and if the mouth sound were shown, phonetically, to be a true hiss, then it 
would be proved that the whistle also gives an s , and Lord Rayleigh would 
be answered. 

“ The experiment was more troublesome than I had anticipated; but I may 
say at once that it has been carried out, and with affirmative result/ 5 

A whistle of Edelmann’s pattern (symmetrical, like a steam whistle) was 
used, actuated by a rubber bulb ; and it appears clear that a practised operator 
was able to imitate the whistle so successfully that the observer could not say 
with any certainty which was which. More doubt may be felt as to whether 
the sound was really a fully developed hiss. Reliance seems to have .been 
placed almost exclusively upon the position of the lips and tongue of the 
operator. I confess I should prefer the opinion of unsophisticated observers 
judging of the result simply by ear. The only evidence of this kind mentioned 
is in a footnote (p. 328): “ Mr Stephens 5 use of the word ‘ hiss 5 was spontane¬ 
ous, not due to suggestion. 55 I have noticed that sometimes a hiss passes 
momentarily into what may almost be described as a whistle, but I do not 
think this can be regarded as a normal s. 

Since reading Prof. Titcheners paper I have made further experiments 
with results that I propose to describe. The pitch of the sounds was deter¬ 
mined by the sensitive flame and sliding reflector method, which is abundantly 
sensitive for the purpose. The reflector is gradually drawn back from the 
burner, and the positions noted in which the flame is unaffected. This phase 
occurs when the burner occupies a node of the stationary waves. It is a place 
where there is no to and fro motion .. The places of recovery are thus at 
distances from the reflector which are (odd or even) multiples of the half 
wave-length. The reflector was usually.drawn back until there had been five 


* ScieMtific Papers, Yol. i. p. 407; Yol. n. p. 100. . 

+ Proceedings , Yol. liii. August—December, 1914, p. 323. 



OX THK OK \|CA< ‘TFIt oF THK u S'' KorXI> 


HP 




rn*u\indicating that the distaner from tin* burner was now f> x |X., and 
rhis tin! niii'v w as i lira measured, 

flir lir^i observations were upon a whist la .at Kdehuanns pattern of my 
toi ti »*i*hs? i u«*t i*»ii, Tim llattif and ga\ t* \ ■ 1*7 in. about a semi-tone 

flat .in Ktihha’s «.pi inttttu. As regards fin* character of t hi * sound, it so* ant'd 
t«» in* and «»t hors to hoar h«»nn* resemblance to an s, hut still to hr larking*' in 
soim«f lutjr .sHriitial J should say that since my own hearing for ,v> is now 
titstin.Mlv had, I have always confirmed m\ opinion l*y tint! of other listeners 
wltMsr la -anno is good. That there should hr s» unr resemblance t*» an .v at a 
pitch u h mb js entatniy 11 1 *" pr* dominant pitch of an .v is not surprising; and 
if is difttriilf to d« sort h« r\a*i|y in w hat fin* deficiency consisted. My own 
uupivsMon was t hat tin* sound \%m too rwurU a purr totna ami that if it had 
hrrn ijiiiti- a pur** loin* tin* resemblance to an $ w ould have been less, In 
subsequent observation's th** pitch was raised th rough A IT in., hut without 
modifying tin* above impressions. 

Wishing to try otln*r sources which I thought more likely to give purr 
fours, 1 fell hark on bird cults A new one, with adjustable distance between 
t hr perforated plat rs, gin r on different t rials A 1 ‘N in,, A IT in. In imit Imr 
*'<H‘ was th«* soiitid judged to hr at all a proprt* ,v, though perhaps some 
I* s«1tif slaniS' IVffiatltrd, Tin- rffrrt u as simply that of a high Hole, !lkr life 
o*|it* ak of a hud «*r insect. KurtImr trials on unothrr day gave conlirmaforv 
I* Stilts 

’IIj* im\f * 4 *s. i % at i* »ns w* i * tnad* with tin* highest pipr troin an organ 
y raduullv rum* d in ptfrii In * , utting away at tin* upru mid There was some 
difficult \ in ;*«• fling quit* high enough* hut measures \niv taken giving 
\ 2 2 in \ I'!t in,, and r\mil uJill\ A Hi in. In no cane was I ln*rr urnr** 

than fit* slightest suggest loll u| at! h 

\s I Uas Hoi satisfied that at thr highest pitrh tin* organ pipe was speaking 
)»r**p« i h, 1 undo aiM*t Imr from |ra*l tube, w limit could hr blown from an 
*uifttsfiiitit' w ind no//l* Tuned to gi v r A I T in,, H s»*uu*h*d faint fo my **itr, 

an*f r» *u\ * ini no a, t ttlirr ohsnw rfs, who Imard it wrlh sai* I it was tu * h. 

In all f! i * * sf *■ \p*rimont s tin* hounds wmv tumitUuH*' r/, tin* \arioits itistrn 
nr uts bring blow si from a loadrd hag, rltnrgrd h«*t**ndian*i with a foot blowor. 
In flu. r« .p*M*t tli**v an- not tnlh rotnparahlr with lliosr of Prof, lilrlmnrr, 
wli*isi wins!(** was a*uuaird l*\ h*|iirr/ing a nthhrr hulh. IIowrvt*r, I ha\r 
also tnot! a glass t uh**, Itl’4 in, long, wiippori«*d at tIn* iiitddh’ arul ruhhi'd with 
a t» .turd Iim! Tliih hiioiil*! hr of tlii* right pitch, hut thr Mpmnk hoard 
did ilot Mtggrsf mi s. I ought |» # rIuij»H fo add that fh«* thing did not work 
partmuhirlv w*dh 

If will hr Hrrn tha! my 1 ‘oitt’lithioffH dtfh*r a good deal fnun fltosr of Pr**f. 
Ttlclinirr, hut Hficr fhrsr rnf mtatrs drprild upon tudt vidtial jiidgnifut I , jHU’haps 
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not uninfluenced by prepossessions, they are not fully satisfactory. Further 
independent aural observations are desirable. I fear a record, or ocular obser¬ 
vation, of vibrations at so high a pitch is hardly feasible. 

I may perhaps be asked if a characteristic s, having a dominant pitch, is 
not a pure tone, what is it ? I am disposed to think that the vibration 
is irregular. A fairly defined pitch does not necessitate regular sequences of 
more than a few (say 3—10) vibrations. What is the state of affairs in an organ- 
pipe which does not speak well, or in a violin string badly bowed ? An 
example more amenable to observation is afforded by the procession of drops 
into which a liquid jet breaks up. If the jet is well protected from outside 
influences, the procession is irregular, and yet there is a dominant interval 
between consecutive drops, giving rise under suitable conditions to a sound 
having a dominant pitch. Vibrations of this sort deserve more attention than 
they have received. In the case of the s the pitch is so high that there would 
be opportunity for interruptions so frequent that they would not be separately 
audible, and yet not so many as to preclude a fairly defined dominant pitch. 
I have an impression, too, that the s includes subordinate components de¬ 
cidedly graver than the dominant pitch. 

Similar questions naturally arise over the character of the sh, /, and th 
sounds. 


HX THE STABILITY OK THE SIMPLE SHKARIXO MOTION 
OF A VISf'ors INroMPRKSSIBLK FLO II). 

l i*luimupfnetil Vo|, x \ X . pp, *i±) TIM, Fljfi, J 


A $ itkt I -Hi* formulation O tltr pr» »h|r hi f< »r ftvr initnitrsiiuai t list urhaiirrM 

%%iis tiy Orr c 1 W# l # , Jt 0 suppo^ril that £ (tin* lorfin!yiaml ruin* 

viT-rify prrpi'ntlirulur to tin* walls birr pro port it» iih! to r Uif p %k \ win to n — y> f Up 
IfV-i' S t wr huvr 


tpS l /, // 

dp I ‘ P 


i p f kfiif} S t 

v ‘ 


< i ) 


and 


</t dtp Iri* S t 


A 2 I 


vitfii ihr lioiimiaiN rtititlilioiiN tlull #/#• dp -0 at tin* walk whnv i/ is 

♦ •.infant. Hhv p ih tlio ki j i»* 111 ;il tv visrosify, awl $ i* proportional to flu* 
iinfi.tl r»*mfaiif \»♦!tirity, < Irr easily show* that tla* p«i*io«I <*«pintinn fakrs 
fll* lollll 


(S t r* v iitf , | S s r hi tip ~ js\ r tip . Is., p k u dp I), .......,,<;o 

an* any two solutinns «>f ( 1 ) awl thi* integrations 

ar«- ovrf fin* mfrnnl h**t wmi tIn* walls. An npu valent etjuaiion 

gi\en a lif fit* Inf it (15 M ih \ independent 1 v hy SniniinTfrld, 

Stability r«n|tiir«*.H that for tin value of k shall any of fin* #/h drf,rOijiiied 

In «Mt hr w*gat ive. In his fiOrttHHiuti ()rr arrives at the mwdusion that thin 

J« III |H Mat IHf t* ** I. Another of ( Pt H result* Iliu\ hr mentioned. Hr 

that p I -k'jtii ttrfVHsanly changes sign ill thr interval hrfwrrn till* 

w alls*. 

Ill I hr paper ijimfiil ivfr ivuer was made also to t hr work of \, Mi,nrs anil 
ilopf, ami it tim -suggested that tin* prohlma mights hr simplified if it rotihl 
In- shown that v - d'* cannot vanish, If so, it will follow that q is always 


V»tn\ huh t fiui, VttL x%vii, 
f }*bit, VmL \%%m. ft, Ills iliil t|. 
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positive and indeed greater than vk 2 } inasmuch as this is certainly the case 
when /3 = 0* The assumption that q^vk 2 , by which the real part of the { } 
in (1) disappears, is indeed a considerable simplification, but my hope that it 
would lead to an easy solution of the stability problem has been disappointed. 
Nevertheless, a certain amount of progress has been made which it may be 
desirable to record, especially as the preliminary results may have other 
applications. 


If we take a real rj such that 

p 4 * lefty = — (9vlc 2 ft 2 )^ 77 , 


we obtain 


d 2 S 

d v 2 


— 9ir)S* 


(4) 

( 5 ) 


This is the equation discussed by Stokes in several papers f, if we take x in 
. his equation (18) to be the pure imaginary irj. 

The boundary equation (3) retains the same form with e Krl drj for e ky dy> 
where 

X 3 — 9v/c 2 /ft .(6) 

In (5), (6) 7) and X are non-dimensional. 

Stokes exhibits the general solution of the equation 


dx 2 


■ 9 xS = 0 . 


in two forms. In ascending series which are always convergent, 

9V 9V 


c/ /i f-i 9# 3 

+ ^+- 




D I , 9*C* 

+ B iX + T + 


2.3 2.3.5.6 2 .3.5.6. 8 .9 

9V 9 3 .* 11 


+ ' 


3.4 3.4. 6 .7 3.4.6.7.9.10 


+ ... 


(7) 


( 3 ) 


The alternative semi-convergent form, suitable for calculation when x is 
large, is 


S=Cx~ i e~ 2xi 


1.5 1.5.7.11 

-- -j-.- 

1.144a; T 1.2.144* 0 s 


1.5.7.11.13.17 

-:-5—I" 

1.2.3.144* 0 * 


, n -i 3s» L , 1.5 1.5.7.11 1.5.7.11.13.17 

+ Dx 5 e ■{ 1 H-j H-h 


1.1440* 1.2.144*0" 1.2.3.144 s c 




in which, however, the' constants G and D -are liable to a discontinuity. 
When x is real—the case in which Stokes was mainly interested—or a pure 
imaginary, the calculations are of course simplified. 


* Phil. Mag. Yol. xxxiv. p. 69 (1892); Scientific Papers, Yol. m. p. 583. 
t Especially Camb. Phil. Trans. Yol. x. p. 106 (18-57); Collected Papers , Yol. iv. p. 77. 













Mi I'i'ti i\ OK A VISCOUS INC ).M i’UKSSIHLK FLUID 




..f 


Ii «i t.iki* a-, .s', and .s, tin- t wii scrii'.s in (.S), tIn- real anil imaginary parts 
an- r.aiiih M'|iaraD'tl. Thus if 


■S + it. 


"' iia'i' mi llll I'l'iillrt imi of i 


s.. = .V,. i it 


(10) 


<v 


t, 


J , -‘‘V 

-•4. *>.<; 1 .ti.-s.it. n . 12 

Hi;’ !l 3 ,p 

2.:{ * 2. :i. a. (i. s. <) ~. 

!»i;‘ 

■‘I. 4 .4.4. I>. 7.!!. 10 + . 


(11) 

( 12 ) 
(!•'!> 


Dar !>V :i 

3-4.fi.7 .4.4.(i.7.it. 10.12. 14 


...(14) 


m it will 1 ... mi *i * j i that ,v, an- i-vt-n in while f„ t, an- odd. 

" * 1, ‘ n '/<-.< lit-Ni- nstvndiiij' scri.-s art- suitable. When >) > 2, il is bet t.-r 
i’i list, tin- lii-.Mivnilinj' series, lait fur this purpust- it. is necessary t*> knuw the 
rmuanimt li.-tw.-rn (hr constants .1, it anil Ih Fm- .>■ = /,, these an- 


A v 1 r < U r 4 !>>' . iim'.W M'«K> J- (! + /J.- 1 ” |.*S» 

TIhim I**r th.- lii-t series ,s' ( t.-l l, // o j,, <.s>) 

I"K/ ; l :>s2()f. 1 1 ;, r .(1 1 > > 

and fur S j f A ^ (i /|« f | 


1*4012:1111;* - ("r? /» . .. (17) 

f ha f d *h«* twii function* in III) be culled and 

•V + ..4 1H| 

I }n*Mr value* may bt* confirmed by n comparison of results calculated 
fii'Hi frMftt f in* ascending series and secondly from tin* descending h<* ri <*h when 
*i 2. Much of tin* necessary arithmetic ban been gi\en already by Stokes*. 
Tims from the ascending series 

™ - l) i o f /, (2)« 11*02888 ; 

~ - 2*25207, f, (2) «r 11 *44004. 

In calculating from tin* descending series tin* more important part is , since 
K«»r i} 2 Stokes finds 

S,**- 14*08520 4 48*81040 i, 

of which tin* log, modulus in 2 *0050080, and the phase -f 20N r 52' 58"*00, 
When the multiplier f' or (V in introduced, then* will he an addition of ± 80' 
to this phase. Towards the value of I find 

- 18*82487 + 11*08000 i; 

* t,m\ col, Ap|w*iic!tx. It whm to tnke advantAgi* of this that tha ** 9 M wm introduced iti (A). 
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and towards that of 8, 

- 2-24892 - 11-44495 i. 

For the other part involving D or D' we get in like manner 

- -00523- -00258i, 
and - -00345 - -00170 i. 


TABLE I. 


V 

*1 

h 

S 2 

h 

0-0 

+ 

1*0000 

- *0000 

*+ 

•0000 

+ -oooo 

0-1 

+ 

1*0000 

- *0015 

+ 

*0001 

+ -1000 

0-2 

+ 

1-0000 

- *0120 

+ 

*0012 

+ -2000 

0*3 

+ 

*9997 

- *0405 

+ 

•0061 

+ *3000 

0*4 

+ 

*9982 

- *0960 

+ 

•0192 

+ *3997 

0-5 

+ 

*9930 

- -1874 

+ 

•0469 

+ *4987 

0*6 

+ 

*9790 

- *3234 

+ 

*0971 

+ -5955 

0*7 

+ 

*9393 

- -5485 

+ 

•1969 

+ *6845 

08 

+ 

*8825 

- *7605 

+ 

•3055 

+ *7663 

0-9 

+ 

•7619 

- 1-0717 

+ 

•4865 

+ *8234 

1*0 

+ 

*554 

- 1*444 

+ 

•734 

+ • *840 

1-1 

+ 

•215 

- 2*007 

+ 

1-057 

+ *790 

a-2 

— 

*310 

- 2*304 

+ 

1-456 

+ -634 

1*3 

- 

1*083 

- 2-707 

+ 

1-923 

+ *320 

1*4 

— 

2*173 

- 2-979 

+ 

2-424 

- -221 

1*5 

— 

3*635 

- 2-972 

+ 

2-893 

- 1*067 

1*6 

— 

5*493 

- 2-466 

+ 

3-212 

- 2-303 

1*7 

— 

7*694 

- 1*161 

+ 

3-191 

- 3-998 

1*8 

- 

10*057 

+ 1-325 

+ 

2-550 

- 6-173 

1*9 

— 

12*177 

+ 5-441 

+ 

•899 

- 8-745 

2*0 

_ 

13-330 

+ 11*628 

- 

2-252 

- 11-447 

2*1 


12*34 

+ 20-19 

- 

7-46 

- 13*70 

2*2 

- 

7*49 

+ 31-01 

- 15-24 

- 14-50 

2%3 

+ 

3*54 

+ 43-20 

- 25-84 

- 12*22 

2*4 

+ 23*55 

+ 54*54 

- 38-90 

- 4v53 

2*5 

+ 55*20 

+ 60-44 

- 52-70 

+ 11-59 


It appears that with the values of G, D, O', D’ defined by (16), (17) the 
calculations from the ascending and descending series lead to the same results 
when v = 2. What is more, and it is for this reason principally that I have 
detailed the numbers, the second part involving 2 2 loses its importance when 
V exceeds 2. Beyond this point the numbers given in the table are calculated 
from Sj only. Thus (rj > 2) 


Sj + itj = JDt] * e v "" r e 


I W 2 • t p - »(v /2 • v + *-/ 8 - W6) 


x 1- 


1.5 


1.5.7.11 


1 . 144 ( m ?)- 1 . 2 . 144 2 ( i 7?) 3 ”'] 


( 19 ) 


+ it 2 = — e sl ‘ 2 • ^ e ~ * W 2 • ^+ T l 8 +W6) 


xh- - 15 , + 

f 1.144 ( 117 )- 1 . 2 . 144 2 ( m ?) 9 


(20) 






